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Authors 
Edition 

' preface to the Third 

This book commenced its life following a suggestion that there was a need 
fo, practical assistance to be given in the subject through the medium of 
illustrated examples, to enable students to get to grips with machine 
theory. This still remains a major purpose of the book and the 
comprehensive coverage of both worked and tutorial examples, from fairly 
ba:+ic to quite advanced level, should be of assistance in giving deeper 
understanding, quite apart from meeting the needs of the two parties on 
opposite sides of the examination system and providing a handy reference 
volume on output calculations for recent graduates in industry and 
postgraduate studies. 

From the practical viewpoint, too, as in many engineering disciplines, 
machines are more and more regarded as only one of many elements in a 
much larger system which, in so many cases, demands knowledge of the 
techniques needed to control this system and how the machine interacts 
with these. A major part of this system is the incorporation of fast, heavy- 
duty electronic swi tches -  the power-electronic drive is now almost 
considered as a system in itself. The second edition placed more emphasis 
on this and included more detail on the simulation of such 'elemental 
systems' for greater understanding. 

However, events have moved on further in that the micro-electronic 
revolution has permitted previously unachievable aims; for example, to 
make the cheap, rugged cage-rotor induction motor act, in the transient 
state at least, like the more expensive and more simply controlled d.c. 
machine and thereby replace the latter's previous position as the fast- 
re:+ponse, heavy-overload-duty variable-speed drive. 

The third edition of this book has been occasioned by this increasing 
pace of change in electrical drives as a result of the foregoing develop- 
m, mts. Announcement of 3.3kV IGBTs has brought compact, fast- 
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viii Authors" preface to the Third Edition 
. . . . . . . . . . . . . . . . .  . , ,  

switching electronic devices into the fields of heavy-rail traction and 
industrial drives in the MW range and the ability of the modern drive to 
incorporate microprocessor-based modelling has produced substantial 
development in control theory for electrical drives. 

The revisions to the text include enhanced coverage of power-electronic 
systems and new material on closed-loop control systems as part of the 
chapter on Transient Response. A substantial section of the following 
chapter attempts a simplified explanation of the basis of Field-oriented 
(vector) control of cage-rotor induction motors, giving equations from 
which torque and flux can be estimated and thereby, through a fast 
current-control system, manipulated to copy the torque-efficient mecha- 
nism of the d.c. machine. It includes a description of how these 
increasingly common drives operate, from both control and electro- 
magnetic viewpoints. The authors hope that this section will be particularly 
useful to undergraduate and postgraduate students and academic staff 
seeking to understand 'vector-control' using only the bases of simple 
algebra and electrical circuits. 

New examples have been added to accompany the additions and 
revisions to the text and there is increasing emphasis on the electrical 
machine as part of a system which includes a motor, sensors, control 
equipment and power-electronic converters. The book retains its original 
objectives; it is still possible, using the worked examples, for the engineer 
or engineering student to analyse the electromechanical performance of 
an electrical drive system with reasonable accuracy, using only a pocket 
calculator. 

j.H. 
A . C . R .  

Sale, Cheshire 
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Author's preface to the Second 
Edition 

The response to the first edition included a suggestion that the final 
section on simulation was somewhat limited in scope. This topic really 
requires a separate text to deal in depth with such a wide-ranging subject. 
N,,vertheless, an attempt has been made in the present edition to augment 
the introductory treatment so that with sufficient interest, extensive 
sirmlations could be undertaken on the basis of the material given. 
Al':hough this is really tending towards project or even long-term post- 
graduate work, requiring substantial computer-program development, its 
immediate importance is in the facility it provides to display computed 
performance, especially of power-electronic/machine circuits, which 
should give a better understanding of their special features. The author 
gratefully acknowledges permission to use the computational facilities at 
UMIST for this purpose. 

I'here are other changes in the text to include reference for example to 
unbalanced operation, permanent-magnet machines and the universal 
m~)tor. Also, the additional worked examples and tutorial examples should 
ensure that the rather wide topic of Electrical Drives is given sufficiently 
comprehensive coverage. Overall, the intention is to support the sugges- 
tion of teaching the subject by means of worked examples, after due 
preparation on the basic equations and with discussion of the problems 
and solutions. 

j.  I4. 
Sale, Cheshire 

March 1985 
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Author's preface to the First 
Edition 

Discussion of the summary and objective of this book is deferred to the first 
section of Chapter 1 lest this preface, like many others, goes unread. 
However, there are some matters which need to be covered here, especially 
those which concern the author's debt to others. Every author likes to 
believe that he has created something original or shed new light on an old 
topic. But, inevitably, much of the work must have been derived from his 
experiences as a student, from his own teachers, from books read, from his 
own students and from his colleagues. This last is particularly true in the 
present case. A major influence has been the author's long association with 
Dr. N. N. Hancock, whose deep perception of the subject and ever- 
sympathetic ear when difficulties of understanding arose have been a 
source of constant sustenance. To Dr. A. C. Williamson, with his 
remarkable facility for cutting clean through the theoretical fog to grasp 
the essential nature of tricky machines problems, especially those 
associated with power-electronic circuits, I am deeply indebted. Much time 
was spent by him in kindly checking and correcting formative ideas for the 
material on constant-current and variable-frequency drives. Sections 4.3, 
5.5, 7.3 and 7.4 are heavily reliant on his contributions. Dr. B.J. Chalmers' 
experience, with saturated a.c. machines particularly, was very important to 
the clarification of this section of the work. I am grateful, too, to Dr. M. 
Lockwood for his suggestions on simplifying simulation problems. 

With regard to the examples themselves, an attempt has been made to 
cover thoroughly the basic machine types, but the subject is very wide. Very 
small and special machines have been omitted, quite apart from study of 
the economic and environmental factors which influence the decision in 
choosing an electrical drive, though some brief comments are made as 
appropriate. This selective treatment seemed to be the best way of meeting 
the many requests in response to which this book was written. Many of the 
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Author's preface to the First Edition xi 

examples are taken, or modified, from examination papers set at the 
University of Manchester Institute of Science and Technology (UMIST), 
an/l permission to publish these is gratefully acknowledged. Other 
examples, especially those in the Appendix, are drawn from a variety of 
sources. The author cannot deny that some of them may have originated in 
form from other books read over the years since first meeting the topic as 
a student, and from discussions and contact with present and past 
colleagues. 

Finally, the author would like to record his thanks to the Consulting 
Editor, Professor Percy Hammond, for his encouragement, for reading the 
text and making his usual perceptive comments and suggestions to get the 
balance right. To the Managing Editor, Mr. Jim Gilgunn-Jones, and his 
colleagues at Pergamon Press, who have been so patient in spite of delays 
and last-minute changes, I tender my grateful appreciation. 

j.i-i. 
Sale, Cheshire 
August 1981 
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Symbols 

The following list comprises those symbols which are used fairly frequently 
throughout the text. Other symbols which are confined to certain sections 
of the book and those which are in general use are not included, e.g. the 
circuit symbols like R for resistance and the use of A, B and C for 3-phase 
quantifies. Some symbols are used for more than one quantity as indicated 
in the list. With few exceptions, the symbols conform to those recom- 
mended by the British Standards Institution BS 1991. 

Instantaneous values are given small letters, e.g. e, i, for e.m.f, and 
current respectively. 

R.M.S. and steady d.c. values are given capital letters, e.g. E, I. 
Maximum values are written thus: ~, "I. 
Bold face type is used for phasor and vector quantities and for matrices, 

e.g. E, I. In general, the symbol E (e) is used for induced e.m.f.s due 
to mutual flux and the symbol V (v) is used for terminal voltages. 

At  

B 
d 
d 
e 

Ef 
f 
F 

Fa 
Ff 

Ampere turns. 
Flux densi~ in teslas (T) (webers/metre2). 
Symbol for direct-axis quantities. 
Armature diameter, in metres. 
Base of natural logarithms. 
Induced e.m.f, due to field m.m.f. Ff. 
Frequency, in hertz (Hz) (cycles per second). 
Magnetomotive force (m.m.f.) in ampere turns. Peak m.m.f. 
per pole per phase. 
Effective d.c. armature-winding magnetising m.m.f, per pole. 
Peak armature-winding m.m.f, per pole. 
Peak field-winding m.m.f, per pole. 
(Note that the suffices a and f are also used with the symbols 
for currents, fluxes and resistances of armature and field 
respectively.) 
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/f.|. 
/0 

/m 

J 
k 

kf 

111 
M 
n 

N 

P 
P 

p.u.  
P 

contro] 
Pelec 
Pgap 

Pm 
Pmech 

q 

S 
S 

Tcottpling 
] 0 5 5  

Tm 
U 
V 
X 

X 
x~ 
Xm, 

Symbols xiii 

Peak resultant m.m.f, per pole. 
Full-load current. 
Current in magnetising branch. 
Reactive or magnetising component of Io. 
Power component of I0. 
Polar moment of inertia (rotational inertia), in kgm 2. 
Coefficient. A constant. 
Generated volts per field ampere or per unit ofm.m.f. 
Saturated value of kr. 
Flux factor -- generated volts per radian/sec or torque per 
ampere. 
Conductor length. Magnetic path length. 
(or II, /2, etc.). Leakage inductance. 
General inductance symbol; e.g. LI1 = self-inductance of 
coil 1; L12, LI3, etc., for mutual inductances. 
Number of phases. 
Alternative mutual-inductance symbol. 
Rev/sec. 
Rev/sec synchronous = f/p. 
Number of turns. Rev/min. 
Rev/min synchronous = 60f/p. 
Operator d/dt. 
Number of pole pairs. 
Suffix for per-unit quantities. 
Power. 
Power at control terminals. 
Power (total) at electrical terminals (P~ = per phase). 
Air-gap power (total) (Pg = per phase). 
Mechanical power converted (per phase) (m-P~ = win" T~). 
Power at mechanical terminals (COm" Tcoupling = Pcoupling). 
Symbol for quadrature-axis quantities. 
Magnetising resistance, representing iron losses. 
Fractional slip -- (n~ - n) / n,. 
Per-unit relative motion n/n~ (= 1 - s ) .  
Torque at mechanical shaft coupling. 
Sum of all machine internal loss torques. 
Torque developed electromagnetically, in newton metres. 
Torque arising mechanically -- T~ in steady state. 
Velocity, in metres per second. 
Voltage measured at the terminals of a circuit or machine. 
(or xl, x2, x~i, etc.). Leakage reactance. 
General reactance symbol. 
Magnetising reactance. 
Saturated value of X,~. Xmu. Unsaturated value of Xm. 
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xlv Symbols 

x, 
z~ 

z, 

6 
6~ 

rl 
A 

,Uo 
gr 
~u 
~o 

r 
Cm 

0 

l" 

O)m 

O) s 

Synchronous reactance-  Xm + x~. 
Number of series-connected conductors per phase or per 
parallel path of a winding. 
Synchronous impedance. 
General angle. Slot angle. Impedance angle tan -1 R/X. 
Firing-delay angle. Abbreviation for 'proportional to'. 
Load angle. Chopper duty-cycle ratio or modulation factor. 
(or 6T) Torque angle. 
Efficiency. 
Magnetic permeance, webers/ampere-mrn. 
Magnetic constant = 4Ir/10 ~. 
Relative permeability. 
Absolute permeability = B / H  -- ,Uo/~. 
Power-factor angle. N.B. This must be distinguished from the 
symbol for flux ~ below. 
Instantaneous value of flux. Flux per pole, in webers. 
Mutual flux, in webers, due to resultant m.m.f. 
Flux time-phasor. 
Shaft angular position in electrical radians (0m mechanical 
angle). Temperature rise. General variable. 
Shaft speed in electrical rad/s. 
Time constant. 
Angular velocity of rotating time-phasors - 2"rrf radians/sec. 
Mechanical angular rotational velocity -- 2r radians/sec. 
Synchronous angular velocity - 2"trn~ = 2arf/p radians/sec. 

Note: SI units (Systeme International d'Unites) are used in the text unless 
specifically stated otherwise, as in the case of per-unit quantifies and the so- 
called Engineers' units; i.e. I hp = 746 watts; 1 lbf ft = (746/550) Nm. 
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Introduction and review of 
basic theory 

1.1 Aim of the book 

On entering the world of electrical machines, the student meets many 
conceptual difficulties not experienced for example in the early studies of 
digital systems, with their simple and precise 2-state operation. More 
a:~sistance is required to permit the new-comer to gain confidence in 
dealing with non-linear, 3-dimensional, rotating electromagnetic devices. 
The purpose of this book is to provide this aid to understanding by 
showing how, with a limited number of equations derived from basic 
considerations of power flow and elementary circuit and electromagnetic 
flleory, the electromechanical performance can be explained and pre- 
dicted with reasonable accuracy. 

Such an aim, which will permit the calculation of power-input/output 
characteristics almost close enough in engineering terms to those of the 
device itself, can be achieved by representing the machine as a simple 
electrical c ircui t-  the equivalent-circuit model. This concept is explained 
ill many books, for example in the author's companion volume Electrical 
Machines and Their Applications. Though more detailed theoretical treat- 
ment is given there, substantial portions of the present text may be 
r,_~garded as suitable revision material. This expanded 3rd edition can, as a 
whole, be considered as a textbook with particular, but not exclusive, 
emphasis on Electrical Drives, taught through worked examples, for a 
r,eader having some familiarity with basic machine theory. 

Perhaps it is appropriate to point out that complete and exact analysis of 
machine performance is so complex as to be virtually impossible. The 
additional accuracy achieved by attempts to approach such methods is 
primarily of interest to the specialist designer who must ensure that his 
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2 Electrical Machines and Drive Systems [1.1) 

product will meet the user's needs without breakdown and he must judge 
when the analytical complication is justified. For the user, and for the 
engineering student who is not yet a specialist, the simpler methods are 
adequate for general understanding and provide a lead-in if necessary for 
later specialisation. 

There are many ti~amres of all machine types which are common, the 
obvious example being the mechanical shaft equations. But apart from 
these and the fundamental electromagnetic laws, the input /output  
relationships and modes of operation have many similarities. These are 
brought together where possible and also in this first chapter, some 
elementary mechanical, magnetic and circuit theory is discussed briefly, as 
a reminder of the basic knowledge required. Students should beware of 
underestimating the vital importance of this material, since experience 
shows that it is these very points, improperly understood, which hold back 
progress in coming to feel at ease with machines problems. 

However familiar one may become with theory, as a student, the true test 
of an engineer is his ability to make things work. First steps to this goal of 
confidence are reached when a student is prepared to commit himself to 
selecting equations and inserting values in the algebraic expressions, 
producing answers to a specific problem. Hence the importance of 
practice with numerical examples. Understanding grows in proportion to 
one's ability to realise that the equations developed really can be used in a 
systematic fashion to solve such problems, since they describe the physical 
behaviour in mathematical terms. Appreciation of this last statement is the 
key to successful problem-solving. 

The chapters are planned to sequence the examples at increasing levels 
of difficulty. Much theoretical support is given, in that the equations are 
discussed either at the beginning of each chapter, or as the need arises. 
Solution programmes indicate the kind of problems which can be 
formulated for the three basic types of rotating machine: d.c., induction, 
and synchronous. Readers are encouraged to adopt an ordered approach 
to the solution; for example it is a good idea to incorporate the question 
data on a diagram. One of the difficulties of machines problems often lies 
in the amount of data given. By putting the values on a simple diagram, 
assimilation is easier and it helps to avoid mistakes of interpretation, 
especially when working with 3-phase circuits. In following this recom- 
mended pattern, it is hoped that the text will help to remove the mystery 
with which some students feel the machines area is shrouded. 

The emphasis is on machine terminal-characteristics, rather than on the 
internal electromagnetic design. In other words, the electrical-drives aspect 
is uppermost since this is the area in which most engineering students 
need to have some good knowledge. It is worth noting that about 60-70% 
of all electrical power is consumed by motors driving mechanical shafts and 
virtually all this power is produced by generators driven through 
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(I .2) Introduction and review of basic theory 3 

mechanical shafts, so that the subject is of considerable importance to 
engineers. The problems and solutions are discussed where appropriate, to 
draw out the engineering implications. Electromechanical transients, 
stability and control are not neglected and opportunity is also taken to 
consider the effects introduced by the impact of power-electronic circuits, 
so often intimately associated with machine control. In general, the usual 
methods of analysis are still reasonably effective in predicting machine 
performance. Full account of the influence of this important environment, 
in which harmonics proliferate, is a somewhat specialised topic but some 
indication is given of the means used to deal with the machines problems 
which arise. Detailed study of machine/semiconductor systems requires 
the use of mathematical and computer simulation procedures, which have 
tended to become the province of those who market commercial computer 
software packages. However, Chapter 8 considers this topic in sufficient 
depth to provide a better understanding of such investigations. Finally, in 
Appendix D, some tutorial examples are given along with the answers. 
Some of the worked examples in the text have been taken from Appendix 
E ,)f Electrical Machines and Their Applications, but many of these remain, as 
further exercises for the determined student. 

1.2 Foundation theory 
Excitation calculations 

Virtually all machines have iron in the magnetic circuit to enhance the flux 
value and/or  to reduce the excitation requirements. The price to pay for 
these advantages is reflected in iron loss and non-linearity. Figure 1.1a 
shows a typical iron magnetisation-characteristic. The economic operating 
point is beyond the linear region and well clear of full saturation, at about 
B :- 1 tesla, though certain short parts of the magnetic circuit, like armature 
teeth, may exceed this by 50% or more. Under transient conditions too, 
this limit can be exceeded. The equation governing the excitation 
requirements follows from: 

B = taoktrH = ~ H  = k t l N / t  

Mldtiplying by area A" 

I N  tx A 
B X A = / . t ~  X A = I N •  

l 1 

In words: 

Flux = Magnetomotive force • Permeance (or 1/Reluctance) 
(= BA) = F(= IN) • A (= k~a/1) 
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Electrical Machines and Drive Systems 

i 8-,~o H 

, 

(o) Typicol iron mognetisotion curve 

(I .2] 

MuIuol flux ~.~ 
6 " ~  " " "  " " "  I "  ~ "  " I "  ~ ,m ~ 

s Leoko~_ fluxes ~" 
�9 . . . .  ~ / ' ~  . . . .  , ,  ", 

~ -  . = , . . = = ,  . m ,  . m  . .= ,  j . . ~  ~ 

(b ]  Combinotion of two coil m.m.f.s 

Figure 1.1 Magnetic excitation. 

The m.m.f, is shown in ampere turns (At) (turns N being dimensionless) 
but is effectively the current enclosing the magnetic circuit. 

The calculation of excitation m.m.f. (F) is often required for a given flux 
and magnetic geometry, to determine the design of the coils. Frequently 
there are two (or more) such coils so that the resultant excitation Fr is the 
combination of F1 and F2 which produces r see Figure 1.1b. The two 
m.m.f.s may be produced on opposite sides of a machine air gap; Fl say, 
due to several stator coils, while F2 similarly may be due to several rotor 
coils. Often, sinusoidal distribution of m.m.f, is assumed and the coils can 
be designed to approach this closely. 'Vector' techniques can then be used 
to combine these two 'sinusoidal quantifies' giving F] + F2 = Fr and $m, the 
mutual flux = function (F~). However, m.m.f, is not a vector but a scalar, so 
a different term, space phasor, is becoming accepted as an appropriate 
designation for such representations of sinusoidal space variations. It is 
sometimes convenient to take the positive magnetising senses of F 1 and F2 
to be in the same direction, though in practice, the one is usually 
magnetising in the opposite sense to the other and would then be negative 
with respect to this. 

Electromagnetic theory 
The most important equations for present purposes are: 

e=  N d r  e =  Blv; and Force= B//; 

most practical machines having the directions of B, v and i at fight angles 
to one another. 

https://engineersreferencebookspdf.com



(1.2] Introduction and review of basic theory 5 

}'or a fixed magnetic geometry: 

dcp di 
e = N ~  

di dt 

where; 

d $  
L = N  = N - - - - -  

di  

di 
L - -  

dr 

iNA 
_ N~A 

i 

and will fall with the onset of saturation, so the inductance L is f lux/ 
cm§ dependent .  For a sinusoidally time-varying current: 

A 

i = I sin 2~rft = I sin co t, 

then: 

e = L • col sin (COt + 90 ~ 

and in r.m.s, and complex-number expressions: 

~. = p / ~  = j x l  = v ,  

and I lags V by 90 ~ These quantifies are scalars but their sinusoidal 
variation can be represented by time phasors, see Figure 1.2. The word 
ph,tsor alone will often be used in the text as an abbreviation for dme 

F i g u r e  1.2 

jx I=v 

I 
= . . . . .  -,,,- ~ = f  ( I )  

Induced voltage (back e.m.f.). 

ph;tsor. The use of the back e.m.f, expression (+L d / /d t )  instead of the 
forward e.m.f, expression ( - L  d i / d t )  is seen to be preferable, since the 
cuxrent I comes out directly as lagging V by 90 ~ for the inductive circuit, 
instead of having to deal with the concept of two identical but phase- 
opposed voltages. 

For the general case with varying geometry,  e = d ( L i ) / d t  
- L d i / d t  ( t ransformer voltage) + i d L / d t  (motional  voltage). 

Circuit-theory conventions 
Figure 1.3a shows a representation of a machine with its instantaneous 
e.m.f, and resistive and inductive voltage-drops. The voltage arrowheads 
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i 
v 

R,t 

, , ,  

Electrical Power 
(shown +re) 

Control Power 

, ~ ... 
, ,  

Machine System [ w. Tco.~g 

resistance _ h 
external to ~, , / /  
the machine) / 

Mechanical Power 
(shown § 

(a) Corcud (b) System 

Figure 1.3 Motor conventions. 

are the assumed +ve ends. The directions of the arrows for the 
instantaneous terminal voltage v and for e may be assigned arbitrarily but  
R /and  L di/dt  must oppose i, since the voltage arrowheads must be positive 
for +ve i and +re di/dt respectively. The direction of i may also be assigned 
arbitrarily but  the decision has consequences when related to the v a n d / o r  
e arrows. As shown, and with all quantifies assumed to be +ve, then the 
machine is a power sink; i.e. in a MoTomNo mode; the vi and e/products are 
both positive. For Cv~ZRATINC, when the machine becomes a power source, 
e/will then be negative; e or i reversed. 

The above is called the MOTOmNO convention and it is often convenient 
in electrical-drives studies to use this throughout  and let a negative e/ 
product  indicate a generat ing condition. Alternatively, a CZNERAT~NO 
convention could be used, as sometimes preferred in power-systems 
studies. By reversing the i arrow say, e/ would then be positive for 
generat ing and the circuit equation would have a sign reversed. It would be 
a good check to complete the following short exercise to see if the above 
statements are properly understood. 

Write down the MOTOR with MOTOR V --- E R/ 
equation; conventions: 

Write down the GENERATOR with MOTOR 
equation; conventions: 

Write down the GENERATOR with GENERATOR 
equation; conventions: 

Write down the MOTOR 
equation; 

V = E  RI 

V = E  Pd 

with G E N E R A T O R  V = E . ~  

conventions: 
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(1.2] Introduction and review of basic theory 7 

The mechanical equation can be expressed as a simple extension of the 
above. The motor  (as a mechanical power source) produces (generates) an 
electromagnetic torque T~, and in equilibrium at steady speed, this is 
balanced by the total mechanical torque Tin, part of which is due to the 
internal mechanical resistance Tloss and the remainder is the load torque 
at the coupling 'terminals' ,  Tcoupl ing .  

S o :  T e - T m = Tcoupl ing + Tloss ( c f .  electrical source, E = V+ R/). 

This is also a MOTORING convention. For a generator, with rotation 
unchanged,  both T~ and Tcoupn,g would be negative using this 
c(mvention. 

To illustrate how these conventions affect the machine considered as a 
system, with electrical-power terminals and mechanical-power ' t e rmina l s ' -  
excluding for the moment  the control-power t e rmina l s -  consider Figure 
1.3b. In general, either or both terminal powers can be negative and here, 
a motoring convention is being considered. The three practicable 
c~mditions are: 

Electrical power Mechanical power MOTORING (A) 
positive; positive; 

Electrical power; Mechanical power GENERATING (B) 
negative; negative; 

Electrical power Mechanical power BRAKING (C) 
positive; negative; 

ht the last mode, it will be noticed that both mechanical and electrical 
'terminals' are accepting Power into the machine system. All the power is 
ir~ fact being dissipated within this system, which may include resistance 
external to the machine itself. The mechanical power is usually coming 
from energy stored in the moving parts, and since this cannot be released 
without a fall of speed, the action is one of braking. The machine is 
generating; not feeding power into the electrical supply, but assisting this 
t(, provide the power dissipated; see Section 3.5. 

To understand how the mechanical ' terminals' respond to these three 
modes, assume that Tios~ is 1 unit and Te is 10 units. Let the speed be 
positive and remembering that power is (torque • speed), use the 
rltechanical balance equation to find: 

Mode A; Motoring 

Tcoupling = T e -" Tloss 

Tcoupling = 10 - 1 = +9. O) m Tcoupling +ve. 
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Mode B; Generat ing Tcoupling " - 1 0 -  1 = - 11. m m Tcoupling-ve. 
[T~ will be - r e  for +re rom] 

Mode C; Braking (i) T~oupli,,g = - 1 0 -  1 = -11.  09 m Tcoupling-re. 
[~0 m + v e .  " Tlo. = +1 

Te will b e - v e ]  

Mode C; Braking (ii) Tcoupling = + 1 0 -  (-1) = +11. s m Tcoupling-ve.  
[ O m - r e .  " r io .  = -1  

T~ will be +ve] 

Note that  if rotat ion reverses, Tlo,, will reverse because it always opposes 
rotation. In mode  C, the sign of Te is opposite to that  of rom because the 
mach ine  itself is generat ing,  so for e i ther  rotation, the mechanical  
' t e rminal '  power, 09 m Tcoupling, is negative. 

$inusoidal a.c. theory 
Most a.c. sources are of nominal ly constant  r.m.s, voltage so the voltage 
phasor  is taken as the reference phasor. It need  not  be horizontal  and can be 
drawn in any angular  position. A lagging power factor cos ~0 means  current 
lagging the voltage as shown on Figure 1.4a. The  ins tantaneous power u/, 
which pulsates at double  frequency, is also shown and has a mean  value of I// 
cos ~0. If ~0 were to be greater  than 90 ~ the power flow would have reversed 
since l cos  ~0 would be negative as seen on the phasor  d iagram for a cu r ren t  
I ' .  Note that  the phaso rd iag rams  have been  drawn at a time rot = at /2 for a 
voltage expressed as v = Vsin rot. 

For the reverse power-flow condit ion,  if the opposite convent ion had 
been  chosen (with u or i reversed), then 1//' cos ~0 would have been  
positive. This is shown on Figure 1.4b where it will be no ted  that  the 
cur ren t  is at a leading power factor. Taking Figure 1.4a as a motor ing  
condit ion,  it shows electrical power being absorbed at lagging power factor 

I 

vi 
,-,/Instantaneous/.7~ ,' \power 

,,' ', gj/  
' I / ~,_ ,~'~cos t , \  i" reversed 

~"~i '  I ~ ' ,  , ' ' ~"Aver0ge ~ ~ t  power /. ; ~ ~ . " l .  

Figure  1.4 

(a) 9 ~ < a'/2 (Motoring) (b) p > w'/Z (Generating) 

Power flow in single-phase a.c. circuit. 
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[1.2] Introduction and review of basic theory 9 

whereas Figure 1.4b shows electrical power being delivered at a leading 
power factor. 

Phasor diagram including machine e.m.f.; motoring condition 
The equation, allowing for inductive impedance, is: 

V = E+  RI+jXI ,  

and is shown as a phasor diagram on Figure 1.5 for two different values of 
E. Note that on a.c., the e.m.f, may be greater than the terminal voltage V 
and yet the machine may still operate as a motor. The power factor is 

v % j X l : .  v E v 

~.;~ 

l 

(a) E < V  [b) E > V  
Motoring Motoring 

Figure 1.5 Phasor diagrams. 

jO (VAr)(VI sinp! / P (VI cos rp) / 

/ 

(c) V x Z Components 

affected but the power flow is determined by the phase of E with respect to 
V. Frequently, the current is the unknown and this is found by rearranging 
the equation as: 

V -  E ( V -  E) ( R -  jX) 
I ~ ~ - - .  

R+jX R2+ X '~ 

-- /(cos ~0 + j sin 9) 

N.B. 9 will normally be taken as-ve for lagging power factor. 
The appropriate exercise to check that these phasor diagrams are 

understood is to draw the corresponding diagrams for a generator using 
(a) motor conventions and (b) generator conventions. 
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10 Electrical Machines and Drive Systems 

Meanlng of V x I components 
Multiplying the / ,  I cos tp and I sin ~0 current phasors by V gives: 

[I .2] 

V/ 

V/cos ~o 

I//sin ~o 

(S voltamperes, VA) 

(P watts) and 

(Qvoltamperes reactive, VAr) 

and a 'power phasor diagram' can be drawn as shown on Figure 1.5c. 
Power devices are frequently very large and the units kVA, kW and kVAr, 

(x  10s), and MVA, MW and MVAr, (• 106), are in common use. The 
largest single-unit steam-turbine generators for power stations are now over 
1000 MW = 1 GW, (109 W). 

3-phase circuit theory 
For many reasons, including efficiency of generation and transmission, 
quite apart from the ease of producing a rotating field as in any polyphase 
system, the 3-phase system has become virtually universal though there are 
occasions when other m-phase systems are used. For low powers of course, 
as in the domestic situation for example, single-phase supplies are 
satisfactory. For present purposes consideration will only be given to 
balanced 3-phase circuits, i.e. where the phase voltages and also the phase 
currents are mutually displaced by 120 electrical degrees (2"rr/3) radians). 
Electrical angles are given by tot = 2~rft radians. 

On the assumption of balanced conditions, the power in a 3-phase 
system can be considered as available in three equal power 'packages', each 
handling 1/3 of the total power, i.e. 

Total power 
= C O S  

where ~p is the same for each phase. The pulsating components of power 
cancel, giving steady power flow. 

There are two symmetrical ways of connecting the three phases as shown 
on Figure 1.6: 

in STAR (or wye); 
for which it is obvious that the current through the line terminals is 
the same as the current in the phase itself, or: 

in DeLXA (or mesh); 
for which it is obvious that the voltage across the line terminals is the 
same as the voltage across the phase itself. 
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[1 ,2 ]  Introduction and review of basic theory 11 

B 

N " 

(a) Star (Y) (b) Delta (A)or 
connection Mesh connection 

Figure 1.6 " 3-phase circuits. 

Z.., (ZA- to) 

+=, / !  
k / : 

v,~, 13~ . . ~  

1r ) Phasors for ( b ] 

For the delta case shown: 

lline = I A -  Ic and I B -  IA and I c -  IB. 

For the star case shown: 

Vli,c - VA-VB and V B - V c  and V c - V A ;  

as,;umed positive senses of phase currents and voltages being indicated. 
I 'he 120 ~ displacement means that the magnitude of the line quantities 

in these two cases is equal to ~13 times the magnitude of the phase 
quantities and there is a _+30 ~ displacement between line and phase 
pEasors; • depending on which phasors are differenced. Only one line 
va..ue involves a 413 factor, hence for both star and delta circuits: 

~ine ~line 
Total power = 3 • • cos 9 

= ~,3 • V~,~/~.~ x cos ~0 

(or Power = Voltamperes • cos <p) 

which can be solved for any one unknown. Frequently this is the current,  
frc~m the known power and voltage ratings. Sometimes, for parameter  
measurements,  P is required for dividing currents, voltages or impedances 
into resistive and reactive components.  The total voltamperes for a 3-phase 
sy.~tem are thus given by ~'3VI where V and I are here, line values, or 
alternatively, three times the phase VI product. A.C. devices are rated on a 
VA (kVA or MVA) basis, since they must be big enough magnetically to deal 
wi,:h full voltage, whatever the current,  and big enough in terms of the 
electrically-sensitive parameters to deal with the current-carrying capacity 
specified in the rating, whatever the voltage. This means for example, that 
at zero power-factor, at full voltage and current, the temperature rise will 
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12 Electrical Machines and Drive Systems (] .2) 

be as high as or even higher than at unity power factor (u.p.f.), where real 
power is being converted. 

3-phase circuits will be analysed by reducing everything to phase values: 
Powe'r/3, Vline or  Vline/~/3, /line OF /line/~/$, depending on the circuit 
connection. The problem can then be dealt with as a single-phase circuit 
but the total power is three times the phase power. The examples in 
Chapter 2 are especially valuable for revising this topic and the analysis of 
unbalanced circuits is also introduced. 

Torque components 

T~, the electromagnetic torque, will have different expressions for different 
machine types. It is basically due to the sum of all the tangential 
electromagnetic forces between the currents in rotor and stator con- 
ductors. If the windings are so distributed that the m.m.f, space waves are 
sinusoidal in shape and of magnitudes F, tator and Frotor, the axes being 
displaced by the torque angle 6T, then T~ is proportional to the products 
of these m.m.f.s and the sine of the torque angle. Because of the sinusoidal 
distribution, the two m.m.f, space waves can be combined vectorially to give 
a resultant m.m.f, wave of magnitude Fr, which produces the resultant 
mutual (air-gap) flux era. An alternative expression, invoking the sine rule, 
gives T~ as proportional to the product of Fr with either F~tator or Frotor and 
the sine of the different angle between them. This alternative is used for 
a.c. machines (cf. Figure 5.2) and since the angle is a function of load, it 
is called the load angle 6. For d.c. machines, the torque angle is f'Lxed by 
the brush position (usually at maximum angle 90 ~ and so T~ can be 
expressed as K • r X Ia, where K • r can be combined as one coefficient 
k~ which will be shown in Chapter 3 to be directly proportional to flux. The 
expression shows that k~ is equal to the torque in newton metres, per 
ampere, (T~/Ia). It is also equal to the generated e.m.f, per radian/second, 
(E/~om). 

Tlo,~ is due to internal machine friction, windage and iron-loss 
torques. 

T~o~pli~g is the terminal torque, supplying the load in the case of a motor. 
The load torque may have an active component due to gravity or stored 
energy in the load system. This may oppose or assist the rotation. The 
passive components of the load torque, like friction, can only oppose 
rotation and will therefore reverse with rotation. The loss torques should 
be small and since they are mostly similar in nature to the passive load 
torques, it is convenient to combine them. At the balance point, where the 
speed is steady therefore, we have: 

= +  oopling = Tm. 
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T m is not  a simple function of speed but is sometimes expressed in the 
form: 

T m = f(t0m) = k I + k2o) m + k,3tOm 2 

where hi is the idealised 'Coulomb'  friction. 
k2(D m is the viscous friction, proportional to speed and corre- 

sponding to 'streamline'  flow. It occurs when the torque is 
due to eddy currents. 

]h3g0m 2 is the torque due to ' turbulent '  flow; as an approximation. It 
occurs, above the 'streamline'-flow speed, with fan- and 
propeller-type loads, e.g. windage losses. 

Regulation; speed/torque curves; 4-quadrant dlagram 
The important  characteristic of a power device is the way it reacts to the 
application of load. For a generator, the natural tendency is for the 
terminal voltage to fall as load current  is taken. This fall is called the 
regulation and can be controlled by various means. The corresponding 
characteristic for a motor  is the way in which speed changes as load torque 
is applied. With the d.c. motor  as an example, the speed is nearly 
proport ional  to terminal voltage and the torque is proportional to current  
la, so the speed / to rque  axes follow the vol tage/current  axes for the 
gc'nerator. Figure 1.7 shows the natural characteristics for the various 
machine types. The d.c. machine (which could include 'brushless' 
machines) caneasi ly  be given a variety of curve shapes and two distinct 
forms are shown, for shunt and series motors. The synchronous machine 
rtms at constant speed and as load increases the speed does not fall; the 
load angle increases to a maximum whereupon the speed will collapse, see 
Figure 8.5. The induction machine, like the d.c. machine, reacts to torque 
by a decrease of speed until it too reaches a maximum and stalls. The d.c. 
machine has a much higher maximum though it rarely reaches it without 
damage. 

Also shown on Figure 1.7 is a typical load characteristic Tm = f(tOm). 
~Ahere this intersects the motor  60 m = f (Te )  characteristic, we have the 
balancing (steady-state) speed. There  is not a universal practice in the 
assignment of axes and sometimes the torque axis is drawn vertically 
fcllowing the mechanical characteristic where Tm is the dependen t  
variable. The usual practice for d.c. machines will be retained for all 
machine types in this text. 

It will be noted that the axes have been continued into the negative 
regions, giving a 4-quadran.t diagram with all combinations of positive and 
negadve speeds and torques. Electromagnetic machines operate in all four 
regions as will be illustrated in later chapters. 
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Speed~torque characteristics. 
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1.3 Equlvalent circuits 

These circuits represent a physical system by an electrical circuit. The 
simplest example is that for a battery, since over a limited range, the 
terminal voltage falls in proportion to the current taken. The battery 
behaves as if it consisted of a constant e.m.f. E, behind a resistance k equal 
to the slope of the 'regulation' curve of V against I, see Figure 1.8a. 

The d.c. machine can be represented by the same equivalent circuit with 
the modification that the e.m.f, is controllable, being a function of speed 
and flux (E = kr Figure 1.8b. An a.c. machine can also be represented 
this way, with the further modification that inductance must be included. 
Normally, the inductive reactance is appreciably larger than the resistance. 
The reactance may be considered in components corresponding to the 
leakage fluxes (which are relatively small and proportional to current 
because of the relatively large air-path reluctance), and the mutual flux 
(non-linear with excitation and confined largely to a path having its 
reluctance sensitive to iron saturation), see Figure 1.1b. 

The equivalent-circuit parameters are often measured by conducting 
open-circuit and short-circuit tests. On open circuit for example, the 
cur ren t / i s  zero and the measured terminal voltage Vis then equal to E. On 
short circuit, if this is possible without damage, i.e. if E is controllable, then 
the e.m.f, in the circuit is equal to the impedance drop since V = 0, so the 
impedance is obtained on dividing E by the current. 
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v 
, I R, 

lv .tr r v 

(a) Bottery charocteristic ond 
Equivalent circuit 

Figure 1.8 Equivalent circuits. 

(b) D.C. Machine 
Equivalent 

circuit 

A full consideration of the induced voltages in the machine windings 
leads to circuit equations which can apply either to the machine or to 
another circuit which has the same equations. Starting with the 2-coil 
transformer, Figure 1.9a, we arrive at the circuit shown in which R] and x~ 
art the primary resistance and leakage reactance respectively. X~ is the 
magnetising reactance and represents the effect of the mutual flux 
common to both primary and secondary windings. R~ + jx~ is the 'referred' 
secondary leakage impedance, which is the actual value multiplied by the 
(turns ratio, N1/N2) 2. This is equivalent to replacing the secondary having 
N~ turns with another secondary having the same number of turns as the 
primary, Ni. This would increase the voltage by NI/N2 and reduce the 
current by N2/N1. Hence the impedance (voltage/current) would be 
increased by (N1/N2) "2. Since it is not possible to tell from measurements 
on the primary side how many turns there are on the secondary, this 
replacement by a 1/1 ratio is convenient, expressing secondary voltages 
and currents in primary terms. The ideal transformer at the end of the 
circuit converts these referred values back to actual values. Note that the 
pofitive directions of I1 and 12 have been taken in the same s e n s e  

magnetically because this is convenient When developing the equations. 
Generally, however, the positive sense of Iz is taken in the opposite 
directiofi to Ii and the magnedsing branch in the middle carries Ii - 
I~ - I0, as usually designated. 

For rotating machines, the above treatment can be adapted and 
exlended by considering the stator m.m.f, as being produced by o n e  

specially distributed coil. Similarly the rotor m.m.f, is treated as due to o n e  

coil. The difference from the transformer is that the rotor coils move with 
respect to the stator coils, though their m.m.f.s are always in synchronism 
for the steady-state condition. The fluxes follow the same general pattern 
in that there is a common mutual flux, crossing the air gap and linking 
boLh stator and rotor windings, and leakage fluxes associated with each 
wielding individually. 

"['he way in which the equivalent circuit is modified from the transformer 
depends on the machine type. For a.c. machines, the m.m.f, of the stator 
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Machine equivalent circuits. 
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(usually) produces a rotating field at synchronous speed to, = 2~rn~ rad/s,  
where ns = f/p rev/s. The induction machine runs at a speed Wm = 
w~(1 - s) where the slip s expresses the relative movement  of the rotor with 
respect to the synchronous-speed m.m.f, wave. The rotor e.m.f, is reduced 
to .rE 2, where E2 is the e.m.f, at standstill with stator and rotor windings 
stationary as in a transformer. The value of x2 is also reduced so the rotor 
current  12 = sE2/(R2 +jsx2) = E2/(R2/s +jx2), so that the only difference 
from the transformer equivalent circuit is the replacement of R~ by R~/s 
(Figure 1.9b) and all parameters are per-phase values. 

For the synchronous machine, s = 0 since Wm = to, and the right-hand 
side of the equivalent circuit carries no induced current  on steady state 
since R~/s = 00. A d.c. current has to be provided in the 'secondary' 
winding which now becomes the field; Figure 1.9c. The effect on the 
'primary' winding is now expressed as Ef = f(w,, If) instead of through 
ImXm as in the transformer and induction machines. The resultant m.m.f. 
Fr produces the mutual (air-gap) flux q~m and e.m.f.E. 

For the d.c. machine, both terminal currents are d.c. so the reactive 
elements may be omitted. The effect of the armature m.m.f. F~ on the field 
m.m.f, is more complex than for the other machines and is represented by 
its net magnetising action F' ,  which is usually negative. Figure 1.9d shows 
the equivalent circuit. 

This rather rapid review of equivalent-circuit development is obviously 
deticient in many details but is dealt with fully in Reference 1. Figure 1.9e 
shows a general equivalent circuit which is applicable to all machine types 
discussed, with appropriate modifications. For  the transformer, Ef is 
omitted and the value of s is unity. For the induction machine, s takes on 
an} value. For the synchronous machine, s = 0 and the right-hand side of 
the equivalent circuit is omitted and Ef is inserted. For the d.c. machine, 
the reactances are omitted for steady-state operation. It will also be noted 
that there is an additional element, Rm. The power dissipated here 
(E2/R~) represents the iron loss (per phase). When the circuit represents 
an a.c.-excited device like a transformer or an induction motor, this power 
is provided by the electrical supply. The value of Rm is relatively high and 
does not normally affect the calculations of the remaining currents very 
sigllificantly. For Figures 1.9(a) and (b), Xm (and R~) may be shown 
directly across VI to give the 'approximate'  circuit (see Example 2.8) with 
leakage impbdance R1 + R~ + j(xl + x~). 

1.4 Power-flow diagram 

Figare 1.10 is an extension of Figure 1.3b showing more details of the 
power distribution within the machine. The expressions for the various 
power components  sometimes differ as between the different machine 
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Figure 1.10 Power-flow distribution between machine terminals 
(motoring convention). 
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types but the general pattern is the same. The power flow for motoring 
operation is from left to fight, the electrical terminal power Pelec and the 
mechanical terminal power Pmech being both positive. For generating 
operation, these are both negative, power flowing from right to left. For 
braking, Pme~h is negative and for reverse-current braking, power flow is 
inwards from both ends. Electromechanical power conversion takes place 
through the air gap and the power Pop is less than P~l~r for motoring, by 
the amount 'Electrical loss'. The power converted to mechanical power is 

Table 1.1 

D.C. motor 3-ph induction 3.ph synchronous 
motor motor 

P,.o V/, 

'Electrical loss' la2Ra 
+ brush loss 

V 3 VL IL COS ~01 ~;3 VL IL COS ~p 
= 31/1/1 coS ~Pl = 3VIo cos ~o 

3112R1 + Fe loss 31~,2Ra 

Air-gap power Pgap El., 3E1/'2 cos ~o2 3 Ella cos (cp - ~) 
= USm Te - 3/22R2/s = us= Te = uss Te ~- 3 Via cos ~0 

Control loss If2R F 3122R2 = sPgap if s.c. IfZRF 

Pconuol V~lf = If2R F 3V31' 2 cos ~P3 Vflf = I~RF 
= 0 if secondary s.c. 

Prnech usrn Tooupting usrn Tcoupling uss Tcoupling 

Note. The Fe loss mostly manitests itself as a torque loss, part of T~o,, though it is usual on induction 
machines to show it as part of the electrical loss. 
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(1,4] Introduction and review of basic theory 19 

always (speed x electromagnetic torque) = f0 m T e = Pgap, where fOm = 0 ) ,  

for the synchronous machine. For the induction machine the speed is r m 
= c0~ ( 1 -  s) so that there is a power sPg~p converted not to mechanical 
power, but to electrical power in the secondary circuits. Continuing along 
the motoring power-flow path, the remaining elements are the same for all 
machine types. r  T e is reduced by the mechanical loss r to 
w,,Tco~pnng which is the output motoring power at the mechanical 
terminals. There is a further set of terminals for the control power, P~ont~ol. 
For the d.c. and synchronous machines, this is absorbed entirely by the 
field Cu loss It 2 RF. For the induction machine, the control loss is the 
secondary Cu loss, 3122R2 and if the secondary terminals are short 
circuited, this is provided by the 'transformer-converted' power, sPg,~p and 
P~ont~ol is zero. Sometimes however, for slip-power recovery schemes, 
control power is exerted from an external voltage source V3 and this power 
may be inwards (for super-synchronous speeds) or outwards from the 
machine (for sub-synchronous speeds). Figure 1.10 is also useful for 
explaining the concepts of efficiency, control and a method of measuring 
the losses, by setting the power to zero at two-sets of terminals and 
measuring the input at the other set. 

In Table 1.1 the power components for the various machine types are 
listed, using the symbols adopted in the later text where the equations will 
be. explained. 
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2 Transformers 

Although the transformer is not an electromechanical converter like the 
other devices to be covered in this text, it forms the basis from which all the 
other equivalent circuits are derived. The theory is relatively simple, built 
up from Faraday's Law of Electromagnetic Induction. Only steady-state 
operation will be dealt with here but it is very important to the 
understanding of the remaining chapters; for example, in coming to grips 
with the referring process by means of which two coupled windings of 
different voltage and current ratings can be replaced by a simple series/ 
parallel circuit. There is also much vital practice to be obtained in the 
analysis and manipulation of 3-phase circuits. Multiple windings and the 
combination of winding m.m.f.s, together with basic work in a.c. circuit 
theory and use of complex numbers, are all illustrated by the various 
examples. Finally, an unbalanced transformer load condition is analysed, 
using Symmetrical Components. 

2.1 Solution of equations 

In this chapter, since some of the groundwork has already been covered in 
Chapter 1, equations will mostly be discussed as the need arises. The first 
example requires the important e.m.f, equation, which applies, with some 
slight modifications, to all a.c. machines. It relates the r.m.s.-induced e.m.f. 
E to the maximum flux ~ in webers, frequency f and number of turns N: 

From the law of induction, the instantaneous e.m.f. - N d c p / d t  and for 
a sinusoidal variation of flux, expressed as r = ~ sin 21rfl, it is readily 
shown by differentiation and substitution that: 

E =  4 . 4 4 • 2 1 5 2 1 5  (2.1) 

Note especially that E is r.m.s.e.m.f, and flux is the maximum value. 

https://engineersreferencebookspdf.com



(2.1) Transformers 21 

Example 2.1 
A transformer core has a square cross-section of  20 mm side. The primary winding is to be 
designed for 230V, the secondary winding for I10V and a further centre-tapped, 6 /0/6-V 
w nding is to be provided. If the flux density ~J is not to exceed 1 tesla, find a suitable number  
of  turns for each winding, for a freque.ncy of 50 Hz. Neglect all transformer imperfections. 

The low-voltage winding is always designed first because voltage ratios can rarely be 
obtained exactly and since there are the fewest turns on the low-voltage winding and the 
actual number  of  turns must always be integral, the adjustment is also the coarsest. 

The maximum flux must not exceed ~ = ~ x  A = 1 X (20 x 10-s) ~. 

From the e.m.f, equation: 6 = 4.44 • 400 X 10 -6 • 50 • Ns from which N3 = 67.57 and the 
nearest integral number  is 68, to avoid the specified maximum flux density being exceeded. It 
w-ll now be slightly lower than ~ = 1. 

N2 110 
For the secondary winding: ~ = , so N9 --- 

N3 6 

1 1 0 •  
= 1246.7 say 1247 turns. 

For the primary winding: 
N1 230 230 x 68 

- ~ ,  so Nl = = 2606.7 say 2607 turns. 
N3 6 6 

The tertiary winding requires 2 • 68 turns. 

Note 1 On cOre-type transformers, the windings are divided into two 
sections, one  on each limb. In this case the nearest even number  of 
turns would be chosen, to make the sections equal. 

Note 2 When t ransformer  cores are supplied for the user to wind his own 
coils, it is usual, for convenience, to specify the magnetic limits at a 
particular frequency, in terms of the volts per  turn.. For this core it 
is 6/67.57 = 88.8 m V / t u r n  or 11.26 turns per  volt; at 50 Hz. 

Example 2.2 
A 20-kVA, 3810/230-V, 50-Hz single-phase transformer operates at a maximum flux density of 
1.25 teslas, for which the iron requires a value of  H = 0.356 At /mm.  The core cross-section 
is 0.016 m ~ and the mean length of  the magnetic path through the core is 1.4 m. The primary 
and secondary turns are 860 and 52 respectively. It is decided to use the transformer as an 
inductor and to keep the reactance substantially constant with current, the core is sawn 
tl- rough transversely and packed with brass to give an 'air' gap. If the secondary winding is 
u, t d ,  find the length of  the air gap so that when carrying rated current, the maximum flux 
density is not  exceeded. What is then the inductance and the reactance at 50 Hz? 

20 000 
Rated current  - = 86.96A r.m.s. 

230 

T:ae peakm.m.f, exerted by this current  is: 42 • 86.96 x 52 = 6394.7At 

A: peak flux density, the m.m.f, absorbed by the iron is H • l - -  0.356 • 1.4 • 103 
= 498.4 At. 

.'. m.m.f, available for the air gap = 6394 .7 -  498.4 = 5896.3 At. 
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Neglecting air-gap fringing so that the flux density is assumed to be the same as in the 
iron: 

B 1 .25  
Air-gap m.m.f. - H • I = - - -  • l . . . . . .  • I --- 5896.3 

.UO 441'/10 7 

from which 1 = 5.93 mm. 

The effective permeance of  the core + gap = 

flux 1.25 • 0.016 

m.m.f. 6394.7 

- 3.128 x 10 -e Wb/At  

s o  i n d u c t a n c e  ffi N 2A ffi 522 • 3 . 1 2 8  • 10 "e = 8.458mH 

and reactance -- 2~ • 50 • 8.458 • 10 -s = 2.657 ca 

Alternatively, the e.m.f, ffi 4.44 x (1.25 • 0.016) • 50 • 52 = 230.9V and the impedance = 
230.9/86.96 = 2.656 w 

Note I Resistance has been neglected in the above calculation; it would be 
relatively small. 

Note 2 The inductance is not quite constant with current, but at the 
maximum value, the iron absorbs less than 8% of the total m.m.f. At 
lower currents, the linearity will improve since the iron will absorb 
proportionately less At. 

Example 2.3 

A 230/6-V, single-phase transformer is tested with its secondary winding short circuited. A low 
voltage (20V) is applied to the primary terminals and it then takes an input current  of  1 A; 
the power supplied being 10watts. Calculate the values of  leakage reactance and resistance, 
referred to the primary side and then to the secondary side. If the magnetising impedance is 
neglected, calculate the secondary terminal voltage when a load impedance of  value 0.12 + 
j0.09ca is connected. 

P 10 
On s.c. test, the input power factor is: - - -  = - - -  • 1 = 0.5 = cos cp,~ 

VI 20 

and the leakage impedance (neglecting the relatively small current  I o = Ip - j / ~  through 
magnetising b r a n c h / ~  [I Xm), is: 

V 20 
--- - 20w = Z~ 
I 1 

�9 impedance referred to the primary side = Zsc(COS ~0se - j  sin ~Psc)- (sin cps c is -ve). 

-- Rl + R~ +j(xt + x~) = 20(0.5 +j0.866) = 10 + i17.32ca 
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: \ ' ~ ' ! / /  = 2--~ " (10 +j17.32)  

= R~ + R~ +j(x~ + x,2) = 0.0068 +j0.0118t0.  

It i:; convenien t  to solve for the load test with the impedance  refer red  to the secondary  side. 
The  diagram shows the equivalent  circuit connec t ed  to the load, and  the phasor  diagram - 
not to scale. 

The  load cu r r en t  would be: 

6 6(0.1268 - j 0 . 1 0 1 8 )  

0.1268 + j0.1018 (0.1268) 2 + (0.1018) 2 

= 2 8 . 7 7 - j 2 3 . 1  = 3 6 . 9 / - 3 8 ~  

~,bitage at secondary  terminals,  i.e. across the load = 36.9 X/0.122 + 0.092 - 5.535V 

An alternative approach  is to calculate the d rop  of  voltage due  to the t ransformer  internal  
impedance ;  the so-called regulat ion.  From the phasor  diagram as drawn, this is approximately 
equal  to R / c o s  ~p - X/s in  ~p - IE- vl. (sin rp is -ve.)  

The  load power-factor is 
0.12 

~/0.122 + 0.092 
= 0.8 = cos ~p. �9 sin ~0 = - 0 . 6  (lagging) 

Regulat ion = 36.9(0.0068 x 0.8 + 0.0118 x 0.6) = 0.462V 

So load voltage -- 6 -  0.462 = 5.538V 

0.0068 0.0It8 I 

R X 

E=6V V 

0.12 

~0.09 

Figure E.2.3 

RX 

Note 1 In this case there is enough information to calculate V from E -  ZI 
where, with E as the reference phasor, the phase angle of I with 
respect to E could be found from the total series impedance. If only 
the load power-factor ~0 is known however, this information is not 
available and the regulation expression must be used. A more 
accurate regulation expression can be derived. ~1) 

Note 2 If the load power-factor had been leading,-  sin ~0 would have been 
negative and the load voltage could have been higher than the open- 
circuit voltage(E). 
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24 Electrical Machines and Drive Systems 

Example 2.4 

{2.1) 
,, 

A 5-phase, 50-Hz transformer is to have primary, secondary and tertiary windings for each 
phase. The specification is as follows: Primary to be 6600V and delta connected. Secondary 
to be 1000V and delta connected. Tertiary to be 440V and star connected. Determine 
suitable numbers of turns to ensure that the peak flux does not exceed 0.03 Wb. 

If the secondary is m supply a balanced load of 100 kVA at 0.8 p.f. lagging and the tertiary 
is to supply a balanced load of 50 kW at u.p.f., determine the primary line-current and power 
factor for this condition. Neglect all transformer imperfections. 

This is the first 3-phase problem in the book and it is an excellent 
opportunity to become absolutely familiar with the basic circuit relation- 
ships. It is always helpful to draw a circuit diagram as on the figure, where 
these relationships become obvious. Note that it is standard practice to 
specify line voltages, line currents and total power for S-phase devices so 
that, as in this case, conversion to phase values may be necessary. For 
example, the turns ratio is the phase-voltage ratio and is usually specified 
for the no-load condition. 

Using the e.m.f, equation and as before, designing the low-voltage winding first: 

440/~3 = 4.44 x 0.03 x 50 x Ns 

from which Ns = 38.14 say 39 turns per phase - to keep the flux below the specified level. 

N2 1000 
For the secondary: ~ = 

Ns 4401~3 
---------- from which N2 = 153.5 say 154 turns per phase 

NI 6600 
For the pr imary:- - -  = 

Ns 44014S 
-------- from which NI = 1013.2 say 1013 turns per phase 

...... -0-0o0o"" 

Primary 

Figure E.2.4 

t .... ~ I0~) v 

I00 kVA 
0.8 p.f. lag 

A 

"ooo0o-" 44~0 V 

50 kW 
@ u.p.f. 
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Load condition 

Tertiary current  per  phase = 
power per  phase 

voltage per  phase 

5OOO0/3 
= = 65.6A 

Referred to primary; I~ = 65.6 x 
39 

1013 
= 2.525 A 

440/43 

But since referred currents  are required in order  to calculate the total pr imary current ,  it is 
simpler to go directly to this by dividing the tertiary kVA by pr imary voltage. 

5 o o o o / 3  
i.e. I~ = ~ and since power factor is unity, I [  = 2.525 + jO. 

6600 

100000/3  
Similarly I~ = ( 0 . 8 -  j0.6) since p.f. is 0.8 lagging. I~ = 4.04.-.]3.03 

6600 

So :It = I~ + I~ + I0 (= 0) = 6 .565- . ]3 .03 

and the pr imary is delta connected  so line current  = ~:3 X ~/6.5652 + 3.032 

= 43 x 7.23 = 12.52A 

Power factor = cos l0 = 6.565/7.23 = 0.908 lagging. 

Example 2.5 

On open circuit, a 3-phase, s tar /s tar /del ta ,  6600/660/220-V transformer takes 50 kVA at 0.15 
p.f. What  is the primary input  kVA and power factor when, for balanced loads, the secondary 
delivers 870 A at 0.8 p.f. lagging and the tertiary delivers 260 line A at unity power factor? 
Neglect the leakage impedances.  

"Ihe connections are different here  from the previous example but a sketch of the 
apl:ropriately modified circuit diagram would be instructive. 

1'he data given permit  Io to be calculated from kVA/(~/3 • kV)-star connection: 

5O 
Io :: ~ (cos fp + j sin ~p) = 4 .374(0 .15- j0 .9887)  = 0 . 6 5 6 - j 4 . 3 2 4  

~J3 x 6.6 

6 6 0 / ( 3  
I[  :: 870(0.8 - 30.6) x = 69.6 - j52.2 

6600 / ~' 3 

260 220 
:- = 8.667 + jO I.~ ~ ( 1 + j0) X 6600/~, 3 

Is :: I0 + I~ + I~ = 78.92- . j56.52 

Is :: ~/78.92 ~ + 56.522 = 97.07 A at cos ~p = 78.92/97.07 = 0.813 lag 

Input  kVA = ~/3 • 6.6 • 97.07 = 1109.6kVA. 

Example 2.6 

A ~-phase, 3-winding, de l ta /del ta /s tar ,  33000/1100/400-V, 200-kVA transformer carries a 
seo)ndary load of 150 kVA at 0.8 p.f. lagging and a tertiary load of 50 kVA at 0.9 p.f. lagging. 
The magnetising current  is 4% of rated current;  the iron loss being I kW total. Calculate the 
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value of the pr imary current  and power factor and input kVA when the o ther  two windings 
are operat ing on the above loads. 

Again the leakage impedances will be neglected. See Reference 2 for an exact equivalent 
circuit for the 3-winding transformer. 

Power componen t  of/0 = 
I kW/3  

33 kV 
= 0 . 0 1 A  

Magnetising componen t  of  Io = 
4 200/3  

x 
100 33 

= 0.081 A 

.'. I0 : 0 .01  - j 0 . 0 8 1  

150/3 
I~--- ( 0 . 8 - j 0 . 6 )  - 1 . 212 - j0 .909  

33 

x~ - 5 o / 5  
33 ( 0 . 9 - j 0 . 4 3 6 )  ffi 0 . 4 5 5 - j 0 . 2 2  

I~  = 1 . 6 7 7 - j 1 . 2  ! 

Line cur rent  = ~/3 • ~/1.6772 + 1.212 = ~/3 x 2.07 = 3.58A 

at power factor 1.677/2.07 ffi 0.81 lagging 

and input kVA = ~/3 • 33 x 3.58 = 204.6kVA 

Example 2.7 
The following are the light-load test readings on a 3-phase, 100-kVA, 400/6600-V, s tar /del ta  
transformer: 

Open  circuit; supply to low-voltage side 400 V, 1250 W 
Short  circuit; supply to high-voltage side 314 V, 1600 W, full-load current .  

Calculate the efficiencies at full load, 0.8 power factor and  at half  full load, u.p.f. Calculate 
also the maximum efficiency. What is the percentage leakage impedance  based on 
100% -- rated V/rated I? 

The losses on a t ransformer are: Ire loss which varies very little at constant voltage and 
frequency and  Cu loss which is proport ional  to (current)  ~, or  (load kVA) 2 at constant 
voltage. 

At any load, A times rated value (load here  referring to load current  or  load kVA): 

Outpu t  A • kVA • cos ~0 
Efficiency = = 

Input  A • kVA • cos ~0 + Losses 

where kVA is the rated value 

q 
A kVA cos ~0 

A kVA cos ~0 + Fe loss + A 2 (Cu loss at full load) 

The maximum value of this expression is easily shown by differentiation, to occur  when A = 
~/(Fe loss ) / (Cu loss at full load) at any particular power factor. 
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"]'he o.c. test gives the normal  Fe loss since rated voltage is applied and the s.c. test gives the 
copper  loss at full load since rated cur ren t  is flowing. 

For full load, 0.8 p.f. 

1 • 100 x 0.8 80 
r/ = - - 0.9656 = 96.56%. 

(1 x 100 x 0.8) + 1.25 + 1 = • 1.6 82.85 

For half full load, u.p.f. 

0.5 x 100 x 1 50 
t/ . . . . . . . . .  0.968 = 96.8%. 

(0.5 x 100 x 1) + 1.25 + (0.5) ~ x 1.6 51.65 

Maximum efficiency when 

A -- ~/1.25/1.6 = 0.884 and power factor is unity. 

0.884 x 100 • 1 88.4 
Max. q = 

88.4 + 1.25 + (0.884) ~ • 1.6 90.9 
= 0.9725 = 97.25%. 

Leakage impedance 

Rated secondary cur ren t  per  phase = 
100 0 0 0 / 3  

6600 
- 5.05 A. 

Short-circuit power factor 
1600/3 

314 • 5.05 
= 0.336. 

Zsc ( referred to secondary) 
314 

5.05 
- ~ (0.336 + j0.9417) = 20.89 + j58.55ra. 

6600 
Base impedance  = 100% - - 1306.9~0. 

5.05 

Hence  percentage impedance  
1306.9 

(20.89 + j58.55) • 100 

= (0.016 + j0.0448) x 100 -- 1.6 + i4.48%. 
_ _  

The value before multiplying by 100 is called the per-unit impedance;  see Sections 3.3, 5.3 and 
Example (4.2d). 

Example 2.8 
The following light-load, line-input readings were taken on a 3-phase, 150-kVA, 6600/440-V, 
del :a /s tar-connected transformer:  

Open-circuit  test 1900 W, 440V, 16.5 A 
Short-circuit tests 2700 W, 315V, 12.5 A. 

(a) Calculate the equivalent-circuit parameters  per  phase, referred to the h.v. side. 
(b) Determine the secondary terminal  voltages when operat ing at rated and half-rated current  

if the load power-factor is 0.8 lagging. Calculate also the efficiencies for these loads. 
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(c) Determine the secondary terminal  voltage when operat ing at rated cur ren t  with a load 
power-factor of  0.8 leading and calculate the efficiency for this condition. 

Although this problem is for a 3-phase transformer, once the equivalent-circuit parameters  
per  phase have been de te rmined  correctly, it may proceed as for single-phase, making due 
allowance for the fact that the calculations will give phase currents  and powers. A balanced 
load is assumed. The figure shows the circuit and  the approximate  equivalent circuit which 
should help to avoid confusion when analysing the tests. On  short  circuit, I0 may be neglected 
and  on open circuit, the leakage impedance  has little effect, but  see Example 4.1. 

Open-drcuit test 

Since iron loss is a function of voltage, this test must  be taken at rated voltage if the usual 
parameters  are required. The voltage is 440 V so it must have been taken on the low-voltage 
side. Referring Io to the primary will permit  the magnetising parameters,  referred to the h.v. 
side, to be calculated directly. 

440/43 
Io = 16.5 x - - - - - - - - -  -- 0.635 A 

660O 

i900 
cos ~0o~ = : 0.151; sin ~oo~ : -0.9985. 

~3 x 440 x 16.5 

Hence: 

V 66OO 66O0 
Rm = = = 68.8kza. X~ : : 10.4k~. 

Io cos r 0.635 x O.151 0.635 • 0.9985 

Short-circuit test 

This does not  have to be taken at exactly rated current ,  since with unsaturated leakage 
reactance, a linear relationship between voltage and cur ren t  can be assumed. Only a low 
voltage is required,  so the readings show that the test was taken on the h.v. side. 

2700 
cos ,p= : : 0.396; sin ~Ps~ = -0.918. 

43 • 315 X 12.5 

315 

12.51q3 
(0.396 + j0.918) = 17.3 +_i40r 

Figure E.2.8 

4 4 0 V  

16 .5A 
on o.c. t n t  

t, z~ 17.3~ 401"?, 

�9 k,O, = 10.4 k~'L 
o , . . . . .  o 
Appros imale equivalent c i rcui t ,  per phose 
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Lo~l conditions 

Transformers 29 

Rated current ,  by definition = 
Rated VA per  phase 150/3 

Rated voltage per  phase 6.6 
= 7.575 A. 

The same regulation expression can be used as in Example 2.3 and cos ~p = 0.8. sin ~p = -0.6  
for [b) and +0.6 for (c) 

H.V Load current  per  phase = 
I cos t0 = 
I sin 9 = 

Regulation = 17.3I cos ~0 - 401 sin ~o 
Terminal  voltage = 6 6 0 0 -  regulation -- 
Refi:rred to secondary [ • 440/(~;3 • 6600) ] = 
Secondary terminal  voltage (line) = 
Load current  referred to secondary = 
Secondary (output) power = 43 V/cos ~p -- 
Cu oss = 2.7 X (43 x Ihv / 12.5) 2 = 
Total loss (+ Fe loss = 1.9) ffi 
Efficiency = 

(a) (b) (c) 
7.575 3.787 7.575 A 
6.06 3.03 6.06 A 
--4.545 -2.272 +4.545 A 
286.7 143.3 -77  V 
6313.3 6456.7 6677 V 
243 248.5 257 V 
420.9 430.4 445.1 V 
196.8 98.4 196.8 A 
114.8 58.7 121.3 kW 
2.97 0.74 2.97 kW 
4.87 2.64 4.87 kW 
95.93 95.7 96.14 % 

Note that when calculating the efficiency, the changing secondary voltage has been allowed 
for, and this is higher than the o.c. voltage when the power factor is leading. 

Example 2.9 

A $phase  t ransformer has a star-connected pr imary and a delta-connected secondary. The 
p r i r l a ry / secondary  turns ratio is 2/1.  It supplies a balanced, star-connected load, each phase 
con ~isting of a" resistance of 4 ~ in series with an inductive reactance of 3 o). 

(a) If the t ransformer was perfect,  what would be the value of the load impedance  per  phase 
viewed from the primary terminals? 

From a practical test, the following pr imary input-readings were taken: 

Secondary short  circuited 
Secondary load connected 

Total power Line voltage Line current  
12W 7.75V 2A 
745 W 220 V 2.35 A 

(b) Deduce, from the readings, the equivalent circuit of  the load viewed from the primary 
winding and explain why it differs from (a). 

(a) The circuit diagram is shown on the figure and the first step is tO transform the star- 
connected load to an equivalent delta; i.e. one that carries the same current  as the 
secondary winding and has the same voltage across it, as indicated on the figure. Since 
the current  per  load-phase will thus be reduced by ~3 and its voltage increased by ,j3, the 
effect will be to transform the impedance by a factor of  3 times, from that of  the star- 
connection. 

Hence Z --- 12 + j9 w per  phase. 
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It is now possible to treat each balanced phase separately, as a single-phase problem. The 
effect of the 2/1 turns ratio and a perfect transformer will be to decrease the current by 
1/2 and increase the voltage by 2/1, giving an impedance transformation of 2~; i.e. 
(Nl/N~) ~. Viewed from the primary therefore, the load impedance will appear as: 

Z{o~ = 48 +j36w per phase. 

(b) From the s.c. tests: 

COS ~0~: = 
12 

~3 x 7.75 x 2 
= 0.4469; sin ~o= = -0.8845. 

Hence 

7.75/~/3 
(0.4469 + j0.8845) = 1 + j2~o per phase. 

From the load test: 

COS ~Oloaa = 

Zsnpu t == 

745 

d3 x 220 x 2.35 
= 0.8319; sin ~Pio~ = --0.555. 

220/~:3 

2.35 
(0.8319 + j0.555) = 45 + j30 oJ per phase. 

Hence, 

referred load impedance = Zi .p . , -  Z= = 44 +.j28 per phase. 

The equivalent circuit per phase from these results is shown on Figure E.2.9, which includes 
the unknown magnetising impedance Z~ across the input terminals. A small part of the input 
current will flow through here so that the figure of 2.35 A used in calculating ~,p, t  will be 
higher than the true value of I~. Hence, the above value of the referred load impedance will 
be lower than calculated from part (a). 

= t .m .__  

Figure E.2.9 

,rlilsQ 

L O A D  

Xphosll 

12 + j9 

T r a n s f o r m e d  
load 

z~ 

J 
~ T ~"~'~ I , 

i , ~l~ 

E q u i v a l e n t  c i r c u i t l p h  
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Example 2. I0  

A 3-phase, 11 000/660-V, s tar /del ta  t ransformer is connected to the far end  of a distribution 
lille for which the near-end voltage is maintained at 11 kV, The effective leakage reactance 
alid resistance per-phase of the t ransformer are respectively 0.25 r and 0.05 a~ referred to the 
low-voltage side. The reactance and resistance of each line are respectively 2 r and 1 (0. 

It is required to maintain the terminal voltage at 660 V when a line current  of  260 A at 0.8 
lagging power factor is drawn from the secondary winding. What percentage tapping must be 
provided on the h.v. side of the t ransformer to permit  the necessary adjustment? The 
t ransformer magnetising cur ren t  may be neglected and an approximate expression for the 
regulation may be used. Neglect also the changes to the impedance  due to the alteration of 
the turns ratio. 

I + j 2  
, o.05.jo.2s 26o/ L. .6.9. 

I n o o o / ~ n n  Nominal turns - ratio = --~--- / , . , ,v 

F igure  E .2 .10  

The equivalent circuit per  phase is shown on the figure. The line impedance can also be 
referred to the secondary side and included in the regulation expression. 

Referred line impedance  = -11 000/v'3 x (1 + j2) = 0.0108 § j0.0216co per phase. 

The total impedance referred to the secondary = 0.0608 + j0.2716(0 per  phase. 

260 
~bltage regulation per phase = I(R cos fp - X sin ~0) -- - - 5 -  (0.0608 • 0.8 + 0.2716 • 0.6) 

4 ~  

= 7.3 + 24.46 = 31.76 V. 

So o.c. voltage of t ransformer must be 660 + 31.76 

11 000/v'3 11 000/~3 
and turns ratio must be: instead of 

660 + 31.76 660 

i.e. 9.18 instead of 9.623 

9.18 
h.v. tapping must be a t : - - - - - -  - 

9.623 
- 95.4%. 

E x a m p l e  2.11 

~'wo single-phase transformers operate in parallel to supply a load of 24 + j100). Transformer 
t~ has a secondary e.m.f, of  440 V on open circuit and an internal impedance in secondary 
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terms of I + j3t0. The corresponding figures for Transformer B are 450V and I + j4t0. 
Calculate the terminal voltage, the current and terminal power-factor of each transformer. 

The equivalent circuit is shown in the figure and yields the following equations: 

E A - z A I  A = V : (K +IB)z  

E s -  Zsls = V = (K + I . ) z  

Solving simultaneously gives: 

K __. 
EAZ s + (E A - Elm )Z 

Z(ZA + Z~) + ZAZ~ 

The expression for Is is obtained by interchanging A and B in the above equation. 

zA 

I 
'A ~ZAZA 
js 

Ze 

Z ' I A + Z  e 
, ~ . . . .  

I 
Is 
j4 l ZsIs 

O~ " lee 

24 

j,O 

V : Z I  

Figure E.2.11 

A reference phasor must be chosen and if the two transformers have a common primary 
voltage, the equivalent-circuit e.m.f.s (Eoc) will be in phase, so will be a convenient choice. 

Hence EA = 440 + j0 and Es = 450 + j0. 

Substituting: 

440(1 + j4) + (-10) (24 + j l0)  200 + j1660 1672/83~ 

IA = (24 +j10)(2 +j7) + (1 +j3)( l  +j4) -33 +j195 197.8/99~ 

= 8.45/-16~ 

450(1 + j3) + 10(24 + j l0)  690 + j1450 1605.8/64~ 
I B = .. _ = - 

1 9 7 . 8 / 9 9 ~  197.8/99~ 197.8/99~ 

- 8.12/_$5 ~ 

IA + Is = 8.1 - j2 .4  + 6 .65- j4 .66 - 14.75-j7.06 = 16.35/-25~ 
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Load  impedance  Z = 24 + j lO = 2 6 ~  

Transformers 33 
. . . .  L 

Terminal  voltage V = Z(IA + I s )  = 425. I / - 3~  

Relative to V, I A = 8 .45/-16~ + 3 ~ = 8.45A at c0s,,13~ = 0.972p.f.  .... lag. 

Relative to V, Is  = 8 .12 / -35  ~ + 3 ~ = 8.12 .A at cos 3_2 ~ = 0.848p.  L lag. 

Note I Although the two currents are similar, the power and reactive 
components  of these currents are quite different. The  transformers 
must be identical (in per-unit terms) with equal e.m.fs, if they are to 
share the load in proport ion to their ratings. Calculations like the 
above determine whether any discrepancies are tolerable. 

Note 2 To calculate the input primary currents, the secondary currents 
must be referred through the turns ratio and the corresponding 
components  I0 added. 

Note 3 Two 3-phase transformers in parallel would be solved the same way, 
but using their per-phase equivalent circuits. 

Note 4 The equation for IA can be rearranged as: 

EAZ]s EA- EB 
IA- - -  + 

Z ( Z  A + Z B)  + ZAZ B ZA + Z B + Z A Z B / Z  

The right-hand term is sometimes referred to as a circulating 
current  due to the difference voltage. Strictly, it is only a 
mathematically expressed component  of the total current,  except 
when Z = 00, i.e. when the load is open circuited. This true 
circulating current  is then seen to be (E A - EB)/ (Z A + Za), which 
could have been deduced directly from the circuit diagram. 

2.2 Symmetrical components 

A set of balanced 3-phase components  (+), (-) and (0) can be combined 
to give an unbalanced set of 3-phase time-phasors as shown on Figure 2.1. 
An operator  h, to give a +120 ~ angular shift is introduced, noting that to 
give +240 ~ shift, h would have to be applied twice. Thus, h = 1/120 ~ h 2 = 
1//240 ~ and so h 3 = 1/360 ~ = 1, showing that h = -0.5 +j0.866 expressed as 
a complex number  and together with h 2 and h 3 (= 1), form the cube roots 
of unity. When added together, h + h 2 + 1 form a closed delta thus 
samming to zero. From Figure 2.1, using this operator and one positive, 
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W 

~..... c- ef~~ 
B -  

C+ B+ 

+ ve sequence - r e  $etlU~Ce t,er sequence 
A+ B+ C+ A_ C_ I1_ Ao Bo Co 

in I~OSe 

Figure 2.1 

(2.2} 

II 
r 
A B C  

Symmetrical components of an unbalanced system 

one negative and one zero sequence component, usually for the A phase, 
the sequence components and their combination for the other two phases 
can be expressed mathematically. The matrix form is convenient: 

A I 1 1 1 

B = 112 h 1 

C h h 2 1 

A(+) 

A(_) (2.2) 

A(o) 

To obtain the sequence components from the actual unbalanced values we 
require the inverse matrix, which by standard techniques can be shown to 
lead to the following equation: 

A(+) J 

1 
A,_ ,  = 

i 

A(o) 

h h 2 A 

h 2 h B 1 (2.3) 
| 

1 1 C 

So, under certain conditions, an unbalanced system A, B, C can be solved 
from three independent balanced systems if we know the impedance offered 
to positive, negative and zero-sequence currents. The phase impedances 
must be equal for this simple technique to be possible and the deeper 
implications of the method require further study, for example in References 
2 and 3. Only introductory applications are being considered in this text. 
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(2.2) Transformers 35 

Exomple 2.12 
A '-;-phase, 3-winding, V1/V2/V3, s tar /s tar /del ta  transformer has a single-phase load of I, 
am ps on the secondary a-phase. The tertiary line terminals are open circuited but current  
may circulate within the delta. Neglecting the leakage impedances and assuming the 
magnetising current  is so small as to be neglected, determine the currents in each phase of 
each winding. 

This problem can be solved without recourse to symmetrical-component theory (~), but it is 
a conveniently simple example to introduce the application of this theory, which is also to be 
used later in Example 4.19. In the present instance, only the resolution of currents is required 
and the total m.m.f, for each sequence and for each phase may be summed to zero since Im 

- - 0 ,  

From the loading condition, the s)anmetrical components  for the secondary follow from 

eqla (2.3): 

/ 
h 2 Is<+) / 1 h 

1 
12(_> = -~ 1 h 2 h 

,,, 

1,,/3 

I J 3  

l~c0) 1 1 1 I~/3 

The three sequence components  are equal for this particular loading condition. For the b and 
c ptaases there is of course an (h) or (h 2) displacement in accordance with Figure 2.1 and eqn 
(2..~). In the following solution, the pr imary and tertiary currents will be referred to the 
sec3ndary, e.g. as I~, and I~A. Actually, in the tertiary winding, no positive or negative 
sequence currents can flow since these two balanced 3-phase systems must individually sum to 
zero. The only current  which can flow with the line terminals open circuited is zero sequence, 
Ig :a); all in phase and equal, circulating in the closed delta. The m.m.f, for each phase and 
each sequence is now summed to zero. For the A phase: 

+ve sequence 
-ve sequence 
zero sequence 

0 : [I~A + Ia /3  + 0] (+) 
0 = I l i a  + I~/3 + 0] (--) 
0 = [liA + Ia /5  + I~'] (0) 

Adding: 0 = I~ + la + I.~A 

from which the A-phase current I~, = - I a -  I~A 

V - - - - ~  V2= 

Figure E.2.12 

T 
i.,  
3 

3 
V 3 --~ 
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For the B phase: 

+ve sequence 0 = [ l i s  + h~I~13 + 0] (+) 
-ve sequence 0 = [ l l s  + h 1.13 + 0] (-) 
zero sequence 0 = [ l l s  + l a /3  + I[] (0) 

Adding: 0 = I~ + 0 + ISA' 

[2.2] 

from which the B-phase current  I~ = -I~A = - I  

Similarly, the C-phase current  I~ = -l.~^ = -I; 
. . . .  

Combining the above answers: 

t~  -- - I . -  t;A 
I~ = - I ~ A  
I~  = - I;A 

Adding 0 = - l a -  3 1 ~  so I~A = - - l a / 3  

Hence lj~ = - |  la and I~ 1' = = c  ~la 

The solution is shown on the figure, the actual currents being obtainable using the turns 
ratios derived from V1, V~ and Vs. 

The sequence currents can be checked from eqn (2.3) as: 

I~§ = -~ I,, = I~(_) and I~r -- O. 

I~(§ = 0 = I~r and !~o) = -4 la. 
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3 D.C. machines 

For a first approach to the subject of electrical drives, the d.c. machine 
provides a simple introduction to the problems encountered since, for 
steady-state operation, it can be represented with reasonable accuracy, as a 
variable e.m.f. E (a speed X flux) behind the armature-circuit resistance 
Ra. The field m.m.f, may be provided in various ways and with more than 
one field Winding. Non-linearides, especially saturation effects, may be 
involved in the calculations. The first three of the following examples bear 
somewhat lightly on machine-design aspects but the remainder are 
concerned with motoring; regenerating and braking. It is not the intention 
in this book to cover machine-Winding design since this is a specialised 
study, for which the essential background is explained in Reference 1 for 
example. Here the emphasis is on electromechanical performance. 
Chapter 6 deals with transient operation and closed-loop control and 
Chapters 7 and 8 with d.c. machines in power-electronic circuits. 

3.1 Revision of equations 

The average (d.c.) e.m.f, generated in a Winding With z~ conductors 
connected in series, of active length/,  rotating at velocity v = "trdn where d 
is the armature diameter and n the speed of rotation inrev/sec,  is obtained 
from: 

E =  B~lvz,  and B~ = 
Flux per pole 

Cylindrical area/No, of poles 'rtdl/2p 

2/0 
E = X l X *rdn X z~ = 2p#nz~ (3.1) 

'rrdl 

A ct.c. machine armature-winding always has parallel paths and z~ is the 
total number of armature conductors Z, divided by the number of parallel 
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, , ,  

paths. A simple wave winding has the smallest number, 2, and z, = Z/2. For 
a simple lap winding, z, = Z/2p. 

Reference back to Sections 1.3 and 1.4 will be helpful in understanding 
the following development of the power-balance equation. For simplicity at 
this stage, the brush l o s s -  typically 2 X I~ wa t t s -  will be assumed to be 
included in the P~ effect. 

From the basic circuit equation for a motor: 

v = E + PJ. (S.2) 

Multiplying by & gives the power-balance equation: 

v& = Ha + m;, 2 

Terminal power = Converted + Electrical loss 
(air-gap) 

power 

Pd~c = Pgap + Electrical loss 

(s .s)  

The power converted, EL,, can be expressed in mechanical terms as (0 m T e 

(rad/s  • Nm) and hence by equating these two expressions: 

re z 2/r p,., r 

I a (,0 m 2xrn 
(s.4) 

Note that /~, the electromechanical conversion coefficient, is directly 
proportional to the flux per pole and has alternative units of e.m.f, per 
rad/s,  or electromagnetic torque per ampere. It is sometimes called the 
speed constant or the torque constant and when SI units are used, these 
have the same numerical value, kr 

Hence: 

and: 

E -- ~l~,~Om 

k~ = I(F,, F,) 

(s.5) 

(3.6) 

where F~, the armature m.m.f, per pole, has some demagnetising effect 
usually, and this may be even greater than 10% of Ff on uncompensated 
machines. It will be neglected in the following examples except where 
special magnetisation curves are taken for series motors in Section 3.4. For 
a single field winding then: 

k, = f(k)  (3.7) 
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Several other equations may be derived from the above for the purpose of 
expressing a particular variable as the unknown. The most important is the 
Sl:,eed/torque equation from: 

E v -  m~ v RTo 
(_O m . . . . .  ( 3 . 8 )  

/~ kr kr k, 2 

Ia. could be obtained from ( V- E) / R and h, from E/oJm, but E (and Ia) are 
dependent variables, determined from power considerations and the 
armature current may have to be obtained from: 

V -  ~[g2 - 4RoJm Tm 
L = (s.9) 

2R 

and the flux from: 

V+ ~/V2 - 4Ravin Tm 
h~ = (3.10) 

2(0  m 

which are derived from eqns (3.3, 3.4 and 3.8). The choice of sign before 
the radical gives the lower current and higher flux, which is correct for the 
normal, low-resistance case. The opposite choice is applicable to high- 
resistance circuits; see Reference 1 and Example 3.12. Note that on steady 
state, Te = T m. 

3.2 Solution of equations 

The following flow diagram has been prepared to act as a guide to thought 
while ascertaining a solution procedure. Not every possibility has been 
covered but the systematic approach indicated should be helpful in all 
cases. Non-linearities are taken into account either at the beginning or at 
the end of the solution. For example, if If is given, kr follows and hence 
leads to a solution of the linear equations for torque and speed, say. 
Alternatively, if k~ is calculated from the linear equations, If follows from 
the magnetisation curve. On the mechanical side, if the non-linear 
relationship Tm -- f(Wm) is available, then any particular speed will yield the 
o)rresponding torque Tm which is the same as Te on steady state. 
Alternatively, if ~Om = f(T~) is calculated from the electromagnetic 
equations, then the intercept with the Tm - f(Wm) curve determines the 
steady-state speed. Relationships for transient speed-calculations are also 
available from these two curves; see Chapter 6. 
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D.C. machlne solution programme 

Input data from: 

V, I~, Power, Efficiency JT, O)m, ]~, /f, Resistances, Tio,,, Tm = f(C0m) 

(3.2) 
.... 

Magnetisation curve given, or from test values of (V, Ia, R, O)m, If)test 

( V -  O ' )  
. . . . .  as if/f). we can obtain kr ~Om test 

Alternatively, rated kCR may be established from rated values of the 
above. The subsequent calculation(s) of gt could be expressed as per- 
unit flux values; namely kr 

$ 

Given: 
v.R 

If-  
rm--, 

Find: 
V-R/ .  

O) m ---- 

Given: 
~, P~ ~, ~Om, 

Output 
power 

Fir/d: 
la, ~,If,  

Tlo,, 

$ $ 

Given: 
V, Rand Tm 
= f(COm) 

Find: 
/a, k~, If 

Given: 
V, Parameters 
and circuit 
configuration 
Find: 
O)m - f (Te)  
throughout 
all modes 

Speeds Currents Field-circuit Speed/Torque 
resistance curves 

Example 3.1 
A 4-pole d.c. armature wave winding has 294 conductors: 

(a) What flux per pole is necessary to generate 230V when rotating at 1500rev/min? 
(b) What is the electromagnetic torque at this flux when rated armature current of 120 A is 

flowing? 
(c) How many interpole ampere turns are required with this current if the interpole gap 

density is to be 0.15 tesla and the effective radial air gap is/~ = 8 mm? Neglect the m.m.f. 
absorbed by the iron. 

(d) Through what mechanical angle must the brushes be moved away from the quadrature 
axis if it is required to produce a direct-axis magnetisation of 200 At/pole? 
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(a) F r o m e q n  (3.1) E =  2 x p x q )  x n X  z, 

1500 294 
substituting: 230 = 2 X 2 x 4) X X 

6O 2 

from which: t0 = 0.0156Wb. 

(1:) From eqns (3 .4)and (3.6) Te = by. I, = P'z---Z~ . 0  �9 I,  
fir 

2x 147 
x 0 . 0 1 5 6  x 120 = 175.7Nm. . . . . . . . .  

(c) On the interpolar (quadrature) axis, maximum armature At per pole F, occurs, and the 
interpole m.m.f, must cancel this and also provide sufficient excess to produce the 
required commutating flux opposing that of the armature. 

F a  ~ 
Total ampere turns amps/conductor  x conductors/2 

No. of poles 2p 

120/2 X 294/2 
= 2205 At/pole 

Required 

At B B./s 0.15 x 8 x 10 -s 
H - - - .  Hence At = = = 955 At/pole 

/s #o #0 4~r/10~ 

Hence total interpole m.m.f, required = 2205 + 955 = 3160 At/pole 

This would typically be obtained with 27 turns per pole carrying I, = 120 A, with small 
adjustments to the air-gap length if necessary, following commutation tests. 

(c) From the diagram, a brush axis shift of a produces a demagnetising (or magneti- 
sing) m.m.f, of F, X 2a/180 At/pole. Hence: 

SO: 

200 = 2205 x 2cz/180 

a = 8.16 electrical degrees 

= 8.16/p = 4.08 mechanical degrees 

Figure E.3.1 

Direct oxi$ 
I 
' Moin pole 

O~'POa4 ~ . , ~  Interpole 

(2-pole machine shown for simplicity) 
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42 Electrical Machines and Drive Systems [3.2] 

Example 3.2 
A d.c. shunt-wound, (self-excited) generator  rated at 220 V and 40 A armature  cur ren t  has an 
armature  resistance of 0.25 12. The  shunt  field resistance is 110 f l  and there are 2500 turns per  
pole. Calculate: 

(a) the range of  external field-circuit resistance necessary to vary the voltage from 220 V on 
full load to 170 V on no load when the speed is 500 rev/min;  

(b) the series-windingm.m.f, required to give a level-compound characteristic at 220 V when 
runn ing  at 500rev /min ;  

(c) the maximum voltage on o.c. if the speed is reduced to 250 rev /min  and all external  field 
resistance is cut out. 

Armature  reaction and brush drops may be neglected. 

Figure E.3.2 

4 

i i 
Z 

/ 
0 

4. Z 

// 

5 I.O a 

l t - A t / 2 5 0 0  

5 2.0 ~ 

The  following open-circuit characteristic was obtained when running  at 500 rev /min  with 
the shunt  field excited: 

E.M.F. 71 133 170 195 220 232 V 
Field cur ren t  0.25 0.5 0.75 1.0 1.5 2.0 A 

Cam at 500 rev /min  = 500 • 2~r/60 - 52.36 rad/s ;  at 250 rev /min  Wm = 26.18rad/s .  

H e n c e / ~  = e.m.f. (above)/52.36 = 1.36 2.54 3.25 3.72 4.2 4.43 

The kc/If curve is plotted on the diagram, Ff being the field current  • 2500. 

(a) The  e.m.f, must be calculated at the two limits to de termine  the range of  field current  
and hence of  field-circuit resistance variation. 

No load 
E = V+ R.la - 170V 

kr = E/52.36 = 3.25 
If from curve -- 0.75 

R F - ( E - R / a ) / l  f = 226.4 
External field-circuit resistance = RF - 110 = 116.41"1 

Full load 
220 + 40 • 0.25 

= 230V 
4.39 
1.86 
118.312 
8.31"1 
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(b, The terminal voltage must be 220 V on no load and on full load. 

V 
E =  V +  P,.Ia 

(On no load, la = If is small). 
Required h~ at 0J m = 52.36 
Field m.m.f, required, from curve 
Difference = series m.m.f, required 

No load Full load 
- 220 220 
-- 220 230 

= 4.2 4.39 
= 1.5 x 2500 1.86 X 2500 
= (1.86 - 1.5) x 2500 = 840 At /pole  

(c) The open-circuit curve could be redrawn in terms of e.m.f, against field current  with the 
e.m.f, reduced in the ratio 250/500. Alternatively, the h~ curve can be used, since it is the 
e.m.f, at 250 rev/min scaled down by the divisor 26.18rad/s.  The slope of the resistance 
line (W/f) for 110r must also be reduced, to 110/26.18 (= 4.2) as shown. The field line 
intersects the characteristic at a h~ (= e.m.f./26.18) of 3.38. Hence the voltage on open 
c i rcui t -which  is the terminal voltage neglecting the very small Ralr dro p - is 3.38 • 26.18 
= 88.5 V. 

Example 3.3 

The machine of  the last question is to be run as a motor from 220 V. A speed range of  2/1 by 
field control is required. Again neglecting the effect of  armature reaction and brush drop and 
assaming I~ = 0 on no load, calculate: 

(a) the range of external field-circuit resistance required, as a shunt motor, to permit speed 
variation from 500rev/min  on no load, to 1000rev/min with the armature carrying its 
rated current  of 40 A; 

(b) the value of  the series-field ampere turns required to cause the speed to fall by 10% from 
500rev/min  on no load, when full-load current  is taken; 

(c) the speed regulation (no load to 40 A load) with this series winding in circuit and the 
shunt field set to give 1000rev/min on no load. 

(d) By how much would this series winding increase the torque at 40A compared with 
condition (a) at the minimum field setting? 

Parts (a) and (b) require calculation of  the h~ range to find the excitation needs. 

(a) Ia = 0A, n o l o a d  I a = 40A 
Sl)eed 500 1000 rev/min 
fom 52.36 104.7 rad/s  
E = 220 - 0.25 • I~ 220 210V 
h~o = E / w  m 4.2 2.0 N m / A  
If from mag. curve 1.5 0.38 A 
P,r = 220/If 146.7 579w 
External resistance = Rr - 110 = 36.7 469 w 

(b) Speed 500 450 rev/min 
c0m 52.36 47.12 rad /s  
E = 2 2 0 -  0.25 x la �9 220 210 V 
h~ = E/ca m 4.2 4.46 N m / A  
Field ampere turns from mag. curve = 1.5 x 2500 2.05 x 2500 
Difference is required series m.m.f. = (2.05 - 1.5) x 2500 = 1375 At /pole  
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With each series turn carrying 40A this would require 1375/40 = 34 + turns. With 40 turns 
say and a diverter, the test performance could be adjusted to give the 10% speed regulation 
specified. 

(c) The speed will be obtained from 0 )  m = E/~. 
On no load,/~ = 220V/104.7 rad/s  = 2.1. 
From mag. curve this requires 0.4A x 2500 = 1000 At/pole shunt excitation. 
On load, the total excitation is therefore 1000 + 1375 = 2375 At/pole. 
/~ will therefore correspond to 2375/2500 = 0.95 A gi'ving: 3.65 Nm/A. 

E 210 
Hence, C0m on load will be . . . . .  57.5 rad/s  = 549rev/min 

, ,  s.6s 

1000-  549 
Speed regulation from 1000rev/min is the re fo re -  ~ x 100 = 45.1%. 

1000 

Note the great increase from the 500 rev/min condition because of the weak shunt field. 

(d) T~ = /~, I,. At minimum field, 1000rev/min Te = 2 X 40 = 80Nm 

With additional series excitation T~ = 3.65 x 40 = 146 Nm 

So although the speed has fallen considerably, due to the series winding, the 
electromagnetic torque has increased by 66/80 = 82%. for the same reason and the air-gap 
power is the same. 

E x a m p l e  3.4 

In the shunt motor of the last question, the no-load armature current was neglected. In fact, 
the total no-load input current is 5 A when both field and armature are directly connected 
across the 220 V supply, the output (coupling) torque being zero, so that the only torque is 
that due to the friction, windage and iron losses. Calculate the speed, output power and 
efficiency when the load has increased to demand rated armature current, 40 A. 

5 A  5 A  
-~ = Power flow on Iood 

I lO 1"), 220 x 4 0  =8400  

 o,oo0 IT Z 
402 x 0 .25  L ~  22 xllO 

CONTROL 220  x 2 

Figure E.3.4 

7770  

OUTPUT 
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Tile no-load condi t ion  is shown on the first diagram where it is seen that the a rma tu re  cu r ren t  

is 3 A, the field taking 220 /110  = 2 A. 

The  value of  kr f rom the o.c. curve at 2A  is 4.43 N m / A .  

The  no-load e.m.f, is 2 2 0 -  0.25 • 3 = 219.25 V. 
H~-nce speed aJ m = E / k ~  = 219.25/4.43 - 49.49 r a d / s  - 473 rev /min .  
The  air-gap power  Pr,~ = tom' T~ = E" I= = 219.25 • 3 = 658 watts is consumed  in friction, 

windage and  iron losses and  cor responds  to Tlo~ = 658/49 .49  = 13.3 Nm. 

For  the load condi t ion,  with 40A in the armature ,  the second d iagram is a useful 

representa t ion  of  the power  flow. The  explanat ion of  the numerical  values involves a few 
minor  calculations which can be under s tood  by reference back to Figure 1.10. 

SF<ed = E/k~  = 210/4 .43  = 4 7 . 4 r a d / s  = 453 rev /min .  

If we neglect  any small change  in loss torque with this speed fall then: 

Mechanical  loss = oJ m �9 Tlo, = 47.4 • 13.3 = 630watts. 

O u t p u t  power =/)gap - mechanical  loss = 210 • 40 - 630 = 7 .77kW -- 10.4hp.  

Inpu t  power = 220(40 + 2) = 9 .24kW so efficiency - 7 .77/9.24 = 84.1%. 

Example 3.5 

In the back-to-back test circuit shown, Machine 1 is a motor  driving Machine 2 which is a 
generator.  The  genera ted  power is fed back into the c o m m o n  250-V line so that  only the 

m ~chine losses have to be supplied. Curren ts  in various parts of  the circuit, together  with the 

! T'" f "  
1250V ~ i (Motor) d[Op {Gen R 

Machine I 

2 .4  A 

Figure E.3.5 

redstances,  are shown. Allow for brush  d rop  of  2V total per  machine  and  calculate the 

efficiency of  each machine.  It may be assumed that  the mechanical  losses are the same for 

be th  machines.  

Inpu t  cur ren t  = 5 0 -  40 = 10A. 

Inpu t  power to a rmature  circuits = 250 X 10 = 2500 watts. 

1"( tal a rmature  losses, excluding friction, windage and  iron losses 
= 502 • 0 . 3 + 2 x  5 0 + 4 0  = x 0 . 3 + 2  x 40 = 1 4 1 0  watts. 

�9 to ta l  mechanical  loss = 2500 - 1 4 1 0  = 1 0 9 0  watts = 545 watts per  machine  
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I n p u t -  losses 
Motor efficiency = = 1 - 

Input  

(3.2) 

(502 x 0.3) + (2 X 50) + 545 + (250 X 2) 

1895 

13000 

250(50 + 2) 

= 85.42% 

Generator efficiency ffi 
Output  

Output  + losses 

250 x 40 

(250 X 40) + (402 X 0.3) + (2 X 40) + 545 + (250 X 2.4) 

10000 

11 705 
- 85.43% 

The most convenient expressions to suit the data have been chosen. It is a coincidence that 
efficiencies are the same. The motor has the higher copper loss and the generator the higher 
flux and hence field loss and, in practice, a slightly higher iron loss also. But note also that 
efficiency is a function of output and for the generator this is 10 kW whereas for the motor it 
is 11.105 kW. 

The next few examples illustrate the consequences of changing the 
machine parameters, sometimes with the object of achieving a certain 
speed against a specified mechanical load characteristic. This brings in the 
overall drive viewpoint and the interaction of mechanical and machine 
speed/ torque characteristics. It leads on to the treatment of machine 
equations in per-unit terms which is often helpful in assessing drive 
characteristics. 

Example 3.6 

A 500-V, 60-hp, 600-rev/min d.c. shunt motor has a fuU-load efficiency of 90%. The resistance 
of the field itself is 200 fl  and rated field current  is 2 A. Ra = 0.21~. Calculate the full-load 
(rated) current  laR and in subsequent calculations, maintain this value. Determine the loss 
torque. 

The speed is to be increased up to 1000rev/min by field weakening. Calculate the extra 
resistance, over and above the field winding itself to cover the range 600-1000rev/min.  
Determine the output torque and power at the top speed, assuming that the loss torque varies 
in proportion to speed. For the magnetisation curve use the empirical expression below, 
which is an approximation to the curve shape. 

Field-current ratio = 
(1 - a) x flux ratio 

1 - a x flux ratio 
w i tha  = 0.4 

where the flux ratio is that between a particular operating flux (E/cam) and rated flux (ROR). 
The field-current ratio is that of the corresponding field currents. 

https://engineersreferencebookspdf.com



(3.2) D.C. machines 47 

T==.p.,,~ I P _  ~ 

_ -  - -  p... , , ,  so.T, sw 

/ t ...... 
Figure E.3.6 

T h e  d a t a  a re  a s s e m b l e d  o n  the  f igure  as a c o n v e n i e n t  aide-memoire, t o g e t h e r  wi th  a ske l e ton  

power- f low d i a g r a m  f r o m  which :  

Pmech 60 • 746  90 
F u l M o a d  ef f ic iency  r/R = = - 

Pelec +/>control 500 X laR + 500 • 2 100 

f r o m  which :  laa = 97.5 A 

ER 5 0 0 -  0.2 • 97.5 
H e a c e :  kr - - = 7.65 N m / A  

0)mR 20'rr 

and :  Tea = kr I,R = 7.65 X 97.5 = 745.9  N m  

60 • 746 
= = 712 .4  N m  rc~ 20r 

7~o, = T~R - T~o.p. .g = 33.5 N m  

At 1 0 0 0 r e v / m i n ,  Tio,  = 33.5 x 1 0 0 0 / 6 0 0  = 5 6 N m  

5 0 0 -  0.2 x 97.5 
At  1000 r e v / m i n ,  k~ = = 4.59 N m / A  

1000 x 2"tr/60 

�9 f lux  ra t io  = 4 . 5 9 / 7 . 6 5  = 0.6. 

If( l ooo ) 
H e n c e ,  f i e l d - c u r r e n t  ra t io  = 

2 A  

0.6 • 0.6 

1 -  0.4 • 0.6 

f r o m  which :  If(1000) = 0 . 9 4 7 A  

and :  Rr = 5 0 0 / 0 . 9 4 7  

= 528 f l  so e x t e r n M  res i s tance  = 328 f l  

Co  a p l i n g  t o r q u e  = T e - Tio,  = 4.59 • 9 7 . 5 -  56 = 392 N m  

M e c h a n i c a l  o u t p u t  p o w e r  = co m �9 T~oup,,g = 104.7 x 392 = 41 kW - 5 5 h p  
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Example 3.7 
A 500-V, 500-rev/min d.c. shunt motor  has a full-load (rated) armature current  of  42A. 
Ph = 0.6(o and Rr = 500(o. It is required to run  the machine under  the following conditions 
by inserting a single resistor for each case. 

(a) 300rev/min  while operating at rated electromagnetic torque; 
(b) 600rev/min  at the same torque; 
(c) 800rev/min  while operating at the same gross power (Cam " Te) as in condition (b). 
For each condition, find the appropriate value of  the resistor. 
The following magnetisation curve was taken on open circuit at 500rev/min:  

Field current  0.4 0.6 0.8 1.0 1.2 A 
Generated e.m.f. 285 375 445 500 540V 

The test speed Cam(test) - 500 X 2~r/60 = 52.36 rad/s.  

! b = E/Ca,,(te,  o = E/52.36 = 5.44 7.16 8.5 9.56 

vR-~. / ,~  5 o o - o . 6 x  42 
Rated /b  (/~R) = . . . . . .  9 .07Nm/A 

CamR 52.36 

10.3 N m / A  

Rated Te(T~R) = ktR" laa = 9.07 X 42 = 381Nm. 
Rated field current  from curve a t / b  = 9.07, is 0.9 A �9 RF = 500/0.9 = 555 fl  

V R.T~ 
Now consider the speed/ torque equation (3.8)" Cam . . . .  ~, k, ~ 

It can be seen that at a f'med terminal voltage V, any increase of  speed beyond the rated value 
can only be obtained by reduction of  flux; i.e. by inserting extra resistance in the field circuit. 

7.5 

"~ 5 

2.5 

Figure E.3.7 

/ 

0.25 

/ 
# 

/ 

0 . 5  

/ 

0.75 I 0 l.Z5 
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A reduction of speed, without exceeding the flux limit imposed by saturation, can only be 
obtained by operating on the second term - in practice this means increasing R since 
reduction o f / b  would give rise to excessive armature currents unless R is relatively high - see 
Refi.'rence 1 and speed/f lux curves of Example 3.12. 

Hence, for (a), rearranging the equation: R = l_(V- ~ �9 r ( T e j k r  . . . .  V-E)I~ 

Since r = 300 x 2'rr/60 - lO'n': R = 
5 0 0 -  9.07 • lO,a" 

381/9.07 

= 5.12 f'l, an extra 5.12 - 0.6 = 4.52 fl  

For (b) we require kr not knowing the armature current  and hence eqn (3.10) will have to 
be used. At 600 rev/min r -- 20"rr so: 

V+ ~[ V R - 4  X R X r X Te 5oo +  /500 -4 • 0,6 x20,  • 
2a) m 2 • 20"rr 

= 7.47 N m / A  

From the magnetisation curve, this requires If = 0.64A and Pw -- 500/0.64 = 781 fl. 

Hence extra field-circuit resistance is 781 - 555 = 226 ft 

For (c), since the same corn T~ product is specified, the only difference in the kr equation above 
is t~ the denominator  which becomes 2 x 800 X 21r/60 = 167.6. 

/~ is therefore 5.602 requiring an If of  0.41A and Pw -- 500/0.41 = 12191"1. 

�9 extra resistance is 1 2 1 9 -  555 = 664 ft. 

Example 3.8 

A 220-V, 1000-rev/min, 10-hp, d.c. shunt motor  has an efficiency of 85% at this rated, full-load 
condition. The total field-circuit resistance RF is then 100 [1 and P~ = 0.4 ft. Calculate the rated 
vahLes of current,  flux and electromagnetic torque; (laR, /bR and T~R). Express your answers 
to the following questions in per unit where appropriate by dividing them by these reference 
or base values, which are taken as 1 per unit. Take 220 V (VR) as 1 per unit voltage. 

(a) Find the applied voltage to give half rated speed if Tm is proport ional  to r kr and Ph 
unchanged. 

(b) Find the extra armature-circuit resistance to give half rated speed if Tm is proportional to 
speed; /~  and V being 1 per unit. 

(c) .Find the per-unit flux to give 2000rev/min if Tm ~ l/tOm (constant power) and also the 
armature current, if V = 1 per unit and R~ is the normal value. 

(d) What electromagnetic torque is developed if the voltage, flux and speed are at half the 
rated values and there is an extra 2 fl  in the armature circuit? 

The: data could usefully be assembled on a diagram as for Example 3.6. Referring also to the 
asstJciated power-flow diagram: 

https://engineersreferencebookspdf.com



50 Electrical Machines and Drive Systems [3.3] 

Motor  efficiency qa = 

0.85 = 

em~h 

e e l e r  + P c o n t r o l  

10 • 746 

220 X I~R + 2202/100 

from which: far = 37.7 A. 

Hence:  ~ R  = 

2 2 0 -  0.4 x 37.7 

1000 X 2 ~ / 6 0  
= 1.957 and therefore TeR ffi 1.957 X 37.7 = 73.8 Nm 

The  remaining questions can all be answered from the speed / to rque  equation: 

V R.T,  
O) m = - - _ ~  where T~ = Tm on steady state. 

(a) At half  speed, O) m -- 52.36 r a d / s  and  T m -- (~) 2 x 73.8 

From the equation:  V ffi 19 " ~  + " - ' - - - ' -  
R-Tm 0.4 73.8 

= 1.957 x 52.36 + ~ • 
1.957 4 

= 106.2 V = 0.48 per unit 
(b) A different  mechanical  characteristic applies so Tm = I X 73.8 = 36.9 Nm 

V-kc'Wm(= V-E) ffi 2 2 0 - 1 . 9 5 7 •  
From the equation:  R = ~/,~--~" la 36.9/1.957 

= 6.23w, i.e. an extra 6 . 2 3 -  0.4 ; 5.8311 

(c) k, : 
v+ 4 v , ' 4 .  R. T. 220 + ~/2202- 4 • 0.4 X 104.7 x 73.8 

2r m 2 • 2000 • 2 ~ / 6 0  

= 0 . 9 7 8 4 N m / A  = 0.9784/1.957 - 0.5 per unit 
Note that rated power and speed have been used unde r  the radical because for this 
mechanical  load, the power is stated to be constant. Check la = I~R, eqn (3.9). 

( V - / 9 "  corn) 1.957 (110 - 0.978 • 52.36) 
(d) Te = ~ "  - = 24Nm 

R 2 2 + 0 . 4  

-- 24/73.8 -- 0.325 per unit 
and la = 24/0.978 = 24.5A 

3.3 Per-unit notation 

The last question in t roduced the idea of expressing quantifies in per unit, 
i.e. as fractions of some base or reference quantity. It is possible to solve the 
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question th roughou t  in per-unit notat ion and after the following explana- 
tion, it would be a good exercise to try this. The me thod  is sometimes 
cc,nvenient, especially when integrat ing the mechanical  system parameters  
into the drive and in simplifying scaling factors for compute r  solutions. For 
a .:l.c. machine ,  with the appropr ia te  choice of base values, the equations, 
apart  f rom being dimensionless,  are the same as those used for actual 
values as explained in Reference 1. The  most  convenient  base values are: 

Rated voltage 
Rated cur ren t  
Rated flux 

VR = 1 per-unit voltage 
IaR = 1 per-unit cur ren t  
kr = 1 per-unit flux 

From these: 

Rated torque = k ,R.  IaR is also 1 per-unit torque 
Rated power = VR" I~R is also 1 per-unit power 

a r d  1 per-unit resistance - 111/IaR, since only three of the seven practicable 
quantities, derived from the products  and quotients of the first three, can 
be. defined independently.  It follows also that 1 per-unit speed is 
p r ede t e rmined  as VR/kC, R, since these two parameters  have been chosen. 
Therefore  rated speed is not  1 per uni t  but: 

ER V R - P ~ "  I~a 1 - R ~  • 1 
- = = 1 - P~ per unit. 

k~R ~R 1 

Per-unit resistance is: 

ohmic  value P~ P~" IaR 

base value VR/I~t VR 

which is the fraction of  base voltage, which is absorbed across the armature-  
circuit resistance at base current .  

In the following example,  the field cur ren t  is also expressed in per uni t  
using the same empirical  expression as in Example 3.6. 

Example 3.9 

A ,l.c. shunt motor runs at 1000 rev/min when supplied from rated voltage, at rated flux and 
drives a total mechanical load, including the loss torque, which has coulomb friction, viscous 
friq:tion and square-law components given by the following expression: 

T m = 30 + 30 1000 + 30 1000 Nm 
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The armature resistance is 0.06 per unit and the magnetisation curve can be approximated by 
the empirical expression: 

0.6 x ~ per unit 
if per ua/t ffi 

1 - 0 . 4  X ~ perunit 

Calculate: 

(a) The values of 1 per-unit torque in Nm and 1 per-unit speed in rev/min; 
(b) the required 6 and the value of I, in per unit, if the speed is to be 600 rev/min with the 

terminal voltage set at 0.5 per unit; 
(c) the required If and the value of Ia in per unit when the terminal voltage is set at the rated 

value and the speed is adjusted to (i) 1200rev/min; (ii) 0.8 per unit; 
(d) the required terminal voltage in per unit if the resistance is increased to 0.2 per unit, the 

field current is reduced to 0.6 per unit and the speed is to be set at the rated value. 

In this comprehensive question, since the non-linear Tm = f(~0m) 

relationship is given and T~ = Tm in the steady state, then T~ follows if the 
speed is specified and conversely, any particular torque will correspond to 
a particular speed. Thereafter, the solution is just applying the various 
equations developed at the beginning of this chapter. The quadratic 
expression for Ia eqn (3.9), must be used because the power is given, not 
the value of e.m.f, or flux. 

(a) 1 per-unit torque, from the question, must occur at a speed of 1000rev/min 

lO0O lOOO 2) 
viz. 30 1 + ~ +  = 90Nm 

1o0o i0o0, - ~  

Rated speed = 1 - / ~  per unit is 1000 rev/min. 

.'. 1 per-unit speed = 
1000 

1 - 0.06 
= 1064 rev/mi n 

Preliminary calculation of T~ (= Tin) at stated speeds: 

p.u. speed 
rev/min 

Part Rev/min = 
1064 

Torque, Nm 

p.u. torque 
r~ 

90 

1064 1 
(d) 1000 0.94 
(b) 6oo 0.564 

(c) (i) 1200 1.128 
(c) (ii) 851 0.8 

90 
30(1 + 0.6 + 0.6 ~) -- 58.8 

30(1 + 1.2 + 1.22) -- 109.2 
30(1 + 0.851 + 0.851 ~) = 77.3 

1 
0.653 
1.213 
0.858 
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Calculations 
for parts: 

(b) (c) (i) (c) (ii) 

tom 

T~ 

Power = tOm We 

X= V 2 -  

4R. tOm Te 

~ =  
2R 

0.6g 

1 - 0 .4k~  

0.564 

0.653 

0.368 

0.5 ~ -  0.24 • 0.368 
-- 0.1617 

1.128 

1.213 

1.368 
. . . . .  

_ 

1 ~ -0 .24  • 1.368 
-- 0.6717 

0.8 

0.858 

0.686 

1 ~ -  0.24 • 0.686 
= 0.835 

0.816 1.504 0.717 

0.8 0.807 1.196 

0.706 0.715 1.376 

(d) .The field current is set at 0.6 per unit = 
0.6J b 

1 - 0 . 4 ~  
hence /~  = 0.714 

The speed is to be the rated value (0.94 per unit.) 
The torque will therefore be 1 per unit. 
Hence la = Te/kr = 1/0.714 = 1.4 per unit 
Required V = k~, tam + R .  la -- 0.714 • 0.94 + 0.2 X 1.4 " 0.951 per unit 

Note that the answers to part  (c) show that field control of speed is not  
satisfactory with this mechanical load because the armature current  
becomes excessive at high speeds and the field current is excessive at 
speeds lower than rated. Part (d) shows a similar situation. 

Example 3. I0 
A d.c. shunt motor is being considered as a drive for different mechanical loads having the 
fcllowing characteristics: (a) Constant power (tom Tm); (b) constant torque and (c) torque 
proportional to speed. It is desired to know the effects on armature current and speed of 
making various changes on the electrical side. Taking as a basis that rated voltage, rated 
a~mature current and field current give rated speed and torque, express armature current 
and speed in per unit when the following changes are made: 

,i) field current reduced to give half flux; 
(d) armature supply-voltage halved; 

(i~i) armature voltage and field flux both halved. 

G)nsider loads (a), (b) and (c) in turn and neglect all machine losses. 
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The required equations for current and speed are: I, = Te/I9 and tOm = V/19 and all 
calculations are in per un~. 

Mechanical load (a) tOm Tm const. Tm const. Tm ~ speed 
characteristic i.e. Tm ~ 1/tOm (b) (c) 

(i) b - 0.5; v -  1. 
~o.,-- W~ 

T~ -- T,. 
X.= T d b  

(ii) V-- 0 . 5 ; / ~ =  1. 
tom 
Tm 
I, 

. . , .  , 

(iii) v-- o.5;/~ = 0.~ 
tom 
T, 

2 2 2 
0.5 1 2 
1 2 4 

0.5 0.5 0.5 
2 1 0.5 
2 1 0.5 

1 1 1 
1 1 1 
2 2 2 

Again, this example  shows, in a simple manne r ,  what  is, a n d  what  is no t  
a feasible strategy in the  cont ro l  o f  d.c. mach ines  and  how the  na tu re  of  the  
mechan ica l  load d e t e r m i n e s  this; o n e  a r m a t u r e - c u r r e n t  over load is as h igh  
as four  t imes the ra ted  value. 

Example 3.11 
A d.c. motor has a tx, r-unit resistance of 0.05. Determine the two values of  current and of flux 
at which rated torque can be developed at rated speed when supplied from rated voltage. 

v ~  x/v2- 4~  �9 ~m �9 

2R, 

1 .v. ~ 1 2 - 4 x 0 . 0 5 •  ( 1 - 0 . 0 5 )  x 1 

2 x 0.05 

0.1 
.- 1 per unit or 19 per unit 

The numerator is the same for ~ = - 1 per unit or - -  per unit 
2 x (1 - 0.05) 19 

Clearly, the  only practical  solut ion is the first o n e  w i t h / ~  = Ia = 1 per 
un i t ,  even t h o u g h  the  same to rque  of  1 per u n i t  is given by the second  
solution.  This is a relatively low-resistance mach ine .  The  nex t  example  
shows the  effect  of  an increased  armature-c i rcu i t  resistance,  when,  as on  
some small serve motors  and  with ' cons tant '  c u r r e n t  supplies, speed  
increase  is ob ta ined  by increas ing the  field cur ren t ,  working on  the f ir ing 
pa r t  o f  the s p e e d / f l u x  characterist ic;  see Refe rence  1. 
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Example 3.12 
Fol a separately excited d.c. motor  which at rated voltage, flux and armature  cur rent  delivers 
rated torque at rated speed (1 - R~) per unit, show that the maximum speed which can be 
obtained by field weakening is: 

(a) V2/4R per unit for a constant-torque load equal to rated torque and: 
(b) V • 4/(1 - -Ra)/4R per unit if rated torque is the same, but is proport ional  to speed and 

the circuit resistance is R which is not necessarily equal to R~. 
(c) Calculate for resistances of  P~ = 0.05 and for R = 0.5, the values of O~max in per unit and 

the values of  armature  cur ren t  and flux at this speed, for the constant-torque load. Repeat 
the calculation, but this time for the case of load torque proport ional  to speed. 

(d) For the same motor  de te rmine  the required circuit resistance to permit  continuous speed 
increase by field increase up to rated flux with rated voltage applied. Consider both 
mechanical  load-characteristics as before. 

v R 
(a) For the constant-torque load, T m = I and the equation is aim = ~ ~p2 

da~ m V R 
- - - - + 2 x  d.,~ ~ k~ 3 

and for maximum speed, this must be zero; i.e. V = 2R/k~ or  k~ -- 2R/V. Substituting in 
the speed equation: 

V 2 V 2 V 2 
O ) m a  x = - - _ -  =. ~ .  

2R 4R 4R 

(b~ For the case of torque proport ional  to speed, by considering the identical ratios of torque 
and speed to their rated values: 

T m  a i m  a i m  

- - - ,  so  Tm - 
1 ( , / ) m R  1 - P~ 

and substituting in the speed equation: 

v R • [aim/( l-R~)]  

kr k~, 2 

and by rear rangement :  

(.0 ITI --" 

~ . v  

R 
k~, ~ + 

1 - &  

differentiating: 

g .  k~ ~ + �9 �9 
daim 1 - R ~  - k ~  V (2/~). 

�9 , _. 

dk~ (denominator)  2 

and this is zero when k~ 2 = R/(1 - R~) and this is the condit ion for maximum speed. 
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, , , , , , ,  = , ,  , . . . .  

Substituting in the re-formed speed expression for this load; 

R R 

so: 

" " = '  = v"  4 .  

(3.3) 

Before dealing with the numerical part of this question, it is worth 
noting that the point of maximum speed is the changeover between the 
rising and falling parts of the speed/flux characteristic. If this changeover 
is required to occur at rated flux, so that speed increase by increasing flux 
can be obtained, the expressions derived for kr to give OJma x will also yield 
the required resistance to meet this condition; by substituting ~ = 1. For 
the constant-torque load, required R = I1/2 and for Tm = Cam, R = 1 - ph. 
This information is relevant to the final part (d) of the question but 
generally it will be found that at 0Jm~, E = ~ 0 ) m a  x = g/2; i.e. for maximum 
speed the apparent 'load' resistance, Eli,, is equal to the source (series), 
resistance (1/'/2)/1=, cf. maximum power-transfer theorem. 

iO 

0.5 

T Speed 

! 

l Speed 
~tN,, =5 ~ ~ \  R=0.05 -~" ~,,=,= =5 

' \,k, =0.l ' ,  
: = t R=0.05, T m constord 

~m. , ~, "m,, "2.18 
= ?..18,, /"  : ' , .  '~%% ! II o 
/ R.0.0~, 
E **=o~9 ,c 

. 0.5 

~IT m constant 

L 

R=0.5. kr = 0.725 

R=o.s,"-~ \ ' "  - 7 1  k,,:, __; ___X,/ I 

0 0.5 0 0 
Torque Flux k# 

F i g u r e  E . 3 . 1 2  
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~ ,, 

(c) Numerical solution 

D.C. machines 57 

Speed at rated 
torque - (1 - R) 

(.Omax 

V 2 

Tm at r x 

Power = COma x T m 

~/1 - 4R x Power 

1 _+ r  
I .=  

2R 

Tm constant 

R = 0.05 

0.95 

5 

R = 0 . 5  

0.5 

0.5 

0.5 

0 

10 1 

1 ~ /  
~ =  o.1 1 

2r 

T ~ = k , . r  Tm 1 1 

~/ 1 -.g, 
v 4R 

O)max 

1 - P ~  

~ o: O,m 

R =  0.05 R =  0.5 

0.95 0.5 

2.18 0.689 

2.29 0.725 

5 0.5 

0 0 

10 1 

0.229 0.725 

2.29 0.725 

T h e  above  resu l t s  a re  s h o w n  in o u d i n e  o n  the  a c c o m p a n y i n g  s p e e d /  
t o r q u e  a n d  s p e e d / f l u x  curves .  I t  can  be  seen  t h a t  the  h igh - r e s i s t ance  
c i rcu i t  k e e p s  t he  c u r r e n t  a n d  s p e e d  wi th in  r a t e d  l imits  t h o u g h  the  p o w e r  

a n d  the  s p e e d  a n d / o r  t o r q u e  c a n n o t  r e a c h  r a t e d  values.  T h e  ze ro  fo r  t he  

s q u a r e - r o o t  t e r m  c o n f i r m s  t h a t  t he  m a x i m u m  c o n d i t i o n s  have  b e e n  

r e a c h e d ,  with on ly  o n e  s o l u t i o n  fo r  I a a n d  kr 

]in t he  s o l u t i o n  o f  t he  f inal  p a r t  o f  t h e  ques t i on ,  m a x i m u m  s p e e d  COma x 

will be  r e a c h e d  at  m a x i m u m  f lux by su i tab le  a d j u s t m e n t  o f  t he  res is tance .  

T h e  s o l u t i o n  is also s h o w n  o n  t h e  a c c o m p a n y i n g  d i a g r a m .  

(d) For constant-torque load, required resistance for continuous increase of speed with flux 
is V/2 -- 0.5 per unitfor rated voltage. The solution has already been covered for this value 
of R on p. 56 and the curves are on the figures. 

For the case of 7"= 0c corn, the required resistance is 1 - / ~  - 1 - 0.05 = 0.95 per unit, see 
table on p. 58 and the appropriate curves on Figure E.3.12. 
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~ ' m : V ~ / l - ~ 4 R  

Tm at this speed 

Power 

= ~ ( t  - 0.05) / (4 x 0.95) = 0.5 

= W m = , / ( ] -  P~) = 0 . 5 / ( 0 . 9 5 )  = 0.526 
_ , 

= r �9 T m = 0.526 X 0.5 = 0.263 

x/l 4RxPower = 1 -4x0 .95x0 .526  = 0 

. ' . / ,  = ] / 2 R  = ] / ] . 9  = 0.526 

= 1/20~m~= = 1 / ( 2  • 0 .5 )  = 1 

= g .  I .  = T,,, = i x o.526 = 0.526 

( 3 . 4 )  

3.4 Series motors 

The special characteristics of the series motor  make it suitable for many 
applications requiring high overload-torque per ampere as in traction, 
together with its falling speed / to rque  curve limiting the power demand,  
this being suitable also for crane and fan drives with simple resistance 
control of the characteristic. The motor  can also be designed to run on a.c. 
(the universal motor),  but  there is a deterioration of performance due to 
the loss of voltage in the machine reactance which reduces the machine 
e.m.f, and speed, for a given flux and supply voltage. The field iron must 
be laminated to reduce eddy-current effects which otherwise would not  
only increase the iron losses but also, in delaying the flux response, would 
prevent the flux from being in phase with the excitation m.m.f. If these are 
in phase, the torque is still given by kr /~ and neglecting saturation this is 
kf. ia 2 instantaneously, which is unidirectional and for a sinusoidal r.m.s. 
current  I~, oscillates at twice supply frequency, from zero to kf (2xf2f~) 2. The 
mean torque is thus ~I~ 2 as for a d.c. current  I~, but  this assumes that 
does not  saturate as it peaks to xf2 dmes the value corresponding to Ia. 
Quite apart from saturation effects which occur even on d.c. operation at 
the higher currents, it can be seen that on a.c., the high peak current  
necessarily causes further flux reduction. However, the good starting 
torque and the variable-speed facility results in this single-phase series 
motor  tending to dominate the mains-supplied domestic appliance and 
portable machine-tool fields of application. High speeds up to and beyond 
10 000 rev/min give a good power/weight  ratio and reasonable effi- 
ciencies. Applications beyond the small-power range, > 1 kW, are no longer 
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common. Commutation difficulties required design refinements and 
compensating windings to oppose the armature m.m.f, and thus reduce 
the reactive voltage loss, when these motors were used for traction, usually 
at 25 or 1~  Hz. 

The first three examples to follow neglect saturation, one of them 
illustrating a.c. operation. Further examples calculate d.c. machine speed/  
torque curves allowing for the non-linearities due to armature reaction, 
saturation and the mechanical load. 

Example 3.13 

A 220-V d.c. series motor  runs  at 700 r e v / m i n  when  opera t ing  at its full-load cur ren t  of  20 A. 
The  motor  resistance is 0.5 fl  and  the magnet ic  circuit may be assumed unsaturated.  What  will 
be the speed if: 

(a) the load torque  is increased by 44%? 
(b) the motor  cu r ren t  is 10A? 

Speed is given by E/k~ = ( V -  RI:) /k ,  and  for the series machine ,  neglect ing saturation 
k~ ~' I~ since I~ = If. Hence ,  Te = k , .  L,, ~ la 2. 

I ~ the to rque  is increased to 1.44, this will be achieved by an increase of  cu r ren t  by a factor 
of  1.44 = 1.2. The  same increase of  flux will occur. 

Thus  
raml E1 k,~ 2 2 0 -  0.5 X 20 1.2 

- �9 - • - -  = 1.212 
0)m2 E 2 kr 2 2 0 -  0.5 x (20 x 1.2) 1 

.'. r, ew speed - 700/1 .212 --- 5 7 8 r e v / m i n  

For a cu r ren t  o f  IOA: - -  - 
O~mt 2 2 0 -  0.5 • 20 10 

- -  X -  --- 0.488 
Wm~ 220 -- 0.5 • 10 20 

.'. r.ew speed = 700/0.488 -- 1 4 3 3 r e v / m i n  

Example 3.14 

The  series motor  of  the previous example  is to be supplied from a 220-V, 50-Hz, a.c. supply 
ant. it can be assumed that  the field iron is correctly laminated.  If the inductance  between 
terminals  is 15 mH, at what speed will the machine  run  when p roduc ing  the same average 
torque as in par t  (a) of  Example 3.137 Assuming the torque loss is 7.5 Nm, compare  the 
efficiencies for d.c. and  a.c. opera t ion  at this load condi t ion.  

( )n  a.c. the rotat ional  e.m.f. (from Blv) is in phase with the flux density pulsation, which, 
with correct  lamination,  will be in phase with the exciting m.m.f. The  phasor  diagram can be 
drat~T~ in terms of  the r.m.s, values of  the various components .  T h e  voltage drops  are: 

R .  Ia = 0.5 x 24 = 12V 

X. Ia " 2~r x 50 x 0.015 x 24 = 113.1V 
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v,2  jx1,c~13.1) 

RIo [12) 

I,(24) �9 

Figure E.3.14 

[3.4] 

From the phasor diagram E = X/2202- 113.12- 12 = 176.7V 

The value o f / b  can be obtained from operation on d.c. 

At 20 A and 700 r ev /min , /~  = 
2 2 0 -  0.5 x 20 

2,r X 700160 
= 2 .865  

so at 24 A, kr = 1.2 • 2 .8647  = 3 .438  which on a.c. is an r.m.s, value and will give the r.m.s. 

e.m.f, hence: 

176.7 
(0 m = = 51.4 = 491 rev/min 

3 .438  

The power factor is cos ~0 = 188.7/220 = 0.858 

The output  torque i s / 9 1 a -  Tlo. = 3.438 X 24 - 7.5 - 75 Nm 

75 x 51.4 
Hence the efficiency - -- 0.851 

220 x 24 • 0.858 

75 x 2~r x 578/60 
On d.c. the efficiency - = 0.86 

220 x 24 

On a.c. therefore, there is a slight fall in efficiency but in practice the efficiency would be 
rather lower because of  the additional field-iron losses and more pronounced saturation 
effects. 

Example 3.15 

A d.c. series motor has a per-unit resistance of  0.05 based on rated voltage, rated current  and 
rated flux as reference quantifies. Assuming the machine is unsaturated, i .e . /9 in per unit - la 
in per unit, calculate: 

(a) The per-unit speed and current  when the torque is 0.5 p.u. 
(b) The per-unit speed and torque when the current  is 0.5 p.u. 
(c) The per-unit current and torque when the speed is 0.5 p.u. 
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(a) Since torque = / b "  la and the machine is unsaturated, torque in per u n i t  = I~ 2 

Hence L, :t = 0.5 so la = 0.707 

E 1 -  0.05 • 0.707 
tO m . . . .  1 . 3 6  

/~ 0.707 - - - -  

(b) I, : 0 .5 so ~ : 0.5 = : 0 .~5 

E 1 -  O.05 x O.5 
Cam . . . .  1.95 

o . 5  . . . .  

V-E V--~'Wm 
(c) la = = and s ince/b  = I~: 

R R 

1 - 1 a  x 0.5 
I a . . . . . . . . . .  from which Ia = 1.82 

0.05 - - - "  

T e = I. ~ = 1.82~ = 3.._33 

Series machine speed~torque curves 
T o  allow for non-linearities in the magnetic circuit, these curves must be 
worked out point by point. The general method is to get expressions for E, 
la a n d / ~  as f(k)- Hence, for any particular value of / f ,  speed Wm = E/kr 
and torque T~ = kr Ia. 

The  magnetisation curve necessary to determine the kc/If relationship 
can readily be obtained - with allowance for armature reaction inc luded-  by 
loading the machine as a motor, with provision for varying the terminal 
voltage whilst the speed is held constant preferably by adjusting the 
mechanical load. Alternatively, if the series field can be separately excited 
and the machine is loaded as a generator, the same information can be 
o b ~ n e d  if the armature current is maintained at the same value as the field 
current, as this is increased. Hence Ete,t = V• R. Ia and kr at each value of If is 
Ete,t/c0te,t, where c0test = (2"tr/60) x test rev/min.  A test on open-circuit 
would not of course include armature reaction effects but would be a good 
approximation to the true curve. In the following examples, for conveni- 
ence, the magnetisation curve data are given at the end of the question and 
the kr curve is derived at the beginning of the solution. 

Example 3.16 
A 250-V d.c. series motor has an armature-circuit resistance R = 1.21]. Plot its speed/ torque  
and speed/power  curves from the following data and determine the torque and mechanical 
power developed at 600 rev/min.  Also calculate the value of additional series resistance to  

limIt the starting torque at full voltage to 120 Nm. The following magnetisation curve was 
taken when running as a motor from a variable terminal voltage and rotating at a constant 
speed of 500 rev/min. 
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,,, , _ ~ ,~  , , = 

(3.4) 
. . . . . . .  

Terminal voltage 114 164 205 237 259 278 V 

Field current 8 12 16 20 24 28 A 

Test speed wt,,,t = 500 X 2~r/60 = 52.36 rad/s  

E,=,t = V -  1.2If 104.4 149.6 185.8 213 230.2 244.4 V 
. . . . . . . . . . . . . . . .  

= Etest/Cote,t 2 2.86 3.55 4.07 4.4 4.67 Nm/A 

Having determined the k~ = f(/~) characteristic, speed and torque will be calculated for the 
specified terminal voltage. The e.m.f, will be 250 - 1.21f and la = If. 

E 240.4 235.6 230.8 226 221.2 216.4 V 

COrn = E / ~  120.2 82.4 65 55.5 50.3 46.3 rad/s 

N = corn X 60/2~r 1148 787 621 530 480 442 rev/min 
. . . . . . .  

T~ = ~ .  If 16 34.3 56.8 81.4 105.6 130.8 Nm 

Power = a),. �9 Te 1.93 2.83 3.7 4.52 5.31 6.06 kW 

1500 

I000 
( =  

E 

5OO 

Figure  E,3.16 
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Speed/ torque  and speed/power  curves are plotted from the above results. At 600rev/min:  

Torque = 63 Nm and Power = 3.8 kW 

For the second part of the question, it will be necessary to plot the T, / la  curve noting that any 
particular value of  T~ occurs at a unique value of I~. These data are available in the above 
table. From the curve at 120 Nm, la = 26.3 A. Hence, the required series resistance to limit the 
starting current  to this value at full voltage, with e.m.f, zero = 250/26.3 = 9.51 fl, an extra 
9.51 - 1.2 -- 8.31 ft. 

Example 3.17 

A d.c. series motor has an armature resistance of  0.08 fl  and the field resistance is the same 
wdue. 

(a) Find the speed at which a torque of 475 Nm will be developed when supplied at 250V. 
(b) The motor  is driving a hoist and the load can 'overhaul'  the motor  so that its speed can 

be reversed to operate in the positive-torque, negative-speed quadrant. How much 
external armature-circuit resistance will be necessary to hold the speed at -400 rev/min 
when the torque is 475 Nm? Note that this will demand a current  of  the same value as in 
(a), but the e.m.f, is now reversed, supporting current  flow; the machine is generating 
and the total resistance is absorbing V + E volts. Calculate and draw the speed/ torque 
curve to check that the chosen resistance is correct. 

I he magnetisation curve was taken by running the machine as a separately excited generator, 
field and armature currents being adjusted together to the same value. The following 
readings were obtained at a constant test speed of  400rev/min:  

"Ierminal voltage 114 179 218 244 254 V 

Field current  30 50 70 90 110 A 

t t ' t es t  -- 4 0 0  X 2"rr/60 = 41.89 rad/s.  Etest = V + 0.081f (la " If but field is not in series) 

�9 t'te, t 116.4 183 223.6 251.2 262.8 

k~ -- Etest/41.89 2.79 4.37 5.34 6 6.27 N m / A  

"J~, = kr I a = k~. If 83.7 218.5 373.8 540 689.7 Nm 

(a) 

E = 250-O.161f  245.2 242 238.8 235.6 232.4 V 

O, m -- E l k  9 87.9 55.4 44.7 39.3 37.1 rad /s  

t / =  tOm • 60/2rr 839 529 427 375 354 rev/min 
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Figure E.3.17 

[3.4] 

(a) Speed/ torque  and TJI= curves are plotted from the table on p. 63. At a torque of  
475 Nm, the speed is 390 rev/min and a current  of/= -- 82.5 A is taken. 

(b) When overhauling, the circuit conditions with speed and e.m.f, reversed are as shown. 
But using the motoring convention (with the E arrow in the opposite sense), E is still 
calculated from: E = V -  R/a and will be negative. 

From the ~ / / f  curve at 82.5 A , /~  - 5.78. 

E = ~ ' W m  = 5.78 • (--400) • 2~r/60 = -242 V 

so -242 = 250 - 82.5R, from which R ffi 5.96; an extra 5.8 f),. 

For the field currents in the table on p. 63, the torque will be the same but the e.m.f, is 
now 250 - 5.96If attd this permits the new speed points to be found: 

E 71.2 -48  -167.2 -286.4 -405.6 V 

Wm= E/~t 25.5 -11 -31.3 -47.7 -64.7 rad /s  
. . . . . . . . . . . . . . .  

N 244 -105 -299 -456 -618 rev/min 
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From the plotted curve, the speed at 475 Nm is in fact-400 rev/min. Note that the machine 
is really operating in a braking mode, the machine is generating but the circuit as a whole is 
dissipative. The mode will be met again in Examples 3.20, 4.8, 6.7 and 6.8. 

Example 3.18 
F,)r the same machine as in Example 3.16, calculate the speed/torque curves for the following 
circuit conditions, the supply voltage being 250 V throughout: 

(a) with a 51Z series resistor and a 1011 diverter resistor across the machine terminals; 
(b) with a 512 series resistor and with the 10fI diverter across the armature terminals 

only; 
((:) with a single resistor of 1.812, diverting current from the field winding; 
(d) without diverters but with the series winding tapped at 75% of the full series turns. Allow 

�9 for the reduced circuit resistance and assume P~ = P,f = 0.612. 

These circuits have all been used in practice to change the characteristic for various control 
p arposes, but the problem is also a good exercise" in simple circuit theory. The various 

(o )  Machine dtverter (b) Armature dtverter 
�9 J', 

ISO v ~o~.-s....._.~: 

O ' Q  ~ , o .  ~ ~  

o o 1oo 
:,- " '~ l ,  , t, - (25- 0.~ tt) 
I f ,  J'- (25-0.Sl) , I.MZf-25 

�9 1.5[*ZS 
�9 "O,67K,  + i6 .67  
i" , 250-S (0.67Z, +~67) s , 250-5.6I, 

- I . 2Z ,  -0 .6  (I.56.r, -ZS) 
s �9 166.7 - 4.533Z't s �9 265 - 6 . 5 4 T f  

Ic) Field dhar~ 

; J  
z , . ~ .  z, 

4 

s �9 zso-o.s it 
--~ (0.6If) 

s �9 260-1 .4 . rq  
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i 1 I I I l~ 
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3 ~. o~ s ~ l s s  

t ~  

t" "2~10" t .06J't  
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tOO, 
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Figure E.3.18 
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configurations are shown on the figure on p. 6.5, together with the derivations of the required 
equations relating E and la to the field current If, which is not always the same as I,. The 
magnetisation data are transferred from Example 3.16. 

Field current 8 12 16 20 24 28 A 
k~ 2 2.86 3.55 4.07 4.4 4.67 Nm/A 

(a) E = 166.7-4.533If  130.4 112.3 94.1 76 57.9 39.7 V 
Wm= E/k~ 65.2 39.3 26.5 18.7 13.2 8.5 rad/s  
Te = k~. If 16 34.3 56.8 81.4 105.6 130.8 Nm 

( b )  I a ffi 1 .57I f -25  -12.5 -6.3 -0.04 6.2 12.4 18.7 A 
E = 265 - 6.541f 212.7 186.5 160.4 134.2 108 81.9 V 
ca m 106 65.2 45.1 33 24.6 17.5 rad/s  
T~ = /~ .  Ia -25 -18 -0.1 25.2 54.6 87.3 Nm 

(c) Ia = 1.3331f 10.7 16 21.3 26.7 32 37.3 A 
E = 2 5 0 -  1.41f 238.8 233.2 227.6 222 216.4 210.8 V 
0~m 119.4 81.5 64.1 54.5 49.1 45.1 rad/s  
Te 21.4 45.8 75.6 108.7 140.8 174.2 Nm 

(d) ~ at It • 3 /4  2.2 2.86 3.4 3.85 4.15 N m / A  
E .- 250 - 1.05It 237.4 233.2 229 224.8 220.6 V 
mm 108 81.5 67.4 58.4 53.2 rad/s  
Te 26.4 45.8 68 92.4 116.2 Nm 

The four characteristics are plotted on the graph, together with the natural characteristic 
from Example 3.16. Curve (d) lies on top of curve (c) since in each case the seriesm.m.f, is 
reduced to 3 /4  of the normal value and the resistance drop across the field terminals is the 
same. For a given armature current, the speed is higher and the torque is lower than with the 
natural characteristic. Curves (a) and (b) give a lower speed for a given torque and for the 
armature diverter, there is a finite no-load speed as it crosses into the regenerative region, la 
becoming negative. Rapid braking from the natural characteristic to curve (b) is therefore 
possible. 

Example 3.19 

A 500-V d.c. series motor has an armature circuit resistance of 0.8 •. The motor drives a fan, 
the total mechanical torque being given by the expression: 

(rev/min) z 
Tm = 10 + lbfft. 

2250 

Plot the speed/torque curves and hence find the steady-state speed and torque under the 
following conditions: 

(a) when an external starting resistance, used to limit the starting current to 60A at full 
voltage, is left in circuit; 

(b) when all the external resistance is cut out; 
(c) when only 2/3 of the series winding turns are used, a field tapping being provided at this 

point in the winding. The armature-circuit resistance may be considered unchanged at 
0 . 8  D.. 
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The  magnetisat ion curve at 550 r e v / m i n  is as follows: 

Field cur ren t  20 30 45 55 60 67.5 A 

Genera ted  e.m.f. 309 406 489 521 534 545 V 

Tesl speed (o,est = 550 x 2"rr/60 = 57.6 rad / s .  
Required starting resistance for 60 A = 5 0 0 / 6 0  = 8.33 l'l; i.e. 8.33 - 0.8 = 7.53 l'l extra. 

/~ := gen. e .m.f . /57.6  5.36 7.05 8.49 9.05 9.27 9.46 N m / A  

For case (a) 
For cases (b) and  (c) 

I a = It and  E = 500 - 8.33If 
/a = If and  E = 500 - 0.8 If 

But for (c), the value of  ~ must  be reduced  to that co r r e spond ing  to 2/3If. 
Hence,  for the various opera t ing  condit ions:  

(a) E = 5 0 0 -  8.33If 333.4 250.0 125.1 41.85 0.2 -62 .3  V 

(o,,1 = E/kr 62.2 35.47 13.82 4.62 0.02 -6 .58  r a d / s  

N -  Wm X 6 0 / 2 ~  594 339 141 44 0.2 - 6 3  r ev /min  

T~ for (a) and (b) 107 212 382 498 556 639 Nm 

https://engineersreferencebookspdf.com



68 Electrical Machines and Drive Systems C3.5] 

(b) E = 5 0 0 -  0.81f 

co m 

484 476 464 456 
, j . . . . .  

90.3 67.5 54.7 50.4 

862 645 522 481 N 

452 446 V 
. . . . . . . . . . . . . .  

48.8 47.1 rad/s 
, 

466 450 rev/min 

(c) ~ at 2/31t 5.36 7.05 8.49 Nm/A 

= g.i. ]6] s17 

Wm = E(b)/k e 88.8 65.8 
. . . . . . . . . . . . . . . . . .  

N 848 628 

573 Nm 
, ,  

52.5 rad/s 

502 rev/min 

The mechanical load characteristic is given in Ibf ft and the conversion factor to Nm is 
746/550. It is a straightforward matter now to plot Tm in Nm for the converted expression: Tm= 
13.6 + (rev/min)2/1659 Nm and this has been done along with the speed/T~ curves from the 
above table. The intersections of the Tm and T~ curves give the steady-state points as: 

(a) 475rev/min, 148Nm; (b) 615rev/min, 240Nm; (c) 665rev/min, 280Nm. 

3.5 Braking circuits 

If when motoring, the circuit conditions are so changed that current Ia (or 
flux k~) reverses polarity, the torque T~ will reverse. Being then in the same 
sense as Tin, which opposes rotation, the speed will fall, Tm being assisted 
by this electrical braking action. Depending on the circuit and the nature 
of Tm, the rotation may reverse after falling to zero, to run up again as a 
motor in this changed direction. Reversal of flux is sometimes employed 
with certain power-electronic drives but the time constant for r is relatively 
long by comparison with the armature-current time-constanL Further, 
since I~ would increase excessively as ~ was reduced for ultimate reversal, 
armature current must first be zeroed for the reversal period, usually less 
than a second, and during this 'dead time', motor control is lost. Consider 
the expression for Ia: 

a m  

V -  E V -  l~,Wm 

R R 

Reversal of Ia and T~ can be achieved by four different methods: 

(1) Increase of ~0)m, the motor becoming a generator pumping power 
back into the source. This regeneration would only be momentary if kr 
was increased, being limited by saturation and the fall of speed. If Tm 
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is an active load, e.g. a vehicle drive, then gravity could cause speed to 
increase, and be controlled by controlling the regenerated power 
through flux adjustment. 

(2) Reversal of V. This would have to include a limiting resistor to control 
the maximum current. Such reverse-current braking (plugging) is 
very effective but consumes approximately three times the stored 
kinetic energy of the system in reducing the speed to zero, and would 
run up as a motor in reverse rotation unless prevented. See Tutorial 
Example T6.6. 

(3) Short circuiting the machine, making V = 0, would also require a 
limiting resistor. Again the machine is generating in what is called a 
dynamic (or rheostatic) braking mode and this time, the resistor and 
the machine losses only dissipate 1 x the stored kinetic energy. 
Braking is flower, especially if Tm is small. 

(4) Far superior to any of theabove methods is to provide the relatively 
expensive facility of controlling Vusing a separate generator or power- 
electronic circuit in what is called the Ward-Leonard system, after its 
inventor. Rapid control of current, torque and speed in any of the four 
quadrants is made available. The next example illustrates all the 
methods above, showing them on the 4-quadrant diagram. 

Exomple 3.20 

A 250 V, 500 rev/min d.c. separately excited motor has an armature resistance of 0.13 fl and 
takes an armature current of 60A when delivering rated torque at rated flux. If flux is 
maintained constant throughout, calculate the speed at which a braking torque equal in 
magnitude to the full-load torque is developed when: 

(a) regeneratively braking at normal terminal voltage; 
(b) plugging, with extra resistance to limit the peak torque on changeover to 3 per unit; 
(c) dynamically braking, with resistance to limit the current to 2 per unit; 
(d) regeneratively braking at half rated terminal voltage. 
(e) What terminal voltage would be required to run the motor in reverse rotation at rated 

torque and half rated speed? 

It is first necessary to calculate rated flux and thereafter the speed is given by: 

v= Pd, v RT, 
" - ' - - - - - - "  o r  ~ - 

with appropriate values of R, V and Ia or T~. Both Is and T~ will be negative 

2 5 0 -  0.13 • 60 242.2 
~r ( r a t e d )  --" = 

2~r • 500/60 52.36 
--- 4.626 Nm/A or V/ rad / s  

Substituting this value of kr will give all the answers from the general expression for the 
speed/torque curve. 
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(a) I, = - 6 0  ~L (ore = 

250 - 0.13(-60) 

4.626 
= 55.73 rad/s  = 532 rev/min 

(b) I, must be limited to 3 (-60) A, and V = -250 V. Assuming that speed does not change in 
the short time of current reversal: 

V -  E -250 - 242.2 
I, = - - - - -  so R = = 2.7341"1, 

R s(-6o)  

the e.m.f. ~(0 m being unchanged momentarily. 
This is the total circuit resistance which means an external resistor of 2,61"1 is 

required. 

Speed for full-load torque = 
- 2 5 0 -  2.734(-60) 

4.626 
= -18 .6rad/s  = -177 rev/min 

(c) la limited to 2( -60)A and V = 0 so: R = 
0 -  242.2 

2(-6o) = 2.018 = extra 1.891l 

Speed for fuU-load torque = 
0 -  2 .018(-60)  

4.626 
= 26.18rad/s = 250re.v/rain. 

(d) I. = -60  A; V = 125V, f l )m = 
125 - o . 1 s ( - 6 o )  

4.626 
= 28.7 rad/s  = 274 rev/min. 

-52.36 
( e )  ~a - - 6 0 A ;  (,o m . . . . . . .  V -  ] ~ o J  m + n l  a - 4.626 • (-26.18) + 0.13(-60) 

2 

= -128.9V. 

Regenerotive braking ( o ) t 
Rated sp.d ~ 6~ +ve S p e e d :  rev/min 

: A" :  ,o-ooo 
- v ~  ~,,~ I Re.enerot" Ispeed motoring 

brok ing I ~ '  " '  I I 
-re Torque l ~  ! " ~ ~  ,vel Torque 
- t l ' X  i r , . .  I -3per unit -2per unit ~ l - l p e r  unit ! " ,per unit 

Reverse motoring ( e ) ! 

Rated torque . 1 ~ 
(negative) ~ -ve Speed 

F i g u r e  E . 3 . 2 0  
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Note that the motoring equation has been used throughout, even though 
most modes are generating. This simplifies the concepts but requires the 
insertion of a negative sign for current, torque or power if these are 
sF,ecified. Alternatively, if the correct signs of speed, voltage and flux are 
inserted the signs of Ia, Te and P will come out naturally in the calculations. 

The speed/torque curves for each setting are shown on the attached 
4-quadrant diagram (Figure E.3.20) and the above answers at one particular 
tc,rque (-1 per unit) are indicated. The dynamic changeover between 
quadrants and curves will be illustrated by examples in Chapter 6. 

Example 3.21 
A d.c. series motor drives a hoist. When lowering a load, the machine acts as a series generator, 
a resistor being connected direcdy across the te rminals -  dynamic braking mode. Determine: 

(a) the range of resistance required so that when lowering maximum load (4501bfft) the 
speed can be restrained to 400 rev/min, and for light load (1501bfft), the speed can be 
allowed to rise to 600 rev/min. 

(l:) What resistance would be required if the light-load speed was maintained instead at 
400rev/min and what would then be the saving in external resistance loss at this load? 
What total mechanical power is gravity providing under  this condition? Neglect the 
mechanical losses. Armature-circuit resistance 0.1 fl. 

Before giving the magnetisation data, it should be pointed out that the machine is going to 
be operating as a serf-excited series generator and a step-by-step calculation will be required. 
A braking condition with a series motor driving a hoist has already been encountered in 
Example 3.17. The mode here was 'plugging'; also with forward torque and reverse speed, but 
a different circuit connection. 

The following magnetisation curve was taken at a speed of 400 rev/min; i.e. t 0 m ( t e s t  ) = 41.89. 

Field current 30 50 70 90 110 A 
Generated e.m.f. 114 179 218 244 254 V 
h~ = E/41.89 2.72 4.27 5.2 5.83 6.06 N m / A  
T~)rque T~ = k~If 81.6 213.5 364 524.7 666.6 Nm 

,oo 77  
500 / 

~/s', ~4oo-- , /  > 
=" 3 0 0  - 

= ' /~T, o 

200 - " / w  .,, 

/ 
oO0 - 

/ 

O IO 30 50 70 
F'=eld c u r r e n t  

Figure E.3.21 

90 

/ 
6 

5 

n 4  

n-, 
2 

i 

i io 

c -ZOO 
E 

-400  

. --600 
(/3 

-800 

- I0001 

'\\.ll=-- 

'~ l=h= 

+ ve T o r q u e ,  Nm 
ZOO 400 6O0 
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. . . . . . .  , . . . . . .  

Flux and torque are plotted against current on Figure E.3.21. The question specifies 
torques so the curves will be used to read k~ and la (- If) at the Te values. 

746 
For 4501bfft = 450 • ----  = 610.4Nm; I, = 102A and kr = 6Nm/A 

550 

For 150 ibfft = 203.4 Nm; la = 49 A and kr = 4.2 Nm/A 

For dynamic braking: /, = 
0 -  ~tO) m 

so required resistance is R = 
-/~r 

i, 

(a) For-400rev/min and 4501bfft; R = 

For -600 rev/min and 150 lbf ft; R = 

211' 
-6 x-- x (-400) 

6O 

102 
= 2.464 fl; extra 2.364 fl 

-4.2 x (-20=) 

49 
= 5.386 fl; extra 5.286 fl 

(b) For-400rev/min and 1501bfft; R = 
-4.2 X (-40~r/3) 

49 
= 3.59 fl; extra 3.49 fl _ 

Difference in power loss = (5.286 - 3.49) • 492 = 4.31 kW 

Total mechanical power is that dissipated; 3.59 x 49 = = 8.62 kW = E. la 

The various features of interest are shown on the speed/torque curves which, as an exercise, 
could be plotted from the above data following a few additional calculations of speed, from 

Wm = -RT~ / k,  2. 

As a practical point, the reversal of e.m.f, with rotation maintains the direction of If, thus 
permitting self excitation on changeover from motoring. Changeover to +ve speed and - ve 
torque would require an armature-connection reversal to give Ia = -If. 

3.6 Permanent-magnet machines 

T h e s e  can  be  t r ea t ed  as if  the  f lux was cons tan t ,  s ince m o d e r n  PM 

m a c h i n e s  use  m a g n e t i c  mater ia l s  wh ich  are  very  stable a n d  d e s i g n e d  to 

wi ths tand ,  w i thou t  d e m a g n e t i s a t i o n ,  t he  n o r m a l  d e m a g n e t i s i n g  forces  

o c c u r r i n g  in service.  A b r i e f  review o f  p e r m a n e n t - m a g n e t  t h e o r y  follows. 

F igure  3.1 shows in a s chema t i c  way, t he  fea tures  o f  a m a g n e t i c  c i rcui t  

i n c o r p o r a t i n g  the  p e r m a n e n t  m a g n e t  a n d  the  air  gap  which  t o g e t h e r  absorb  
vir tually all t he  m.m.f .  I f  the  m a g n e t  was ' s ho r t  c i rcu i t ed '  by a soft- iron 

keeper ,  its f lux dens i ty  wou ld  be  a t  the  res idua l  va lue  Bres, see F igu re  3.2a. 
Bu t  because  o f  the  air  gap  a n d  leakage  paths ,  it falls d o w n  the  

d e m a g n e t i s a t i o n  cu rve  to Bm at  a c o r r e s p o n d i n g  nega t ive  value  o f  Hm. T h e  
r e q u i r e d  m a g n e t  l e n g t h  can  be  o b t a i n e d  by app ly ing  A m p e r e ' s  c ircui tal  law, 

e q u a t i n g  the  c u r r e n t  e n c l o s e d  to zero,  i.e. 0 = Hm/m + Hg/g f r o m  which:  
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/m = - - - - - "  /~ . . . . . . .  �9 (Hm is-ve)  
Hm o ~0 Hm 

The required area of magnet  is obtained by equating the magnet  flux to 
f ie  sum of air-gap and leakage fluxes, i.e. leakage factor (LF) x BgAg = 
B, n Am from which the magnet  area 

A m = LF" �9 A s 
am 

Hence the magnet  volume required, using the modulus of Hm, is: 

Air-gap volume 
/m. Am = ng . /g �9 L F .  Bg', �9 Ag - Bg2 . L F -  

go Hm Bm /'tO BmHm 
(3.11) 

The product  Bm Hm has the dimensions of energy density per unit  volume 
and can exceed 250 kJ /m 3 for some of the newer materials. It is clearly 
desirable to operate near the maximum B H  product  which occurs at a 
point a little higher than Brr 

Figure 3.1 

Al 
, , r a , l  

r I ' I 

Magnet 

A. 

Permanent magnet with pole pieces and air gap. 

The magnetic equivalent circuit for Figure 3.1 is shown on Figure 3.2b 
and can be derived as indicated on Figure 3.2a. The  magnet  is stabilised by 
minor-loop excursions about the 'recoil' line of average slope A0, between 
the stabilised limit and the 'short-circuit' flux Sr = BrAm. Along this line, 
the magnet  behaves as if it were a source ofm.m.f., viz 

Fo = Ho/m, behind a reluctance ~o  (= 1 /A o) = 
m.m.f. Holm 

m 

f lux  BrA m 
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Magnet flux Bx ,4 m 

J Bres x Am 
Stabilised limitN / "P~'~/ fp ~ l(~) r :SrXAm 

_. _ / N ~ , , " ~  l Slope -A o 
:)io0e =/lo ~ " l -  IX,. J .~  

:+...-'+'+ /. ..... I. "qM. . :+ .  

L -  - 
(O) Flux/rnmf relotionship 

.a'o ~ ,  

. . . . .  

(b) Fig 3. I equivalent - leako(je included 

Figure 3.2 Equivalent circuit development. 

The  presence of the air gap reduces the flux below r since it absorbs an 
m.m.f. 9~gCg, the remainder  of F0 being absorbed by the magnet .  Certain 
of  the newer materials do in fact have a straight-line operat ing region down 
to zero flux but  on Figure 3.2a, F0 is a mathematical  abstraction defining 
the intersection of the 'recoil '  line with zero flux. On the equivalent circuit, 
9tl represents the reluctance of the leakage path and Fd the demagnetis ing 
effect of  any external m.m.f., e.g. due to a rmature  reaction. It may be 
not iced that Figure 3.2b is topologically the same as Figure E.2.11 for two 
paralleled transformers, so the same mathematical  equations apply, but  
with different variables. For example,  the leakage flux is analagous to the 
load cur ren t  I and the flux th rough  the air gap in the opposite sense to Fd 
will be indicated by a negative value of Cg. Making (Pm analagous to IA its 
value will be: 

Fo~g + (Fo- Fd) ~I 
C m  = (3.12) 

9t~ (gto + 9tg) + 9togtg 

Cg will have the same denomina to r  but  all the suffices in the numera to r  
apar t  f rom 9tl will be interchanged.  The combinat ion of these two fluxes 
will give the leakage, again with the same denomina to r  so: 

(Pl = 
(Fo 9tg + Fd 9to) 

denomina to r  

E x a m p l e  3 . 2 2  

A PM machine uses a material with a straight-line demagnetisation characteristic cutting the 
axes at B r = 0.95 T and H0 = -720 • 10 s At/m. The cross-sectional area of the magnet is to be 
the same as that of the air gap in which a flux density of 0.6 T is required. Take the leakage 
factor as 1.2. Calculate the required length of magnet if the air-gap length is 2 mm. 
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To allow for design errors, calculate how much the air-gap flux will fall: 

(al if the leakage factor is in fact 1.4; 
(b~ if in addition there is an armature demagnetising m.m.f, of  500At/pole? 

What would be the required magnet  length if operating at the opt imum point on the curve 
an :1 what would then be the air-gap flux density if the leakage factor is 1.2? 

From eqn (3.11 ), the magnet  volume 

= Air-gap volume (/g As) 
/mAm Bg2' LF 

flO BmHm 

and since Am = Ag, Bm will have to be 1.2Bg to sustain a leakage factor of 1.2, so Bm= 1.2 X 
0.6 = 0.72T. The corresponding value of Hm follows from Figure E3.22: 

0.72 7 2 0 -  Hm 
= 

0.95 720 
from which IM.I = 174.3 kAt /m 

0. T : 0 . 9 5  

Figure E.3.22 

Su 9stituting in eqn (3.11) 

0.62 
/mAre - • 1.2 • 

4"11"/107 0.72 x 174 300 
= 2.74 • /gAg 

so the magnet  length must be 2.74 • 2 = 5.48 mm, since Am = Ag. 
The equivalent circuit can be used for parts (a) and (b) for which the components  are: 

~tg - /~ fit 0 H0/m 720000 • 2.74/g Uo 
_ . _ _ x m  = 2.61 9~g 

/~oAg Bra m 0.95 X Ag go 

New q~l = 0.2 Og from LF = 1.2, so ~t.! must be 5 times ~tg and for LF = 1.4 ~!  = 2.5 ~g.  F0 = 
72q}000 • 2.74 • 2 • 10 -3 = 3945.6 At and Fd = 0 or 500 At. The denominator  of eqn (3.12) 
for the two cases, ffq = 5 fftg and fit t = 2.5 fftg: 

Denom = ffh (9~o + fftg) + fftofftg = 5 fftg (2.61 + 1) ~g  + 2.61 fftg z = 20.66 ~g2 

or for (a) and (b)'  = 2.5 ~g (3.61 fftg) + 2.61 ~g~ = 11.635 ~tg 2 

-F0 fftl -3945.6 • 5 ~g  -954.88/toAg 
. . . .  0.5999 Ag Hence, with LF = 1.2 ~0g - denom. 20.66 fftg 2 2 • 10 -3 

which checks with the specified air-gap density. Note -ve sign, following Figure 3.2b. 
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(a )  r = 

Cm -'~ 

Electrical Machines and Drive Systems 

-s945.6 x 2.5 ~s -847.~o,~, 
11.635 ~s 2 = 2 x 10 -s = .T0.533 As 

3945.6 x ~ + 3945.6 x 2.5 ~,.s 
= 0.745 Ag 

11.635 ~ s  2 

(3.6] 

and the leakage flux r = r  + r  = 0.212 A s which checks as 0.4 x r The air-gap flux has 
fallen by more than 10% but the magnet flux has increased slightly to accommodate the new 
leakage. Eqn (3.11) could be solved for Bg with this new value of Bm to give 0.533 T as 
above. 

500 x 2.61 ~g + ( 5 0 0 -  3945.6) • 2.5 ~,.g -628.2#o Ag 
(b) r = 11.635~82 = 2 x  10 -s = -0 .395A~ 

3945.6 x ~,,g + (3945.6- 500) x 2.5 ~ 
r --" 11.635 ~g~ = 0.678 Ag 

the leakage flux is now (0.678 - 0.395) A s = 0.283 As so LF is - - - - -  
0.678 

0.395 
= 1 .72 .  

The effect of the demagnetising m.m.L is quite considerable and drives more flux into the 
leakage paths reducing the air-gap flux appreciably. 

For the final part of the question, the optimum point of the straight-line demagnetisation 
characteristic is at Bm= Br/2 = 0.475T, with Hm = -360 • l0 s At/re. The air-gap flux density 
will be 0.475/1.2 = 0.396. Substituting in eqn (3.11): 

0.3962 ~,'~ 
/mAre = ' • 1.2 • = 0.875/~A~ 

4'n'/107 0.475 x 360000 

Thus the magnet is much smaller than the previous figure of 2.74 • since the maximum 
Bm Hm point has been used. However, for the same condition, the flux density is only about 
2/3  so there would have to be a 50% increase in machine size to give the same total air-gap 
flux as before. This situation has highlighted the overall problem of design optimisation. 
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4 Induction machines 

For drives, the important characteristic is that relating speed and torque. 
Using the same axes as for the d.c. machine, with tOm = f(T~) as the 
dependent  variable, the basic speed/ torque curve on a 4-quadrant 
diagram is shown on Figure 4.1a. It can be compared with that shown for 
the d.c. machine in Example 3.20. Basic operation as a motor is at speeds 
near to synchronous, n~ = f/p rev/sec, with small values of slip s = 
( ~ -  n)/n,. There are other significant operational modes however, e.g. 
st,rting, generating and braking. Adopting a motoring convention, for 
which P~i~ and Pm~h are both positive, the various modes are shown, 
covering slip variations from small negative values (generating) to larger 
values s -o 2, where braking occurs. Changing the ABC supply sequence to 
the p r i m a r y -  usually the stator winding - will reverse the rotation of the 
magnetic field and give a mirror-image characteristic as indicated. Note 
also the typical mechanical characteristic; Tm = f(tOr,), its intersection with 
the r m = f (  T e ) characteristic which determines the steady-state speed, and 
iu reversal, as a passive load, if rotation reverses. Although the natural 
induction-machine characteristic as shown is quite typical, it is possible to 
cEange it by various means, for example to cause change of speed or 
improve the starting torque. The later questions in this chapter and in 
Section 7.4 are much concerned with such changes. 

4. I Revision of equations 

Figure 4.1b shows a power-flow diagram for the induction machine. 
Reference back to Section 1.3, Figures 1.9 (b) and (e), leads directly to 
Figure 4.1c, the 'exact' (Tee) equivalent circuit, per phase, the approx- 
irrtate circuit being indicated by the transfer of the magnetising branch to 
the terminals. These are not the only ways of presenting the equivalent 
circuit but they have the advantage of preserving the identity of important 
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physical features like the magnetising current Ira, and the winding 
impedances, zl = R1 + jxl and Z~ -- R~./s + jx~. The magnetising branch 
admittance Ym is 1/Rm + 1/jXm. The approximate circuit makes calcula- 
tions'very easy and is justified if a general idea of performance is required, 
having an accuracy within about 10%. The worked examples in this 
chapter, apart from those in Section 4.4, refer to 3-phase machines under 
balanced conditions, but the phase calculations would apply to any 
poiyphase machine. Section 4.4 deals with unbalanced and single-phase 
operation. 

Referring to Figure 4.1c, the power-balance equation yields the 
important relationships: 

Electrical terminal power per phase 

= Pe = I11 I1 cos 91 = El I~ cos ~o~t + Stator loss 

Air-gap power per phase 

= Pg = E11~ cos r = I~2R~/s (4.1) 

Hence: rotor-circuit power per phase 

_ TP 2 lot - "2 "'2 = I22R2 = sPg (4.2) 

and: mechanical power per phase 

= P m  = (1  - s ) P g  = 
(1  - s )  

I22R2 (4.3) 

from which" electromagnetic torque 

3Pm 3Pg ( l - s )  3 3 I22/~ 
= T e - - - P g -  (4.4) 

(.0 m co,(1 - s) to, to, s 

Frt,m the expressions for Pe, Pg and Pm it can be seen that Pe and Pm are 
bol:h positive (motoring) when 0 < s < 1. When s is negative, Pg, Pe and Pm 
are negative (generating), and when s > 1, Pg and PC are positive but Pm is 
negative, i.e. power flow is inwards at both sets of 'terminals', which is a 
braking condition. 

The mechanical 'coupling' power is: 

/ ~  3 1 2 2 R 2  

(1 - s )  
- -  ( O m  T i o s s  

https://engineersreferencebookspdf.com



80 Electrical Machines and Drive Systems 
, _ 

[4.1} 

Note that the rotor-circuit power-loss can be expressed either as 3I~2R2 or 
3I[2R[, and the rotor is assumed to carry the secondary winding, the usual 
arrangement.  If the approximate circuit is used, eqn (4.4) becomes: 

3 V12 R[ 
Te = X . . . . . . . . . . . . .  X Nm (4.5) 

21r X f / p  (R1 + R[ / s )  ~ + (xl + x~.) ~" s 

where: 

V~ +j0 
. . . . .  = (Beat)-j( lmag.)  (4.6) 

(R1 + R~./s) + j(xl + x~) 

vl vl 
Io = -j = ~ (4.7) 

Xm 

and Ii = I[ + I0- [(Rea/) + Ip] -j[ (Imag.) + Im] =/I cos r +jfi sin ~oi. Note 
that ~oi and sin ~oi are taken as -re for lagging p.f. For a generator with s 
negative, the expression for I[ is of the form: 

Vl - a  - j B  
• 

- a  + jB -,4 - j B  
which becomes of the form: V1 ( - a -  jb), 

the real part of the current being negative. The machine is not a 'positive' 
motor as the motoring-convention equations have assumed, but a 
'negative' motor indicating reverse power flow. If we reverse the conven- 
tion, changing the signs, the real part becomes positive, and also the 
imaginary part, showing that as a generator, the induction machine 
operates at leading power factor. 

For calculations using the 'exact' circuit, the following arrangement 
preserves the connection with the equivalent circuit as a useful 
reference: 

Zinput --- gl + Zab 

= nl + jxl + (4.8) 
1 I I 

+ + 

Rm jXm n ~ / s  + jx~ 

= & + j xl + P~b + jX~b 

- Rinput + j~nput 
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Hence: 

Induction machines 81 

I 1 -- 
v~ 

~nput 
( Ri._~.~-J  X~.. = I1 c o s  ~o, + jI1 sin ~o, 

Zab E 1 jE1 
El = Vl • and Io = . . . .  - - - -  (4.9), (4.10) 

ginput P~n Xm 

El 2 
I~ 2 = ( 4 . 1 1 )  

( R ~ ) / s )  2 + x~ 2 

From among these equations, the majority of the Chapter 4 examples are 
solved, but other special equations are developed later as required. For 
example, an important quantity is the maximum torque. This can be 
oblained from the approximate expression eqn (4.5), either by differ- 
entiating or considering the condition for maximum power transfer, taking 
the load as the power consumed (I~R~/s) in the apparent rotor 
res:.stance. From these considerations, R~/s must be equal to: 

nl/~" -- ~/a~ 2 + (x~ + x~) 2, (4.12) 

A 

giving a maximum torque on substitution of the corresponding slip s as: 

3 v~ ~ 
MaxTr = - - •  - 

O) s 2[:t= ~(R12 + (X 1 + X2) 2) + RI] 
(4.13) 

which is seen to be independent of the value of R~. It will also be noticed, 
fro:'n the equations, that if all parameters are fixed apart from speed, a 
particular value of R~/s gives a particular current and torque. If/g2 is 
corttrollable, the speed for any particular torque can be obtained from the 
corresponding value of R2'/s. 

4.2 Solution of equations 

As for the d.c. machine, the flow diagram on p. 82 has been prepared to act 
as a guide to the kind of problems which might be posed, and to indicate 
in a general way the approach to solutions. The reader must also be 
prepared to refer back to the equations just developed and to Sections 1.3, 
1.4 and Chapter 2 if necessary, when trying to understand the solutions in 
the following examples. N.B. A hand calculator has been used and the 
subsection and final answers rounded off. 
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Equivalent circuit given, or S.C. and O.C. tests to obtain it, OR w,/ T, curve. 1 -  ~~ 

1 1 

General 
performance 

from 
equivalent circuit 

at given slip. 

Find: 

1 

Vl,.Z*, 91, 12, 
Power, Efficiency, 

Effect of 
unbalance. 
Single-phase 
operation. 

Parameter 
variation 

VI,J Ri. Gr xi 

Find: 

I 

Effect on 
Starting 

performance, 
Max. torque, 

Speed control 

3. 
I 

Wide slip 
variation 

Find: 
I 

1 

Sta tor-su p ply 
variation 

Constant ( r. m. s) 
current. 

Constant (d.c.) 
current 
Find: 

1 

I 

Variation of 
ro tor-circui t 

arrangement. 

Find: 

I 

Power flow in 
Motoring, 

Generating, 
Braking modes. 
om = f(T,) and 

effect of 
Tm = f(wm 1 

& v  Im,1;V1, 
T,, L a x ,  Tstart, 

Dynamic braking. 
Optimum 

performance. 
Effect of 

saturation. 

Doublecage 
performance. 

Slippower 
control. 

A.C. Commutator- 
motor 

operation. 
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Example 4.1 

The equivalent circuit of  a 440-V, 3-phase, 8-pole, 50-Hz star-connected induction motor is 
gi~ en on the figure. The short-circuit test is conducted with a locked rotor and a line current  
of 80 A. The 'open-circuit '  test is conducted by supplying the primary winding at rated voltage 
an:l at the same time drking the rotor in the same direction as the rotating field, at 
sy~chronous speed; s = 0. Determine: 

(al the line voltage and power factor on the short-circuit test; 
(bD the line current  and power factor on the 'open-circuit' test; 
(cl the equivalent circuit per-phase if these tests were analysed on an approximate basis; i.e. 

neglecting the magnetising branch when analysing the s.c. test and neglecting the series 
leakage impedances for analysis of  the o.c. test. 

440  v,-~- 

Figure E.4.1 

0.1 i0.5 

Zi. I00 

jO.5 0.I/$ 

T j20 

l ~ . . . . . . .  

(al Input impedance Zf.. = Za + Zab(l/Yab) 

-- 0.1 +jO.5 + 
1 1 1 

~ + ~ + ~  

100 j20 0.1 +jO.5 

0.01 - j0 .05  + 
0.1 - jO.5 

0.I 2 + 0.5 2. 

0.395 - j l . 9 7 3  

- O. 1 + jO.5 + 0.097 + j0,487 

-- 0.197 + j0.987 -- 1 . 0 0 6 ~  II per phase 

Input voltage on s.c. - ~3 • 1.006 • 80 = 140 .Lin e v at 0.1957 power factor 
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(b) Input  impedance (R21s = 00) = 0.1 + j0.5 + 
0.01 - j 0 . 0 5  

( ] i v . )  

= 0.I + j0.5 + 5.85 + j19.23 

= 3 . 9 5  + j 1 9 . 7 5  

= 20.1/78 ~ II  per phase 

44o/d5 
Input  cur ren t /o  = 

20.1 
= 12.64A at 0.1963 p.f. 

140/V3 
(c) z~ : - - - - -  

80 
- - - - - - - / c o s  -l 0.1957 = 1.006 (0.196 +j0.98) - 0.197 +j0 .987f t  

Dividing this equally between stator and rotor: z] = z~ = 0.0985 + i0.494 II 

v 44o/d3 
From 'o.c. test': Rm = = = 102.4 f l  

Io cos ~Ooc 12.64 X 0.1963 

V 440/~/3 
x,. . . . . .  2o.5n 

I 0 sin ~0o~ 12.64 x 0.98 . . . .  

(4.2) 

The largest errors with this approximation are in the magnetising-circuit 
parameters, about 2.5%, and are less than this for the series-impedance 
elements, which are more decisive on overall performance.  The errors 
depend on the relative magnitudes of  the parameters and are not  always so 
small, unlike the transformer case where Xm is relatively high. Note that 
test information would usually be given in terms of line voltage and current  
and total power. The power factor would have to be calculated from: 

COS ~0 = 
Total power 

,/3 x Hi.,, x / . . , ,  

In this example, the o.c. and s.c. power factors are about the same, but this 
is not  usually so. An 'exact' analysis of  the o.c. and s.c. tests to derive the 
Tee-equivalent circuit, is described in Reference 4. Note also that it is not  
always possible to dr~ve the machine for the 'o.c. test'. Running on no load, 
where the slip is very small, is a close approximation and allowance can be 
made for the error if assuming z~ = co, as described in Reference 1. 

Example 4.2 

For the machine and equivalent circuit given in Example 4.1, calculate, at a slip of  3%, the 
input stator-current and power factor; the rotor current  referred to the stator; the 
electromagnetic torque; the mechanical output  power and the efficiency. Also calculate the 
starting torque. Take the mechanical loss as I kW. Consider:. 
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(a) the  equ iva l en t  c i rcui t  neg l ec t ing  s tator  i m p e d a n c e  a l toge ther ;  

(!:,) the  a p p r o x i m a t e  circuit;  

(c) the  ' exac t '  circuit .  

(c.) Repea t  (c) work ing  in per unit a n d  taking the ca lcula ted  ou tpu t ,  r a ted  vol tage a n d  
s y n c h r o n o u s  speed  as base quant i t ies .  

S ) n c h r o n o u s  speed  ca, = 2~r x f / p =  2~r x 5 0 / 4  = 78.54 r ad / s .  Cam = c a , ( 1 - 0 . 0 3 )  = 76.18 r ad / s .  

(a) Stator impedance neglected 

254 
I'w = = 74.5 +jll.15 
�9 0.I/0.03 + jO.5 

254 j254 
Io = 2.54 -,i12.7 

100 20 

I, = I'~ + Io = 77.04--,i23.85 

80.6A at cos ~0 t = 0.955 

I'2 = ~74152 + 11.152 = 75.3A 

3 0.1 
Te = X 75.322 X ~ = 721.9Nm 

78.54 0.03 

Pelr162 

76.18 x 722.2-  1000 - 54kW 

43 x 440 • 77.04 = 58.7kW 

Eft),. r/ = 54/58.7 = 92% 

3 2542 0. I 
F~tart " ~ •  ~ •  - 947.8Nm 

78.54 0.12 + 0.52 1 

(b) Approximate equivalent circuit 

254 

(0.1 + 0.1/0.03) + j l  
= 68.2 -j19.9 

= 2.54 -i12.7 

70.74 -j32.6 

77.9 A a t  COS lo~ --" 0.908 

~/68.2 ~ + 19.9 ~ = 71A 

3 0.1 
• 712 X - = 641.8Nm 

78.54 0.03 

76.18 • 641.8-1000 = 47.9kW 

~t3 X 440 X 70.74 ffi 53.9 kW 

47.9/53.9 = 88.8% 

3 2542 0.1 
x ----------  x - -  = 236.9 Nm 

78.54 0.22 + 1 s 1 

It can be seen that neglecting stator impedance gives appreciable 
d~fferences in the answers and at starting they are utterly erroneous. From 
the next, exact-circuit calculation, it will be found that the approximate 
circuit gives answers well within 10% of these correct results. 

(c) I m p e d a n c e  across po in ts  ' ab '  = Zab = 
1 1 

+ ~ +  
I00 j20 0.1 

+ j0 .5  
0.03 

0.01 - j0 .05 + 0.293 - j0 .044 
= 3.01 + j0 .934  = 3 .15/17".2  

A d d i n g  s tator  i m p e d a n c e  zl" Zi, - 3.11 + j l . 4 3 4  = 3 .42/24~ 

254 
Ii = = 74.3 A at  0.908 power-factor  !agging 

3 .42/24~ ....... 
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Iz, d S.lS 234 
. . . . . .  IZi ,I  3.42 • 254 = 234 V . ' I ~ -  ~313.~2 + 0__52 = 69.4 A El ,_--=TX v~ = 

Io = E~/Rm-j E1/Xm = 2.34 -j11.7A 

3 
Torque T~ . . . . .  x 69.42 x 3.33 = 612.4Nm 

78.54 . . . .  

P.ech = 76.18 x 6 1 2 . 4 -  1000 = 45.66kW 

ffi ~3 x 440 • 74.3 x 0.908 = 51.4kW 

Efficiencyq = 45.66/51.4 = 88.8% 

For starting torque, s = 1, some data are already available from Example 4.1: 

Za b m ~0.0972 + 0.4872 = 0.496 fl  and Zin = 1.006 f l  

3 ( 0.496 )2 1 
Hence T,~t = • x 254 • 

78.54 1.006 0.52 + 0.12 

0.1 
x ~ = 230.4 Nm 

1 

(d) For the per-un/t notation, we must first establish the base quantifies: 

Rated output  = 45.66 kW = Ptme (total) or 15.22 kW (phase value) 

Rated voltage = 440V = Vba, e (line) or 254V (phase value) 

Synchronous speed = 2at x f /p = 78.54 rad / s  = Speed Cam(ha, e) = Ca,. 

T h e s e  are the usual base quantit ies  c h o s e n  for induct ion  motors  and the 
rest fol low as below: 

P ,  tee/3 
ltme (per phase) -- (= 59.9A). 

Vrated/phase 

Prated~3 
Irated ........... (= 74.3 A) 

Vrate d X COS #Prated X r]rated 

/rated 1 
Irate d in per unit = = (= 1.24 per unit) 

~rbase COS ~Orate d X qrated 

tOm(rated) = tO s (1 Stated)" ~ O)m(rated) in per unit = 1 - State d 

T o r q u e b ~  = Pb~r and Torquer, ted = Prated/tOm(rated) = 1 
gOre(base ) Prated/gOm(bue) 1 -- ~rated 

Vbase (per phase) Vb~ V:b~  
Ztme . . . .  ohms 

Ib~e(per phase) Pba,c(per phase ) /Vb~  Phase 

Applying these relationships to the question: l b ~  " 

in per unit. 

(4401~3) 2 

45660/3  
= 4.241"1 

https://engineersreferencebookspdf.com



(4.2] Induction machines 87 

H e n c e  Rl = R~ = 0 . 1 / 4 . 2 4  = 0 .02358  per unit 

xl = x~ -- 0 . 5 / 4 . 2 4  -- 0 .11792  per unit 

Rm = 1 0 0 / 4 . 2 4  = 23.58 per unit 

X m = 2 0 / 4 . 2 4  = 4 .717 per unit 

M e c h a n i c a l  loss --- 1 0 0 0 / 4 5 6 6 0  = 0 .0219  per unit 

Calculations now proceed as in part  (c) but V = 1; cos = 1 and all other  
quantities are in per unit. 

Zab = 
1 1 1 

+ ~ +  
23.58 j 4 . 717  0 . 0 2 3 5 8 / 0 . 0 3  + j 0 .11792  

0 .0424  - j 0 . 212  + 1.2443 - j 0 . 1 8 6 7 7  

= 0.7091 + j 0 . 2 1 9 7  = 0 .74235  ( m o d u l u s )  

a d d  zl 0 .02358  + j 0 . 1 1 7 9 2  

H e n c e  

Zin = 0 .7327  + . i0 .3376  = 0 .80674  ( m o d u l u s )  

0 .80674  
= 1.24 per unit at  cos 91 = 0 . 7 3 2 7 / 0 . 8 0 6 7 4  -- 0 .908 l agg ing  

0 .74235  
E1 = ~ •  1 = 0.92 

0 .80674  

0.92 

~ 0 . 7 8 6  ~ + 0.11792 

= 1.157 ( C h e c k  f r o m  ac tua l  va lues  6 9 . 4 / 5 9 . 9  = 1.158) 

0.92 j0 .92  
I0 = 0 .039 - j0 .195.  

23.58 4 .717 

1 0 .02358  
C o u p l i n g  t o r q u e  = - -  • 1.157 ~ • ~ -  0 .0219 ( m e c h .  loss) 

1 0 .03 

= 1.03 [= 1/(1-0.03)1 

P~tec ( V X  I X  c o s g l  ) = 1 x 1.24 x 0 .908 = 1.126 per unit so r I = 1 / 1 . 1 2 6  -- 0 .888 

All the per-unit values check with part  (c). The final calculations are 
so,newhat neater  and the method has advantages when many repetitive 
calculations are required, comparisons are being made or large systems are 
being studied. For computer  simulations, especially for transient analyses, 
the scaling problem is eased considerably. 
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Example 4.3  

A 3-phase, 440-V, delta-connected, 4-pole 50-Hz induction motor  runs at a speed of 1447 rev/  
min when operat ing at its rated load. The  equivalent circuit has the following per-phase 
parameters:  

R] = 0.2 ft, R~ = 0.4 f~; x] = ~ = 2 fl; ~ = 200 N; x .  = 40 t~ 

(a) Using the approximate circuit, determine,  for rated load, the values of  line cur ren t  and  
power factor, torque, output  power and  efficiency. The mechanical  loss is 1000watts. 

(b) Determine  the same quantifies, if the machine  is run  as a genera tor  with the same 
numerical  value of slip. 

~~~ersed 
l S~S 

f 
I V, / / "  I, c.~).) 

Zo 
! 

t 
\ 

% 

F i g u r e  E . 4 . 3  

60 • f / p -  1447 1 5 0 0 -  1447 
(a) FuIMoad slip = = = 0.0353 

60 x 5012 1500 

44O 
I~ -- = 34.05 = j l  1.8 

(0.2 + 0.4/0.0353) + j (2  + 2) 

440 44O 
Io . . . . . . . .  + , = 2 . 2 - j 1 !  

200 j40 " 

Il = 11 = 3 6 . 2 5 - i 2 2 . 8  

Line current  = X/3 • + 22.82) = 74.2A at 36.25/42.8 = 0.847p.f. 

3 0.4 3 
Te = • (34.052+ 11.82) • = 

2"tr • 50 /2  0.0353 157.1 
• 36.042 • 11.33 = 281Nm 
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Pmech - (1 -0.0353) • 157.1 • 281 - 1000 (mech. loss) = 41.59kW = 55.75h.p. 

P~tec = 3 • 440 x 36.25 = 47.85 kW. Efficiency = 41.59/47.85 = 86.9% 

(b) As a generator, slip - -0.0353; hence: 

440 440 
I ~ =  = 

(0.2 - 0.4/0.0353) + j4 -11.13 + j4 
= -35 -j12.6 

Io = 2 . 2 - j l l  

I ~  - -  -32.8- j23.6 

Line current = ~]3 X (32.8 '~ + 23.6 ~) = 70A at-32.8/40.4 = 0.81 p.f. (-144") 

N o t e ,  t h a t  s ince  a m o t o r i n g  e q u a t i o n  ha s  b e e n  u s e d ,  t h e  rea l  p a r t  o f  11 

is r :egat ive .  I f  t h e  c o n v e n t i o n  is r e v e r s e d  it will be  pos i t ive  a n d  c a n  b e  s e e n  

t h a t / 1  is a t  l e a d i n g  p o w e r  factor .  P h a s o r  d i a g r a m s  a r e  h e l p f u l  h e r e  a n d  a r e  

s h o w n  a l o n g s i d e .  T h e  c u r r e n t  l o c u s  is c i r c u l a r  a n d  c i rc le  d i a g r a m s  can  be  

u s e d  fo r  r a p i d  s o l u t i o n s .  T h e y  a r e  less i m p o r t a n t  n o w a d a y s  b u t  t h e  

t e c h n i q u e ,  wi th  n u m e r i c a l  i l l u s t r a t i on ,  is d e a l t  wi th  in  R e f e r e n c e  1. 

3 
T~- 

157.1 
• (352+ 12.62) • (-11.33) =-299.4Nm 

Pmech = (1 + 0.0353) • 157.1 • (--299.4)- 1000 = -49.7kW 

Pewee = 3 • 440 X (-32.8) = -43.3 kW. Efficiency = 43.3/49.7 = 87.1% 

N O T E  A G A I N  T H A T  T H E  M O T O R I N G  C O N V E N T I O N  R E S U L T S  IN 

N E G A T I V E  S I G N S  IN T H E  A N S W E R S .  

Example 4.4 
In a certain 3-phase induction motor, the leakage reactance is five times the resistance for 
both primary and secondary windings. The primary impedance is identical with the referred 
secc,ndary impedance. The slip at full load is 3%. It is desired to limit the starting current to 
three times the full-load current. By how much must: 

(a) Rt be increased? 
(b) R, z be increased? 
(c) Xl be increased? 

How would the maximum torque be affected if the extra impedance was left in circuit? 

This question gives minimum information but can be solved most conveniently by taking 
rati()s and thus cancelling the common constants. Let the new impedan':es be expressed as 
k~R , ~R~ and k~xl respectively, and Rl = R~ = R; xl -- x~ -- 5R 

v V/R 
Full-load current - 

~/(n + n/O_os) ~ + (sn + 5n) ~ ~'~78,S 
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V 
Starting current  = ~/(kaR + ~R)2-+ (5~R+ 5R)' 

V/R 
~/(k. + ~,), + 25(,~ + i ) ,  

1278.8 ..... 
Current  ratio/--'la = '(/h + t~,,b) ~ + 25(kr + l i2; required to be 3. 

Using this ratio and for (a) and (b), if ~ = 1 and either k~ or kb = 1: 

1278.8 = 9 X [(k+ 1) 2 + 100] 

so k (= k~ or ~) = 5A9 (5.49Ri or 5.49R,2) 

(c) If ka = kb = 1:1278.8 = 9 x [2 ~ + 25(~  + 1)2] from which k~ = 1.35 (1.35x]) 

3v~ ~ R 
Expression for full-load torque • 
[eqn (4.5)] ca, x [(R + R/0.03) * + (10R) *] 0.03 

3V12 1 

r176 X ------  38.36 

3V~ 2 x R 
Expression for starting torque 
[eqn (4.5), s = 1] ~o, x [ ( ~ R  + h,R) * + 2 5 ( ~ R  +/t)*]  

Expression for maximum torque = 
[eqn (4.13) ] 

3 v{ ~ 

wsR (/h + ~ ) 2  + 25(/~ + 1) 2 

3v~ ~ 

co. x 2 [ ~ / ( ~ R )  2 + 2 5 ( ~ R  + R) ~ + ~ R ]  

3v~ 2 

oos R 2[ J ~  + 2 5 ( ~  + I) 2 + kA 

Ratio 
Starting torque Ts 38.36 

Full-load torque Tn (/h + kb) 2 + 25 (~  + 1 ) 2 

Ratio 
Maximum torque Tmax 

Full-load torque Ta 

38.36 

2[~/~ 2 + 25(/~ + I) ~ +/h] 

Rtau/u 

T.ITn 
Tm.l Tn 
IJla 

. . . . . .  

kr = 1.35; 

xt increased 

0.27 
1.5 
3 

go = 5.49; 
~ - / ~ = 1  
P~ increased 

0.27 
1.735 
3 

/q - 5.49; 
~o --- ~: = 1 
R1 increased 

, , , 

0.27 
1.135 
3 

/h= g o = / ~ =  1 

No change 

0.369 
1.735 
3.507 

https://engineersreferencebookspdf.com



(4.2] Induction machines 91 

T h e  t a b l e  s h o w s  t h a t  t h e r e  is n o  loss  o f  m a x i m u m  t o r q u e  i f  t h e  s t a r t i n g  

c u r r e n t  is l i m i t e d  by  r o t o r  r e s i s t a n c e .  B a s e d  o n  c o n s i d e r a t i o n s  o f  

m a x i m u m - t o r q u e  loss  a l o n e ,  Xl is a p r e f e r a b l e  a l t e r n a t i v e  to  Rl as a l i m i t i n g  

i m p e d a n c e ,  b u t  it m u s t  b e  r e m e m b e r e d  t h a t  th i s  q u e s t i o n  is m e a n t  to  

i l l u s t r a t e  t h e  u s e  o f  t h e  e q u a t i o n s  r a t h e r  t h a n  d r a w  p r o f o u n d  c o n c l u s i o n s  

f r o m  a m u c h  r e s t r i c t e d  i n v e s t i g a t i o n  i n t o  s t a r t i n g  m e t h o d s .  A r e f e r e n c e  to  

F i g u r e  8.4,  p. 310,  w o u l d  b e  i n s t r u c t i v e .  I t  s h o w s  a m o r e  c o m p r e h e n s i v e  

p i c t u r e  o f  t h e  o v e r a l l  s t a r t i n g  p r o c e s s .  

Example 4.5 

A 3-phase, 200-hp, 3300-V, star-connected induction motor has the following equivalent- 
circuit parameters per phase: 

R1 = R~ = 0.81"1 x~ = x~ = 3 . 5 f l  

Calculate the slip at full load if the friction and windage loss is 3 kW. How much extra rotor 
resistance would be necessary to increase the slip to three times this value with the full-load 
torclue maintained? How much extra stator resistance would be necessary to achieve the same 
object and what loss of peak torque would result? 

Mechanical power = 3Pg(1 - s) - mechanical loss 

200 x 746 = 

146 200 = 

/ 
0.01747 ~ 0.64 + 

87.445 
1 6 7 . 2 6  - 

$ 

3 x V !  ~ 

(R1 + R ~ / s )  2 + (xl + x~.) "~ 
X ~R'~ (1 - s) - 3000 (mech. loss) 

$ 

3 X (3300/x'3) 2 0.8(1 - s) 
X 

(0.8 + 0.8/s) 2 + 72 s 

1.28 0.64 ~ 1 
+ + 4 9 )  = - - - 1  

s - ~  s 

1 
+ ~  = 0  

S2 

1 87.445 +_ ,/87.44s 
solving the quadra t i c : -  = 

s 2 

.445 +_ ~/87.445 ~2 - 4  • 167.2-6 

1 
from which the lower value of s comes from -- = 85.5; s -- 0.0117 

S 

Fro ~a the torque equation (4.5), it can be seen that torque will be a fixed value, with all other 
parameters constant, if the quantity R ~ / s  is unchanged; i.e. if R~ changes in proportion to any 
slip change, the torque will be unaltered. In this case, the slip is to be 3 x,  so the extra rotor 
resistance, referred to the primary, will be 2 x 0.8 = 1.6 ft. Maximum torque is unaffected by 
change of R,~, as shown in Example 4.4. 

3 R~ ~ • ~ m u s t  be F~r increase of stator r e s i s t a n c e , -  • I~ 2 • ~ to be unchanged; i.e. V12 R~ 
~s 5 Z~ 2 $ 

the same so, since 171 and R~ are unchanged then: 1 / (Z 'z • s) must be the same for the same 
torque. Equating: 
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I[R~ + 0.8/(3  x 0.01117)] 2 + 49} x (3 x 0.0117) 

1 

519.5 + 45.584R1 + Rt 2 + 49 

{4.2} 

{(0.8 + 0.8/0.0117) 2 + 49} X 0.0117 

4675.2 + 49 

from which: R] ̀2 + 45.584R! + 1043 = 0 and the lowest value of  Rl = 16.6 [1. Extra stator 
resistance required is therefore 15.8 f l  

Now maximum torque [eqn (4.13)] = 
3vi ~ 

2~o.[ x/.~s = + (x~ + x~) 2 + R~] 

proportional  to: 
~/RI 2 + (xl + x~) 2 + Rl 

X/0.8 ~ + 7 ̀2 + 0.8 7.845 

so torque ratio = ~ 16.62 + 72 + 16.6 34.6 = 0.227 = 77.3% reduction 

Example 4.6 

A 3-phase, 4-pole, 3300-V, 50-Hz, star-connected induction motor  has identical primary and 
referred secondary impedances of  value 3 + j9 f l  per phase. The turns-ratio per  phase is 3/1 
(stator/rotor) ,  and the rotor winding is connected in delta and brought  out to slip rings. 
Calculate: 

(a) the full-load torque at rated slip of 5%; 
(b) the maximum torque at normal voltage and frequency; 
(c) the supply voltage reduction which can be withstood without the motor  stalling; 
(d) the maximum torque if the supply voltage and frequency both fall to half normal 

value; 
(e) the increase in rotor-circuit resistance which, at normal voltage and fretiuency, will permit  

maximum torque to be developed at starting. Express this: (i) as a fraction of  normal  Re 
and (ii) as (3) ohmic values to be placed in series with each of  the slip-ring terminals and 
star connected. 

The approximate circuit may be used and the magnetising branch neglected. 

3 x (3300/~3) ~ 1 3 
(a) Full-load torque = • • = 969 Nm 

2~r x 50/2  (3 + 3/0.05)`2 + 182 0105 

1 
(b) Maximum torque, eqn (4.13) - 69328 • - 1631Nm 

2 • (,,,/32 + 18 ~ + 3) 

(c) With voltage reduced, the torque must not fall below 969 Nm, and since T e oc V "z [eqn 
(4.5)] 

= so: Reduced V = - 0.77 per u n i t  = 23% reduction 
1631 Normal ~ 1631 
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(4.2) Inducfion machines 93 

(d) This situation could arise if the supply-generator speed was to fall without change of its 
excitation; both voltage and frequency would fall together. Correcting all affected 
parameters in the appropriate equations: 

3 
= . . . . . .  0.316; eqn (4.12), allowing for the reduced frequency. 

~" 4 3 ' §  • ~)2 

Substituting in the first equation: 

3 x (~ x 33oo/~,3) 2 1 3 
Max. T~ = x x .... 

2"tr x (~ x 50)/2 (3 + 3/0.316) 9 + (18/2) 2 0.316 

= 1388 Nm 

The answer could have been obtained directly by substituting the reduced parameters 
into the second equation used, (4.13), in part (b). 

(e) Normally, maximum torque occurs at a slip of~'= 
, ~ +  182 

= 0.1644 

The required value of / /2  could be obtained by substituting s" = 1 in eqn (4.12), or 
alternatively, s i n c e / h / s  is a constant for any given torque: 

New R~ 3 New R~ 1 
- ' - Hence = 
1 0.1644 Old R~ 0.1644 

= 6.082 

Hence, additional R,z required = 5.082 times original R,2. Since the turns ratio is 3/1, the 
actual additional resistance per rotor phase must be 5.082 x 31"1/32 = 1.694 ft. However, 
this would carry the phase current and either by considering the delta/star transforma- 
tion or the fact that the line current of a star-connected load across the slip rings would 
carry ~/3 times the phase current, three external line resistors of value 1.694/3 = 0.565.__..~N 
would dissipate the same power and avoid the necessity of bringing out expensive 
additional connections and slip rings, if inserting resistance in each phase. 

Example 4.7 

It is required to specify external rotor resistors for a 5-phase induction motor used for 
laboratory demonstration purposes. Examine the possible requirements and derive suitable 
crit,.~ria for making approximate estimates which neglect the machine impedance. Compare 
results using a 4-pole, delta-connected, 50-1-1z machine with Ri - - /h  = 2 fi and xi = x,z = 5 fl. 
Rated speed is 1455 rev/min. The rotor o.c. voltage is 240V per phase. 

(.onsider an induction motor with a normal o.c. rotor voltage of ~ per phase, a rated rotor 
current of IR per phase and a rated torque of TR with rated slip sa. A rotor external resistor 
can be used: 

(a) to limit the starting current, with full voltage and frequency applied; 
(b) to give speed control down to speed (1 - s) per un i t  at a particular torque; 
(c) to get maximum torque at starting when it normally occurs at slips; 
(d) to get a particular smrddng torque. 
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The resistor rating must allow for short-term overload at starting and its cont inuous rating 
should reasonably be expected to correspond with IR. 

In answering this question, certain basic equations, which can be checked in Section 4.1, 
should be noted. At normal  voltage and frequency: 

A particular torque corresponds to a part icular value of P,,z/s and I~. 
Maximum torque occurs when R,z/~'= X/Ri 2 + (xl + x2) 2 so if~'is known, R follows. Starting 
currents  may be 4-7  per unit without external  limiting impedance.  

The various points can now be dealt with, working in per-phase values. 
Allowance for delta-connected rotor would proceed as in Example 4.6. 

(a) Suppose the starting cur rent  is to be limited to klR (k per unit) then required R = E,z/klR, 
e.g. if k = 2, R = �89 

(b) For any known torque T,,, with corresponding current  I,, and a requi rement  for speed 
control down to s,,, then required R = & ~ / I , , .  

R lh 
(c) At starting, ~- = ~ so required total R follows. Starting currents with this external 

resistance would still be greater  than IR since R,z/s" "~ P~/SR. k would be E, z/R/R. 
(d) For the known current  corresponding to the specified torque, T', say I ' ,  R = E~/I ' .  

Certain machine  features will be calculated first for reference purposes. 

Rated rotor current  - all quantities are referred to the rotor = 
240 

~/r ~/0 .03) ,  + ~0 ~ 

IR = 3.46A 
3 2 

Rated torque = • 3.46 e • = 15.23Nm 
2~r • 50 /2  0.03 

Slip for maximum torque ~" = 2/(~/2~ + 102) = 0.196 

240 
Current  at maximum torque = j ( 2  + 2/0.196) 2 + 102 = 15.2A = 4.4 per unit 

240 
Normal  starting current  = ~/(2 + 2) ~ + 10 e -- 22.3A = 6.44 per unit 

For (a), the required values of R will be approximated using the equations given at three 
different values of  k; 1, 2 and 3 per unit. 

For (b), rated torque will be considered and hence sx - R/R/E,2 - 1 /k  so the speed range 
for the values of  R calculated in (a) will be given by I - Sx -- 1 - 1/k. 

The approximate values in (a) and (b) above are shown in the table below and the actual 
values of  starting current ,  together  with the actual speed range, are worked out  with the 
machine impedance included. 

240 
The actual starting current  - \ /(2 + 2 + R) 2 + 102 

The actual speed range follows by solving for slip s in the following equation: 

3 2402 2 + R 
Rated torque --- 15.23 = x , 

2= x 5012 ~i(2 + (2 + R) l s )  ~ + 1C x s 
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k values (starting current  in per unit) 

(a) R required,  ohms. 

(b) Speed range 1 - s = 1 - 1 /k  (min. speed p.u.) 

Actual starting cur rent  (per unit) 

Actual min imum speed at rated torque (p.u.) 
. . . . .  

1 2 3 

69.4 34.7 23.1 

0 0.5 0.67 

3.24(0.94) 6(1.74) 8.3(2.4) 

-0.07 0.45 0.62 
. . . . . . .  

It can be seen that the estimates are the more accurate for low values of k and the consequent  
higher, dominat ing values of  external  resistance. 

(c) Rfor  maximum torque is P~/~ '= 2/0.196 = 10.21"1. This is the to ta l  circuit resistance so the 
extra per  phase is 8.21~ which is much  less than for the maximum k value above. Actually, 
k will be 4.4, the per-unit current  at max imum torque. 

(d) R has been worked out  for three current  values including rated torque and current  in (a) 
above. 

Example 4.8 
Using the approximate circuit for the motor  of Example 4.2, calculate the mechanical  
c~)upling power at speeds of 0, 720, 780 and -720 rev/min;  positive speed being taken as in the 
direction of the rotating field. For the last case show, on a power-flow diagram, all the 
irdividual power components ,  to prove that the total input  power is absorbed in internal 
machine losses. Take the mechanical  loss as constant at all speeds other  than zero, where it 
tc,o is zero. 

Synchronous speed = Ns = 60 X f / p  = 60 X 50 /4  = 750rev /min  

Series-circuit impedance = ~(0.1 + OiJ/s) 2 + 12 = Z. 

Mechanical coupling power = 3P m - mech. loss = 3 (1 - $) - 1000 -- Pr 
$ 

[ 2 0 . 8 7  ! 
I I R~176 [--... 

1.0  

18.93 

Figures in kW. Actual directions shown 

Figure E.4.8 

~ m a � 9  

1 0 . 2 7  
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, ,  

, = , , ,  

Speed, rev/min. 0 
. . . . . . .  

750 - Speed 
Slip = 1 

75O 

720 

(4.2) 
. . . .  

780 -720 
, . 

0.04 -0.04 1.96 

t~2/s  = 0.1/s 0.1 2.5 -2.5 0.051 

Z 1.02 2.786 2.6 1.011 

440/~3 
f 2 ffi - - - - - - -  A 249 91.2 

z 
97.7 251.2 

3Pro = kW 0 59.86 -74.45 -9.268 

Pcoupling-- e m e c h  0 5 8 . 8 6  -75.45 -10.268 

3 /'22R'2 
Te ffi - X -------- Nm 

2~r X 50/4 s 
236.8 790.8 -911.5 122.9 

T h e s e  f o u r  sets o f  r e a d i n g s  c o r r e s p o n d  to  f o u r  s i gn i f i c an t  p o i n t s  o n  t h e  

s p e e d / t o r q u e  cu rve ;  s t a r t ing ,  m o t o r i n g  a t  ful l  l oad ,  g e n e r a t i n g  a t  t h e  

s a m e ,  b u t  n e g a t i v e  slip, a n d  r e v e r s e - c u r r e n t  b r a k i n g  ( p l u g g i n g )  s ee  F i g u r e s  

4.1 (a) a n d  E.4.17.  In  this  last  case ,  t h e  va lues  a r e  t h o s e  w h i c h  w o u l d  o c c u r  

m o m e n t a r i l y  if t h e  m o t o r ,  r u n n i n g  a t  full  s p e e d  in t h e  r e v e r s e  s ense ,  

s u d d e n l y  h a d  its p h a s e  s e q u e n c e  a n d  r o t a t i n g  f ie ld  r e v e r s e d .  T h e  v a l u e s  o f  

c u r r e n t s ,  p o w e r s  a n d  t o r q u e s  s h o u l d  b e  s t u d i e d  to  g a i n  b e t t e r  u n d e r -  

s t a n d i n g  o f  i n d u c t i o n  m a c h i n e  o p e r a t i o n .  

For -720 rev/min, cos~o = (RI + R ~ / s ) / Z  = 0.1493 and sin ~o ffi --0.9888. 

.'. I ~ = 251.2/-84~ = 37.5 - j248.4 

440/~/3 j440/~/3 
and 10 = - . . . . . . . . .  2.54 - j  12.7 

100 20 

�9 ". Ii = 40:04 "j261.1 

Pcl~ = ~/3 • 440 • 40.04 = 30.51 kW 

Stator Cu loss = Rotor Cu loss = 3 • 251.22 • 0.1 = 18.93 

Stator Fe loss = 3 • (254)z/100 = 1.94 

Total stator loss - 20.87 
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. . . . . . . . . . . . . .  

Mect/anical loss = 1 kW; with rotor Cu loss (18.93 kW) 

Total machine  loss = 40.8 kW 
, 

Total machine  input = Pelec + Preach = 30.51 + 10.27 = 40.78kW 

T' le  slight differences, e.g. between the input  and the loss, are due to rounding-off  errors. 
T i e  figure shows the power distribution for this braking condition. 

Induction machines 97 
. . . . . . . . . .  

= 19.93 

Example 4.9 
A 3-phase, 6-pole, 50-Hz induction motor  has a peak torque of 6 Nm and a starting torque of 
3 .'qm when operat ing at full voltage. Maximum torque occurs at a slip of 25%. When started 
at 1 /3  of  normal  voltage the current  is 2A. 

(~.) What  is the mechanical  power, at peak torque when operat ing at normal  voltage? 
(h) What maximum torque would the machine produce at 1 /3  of normal  voltage? 
(r What starting current  would the machine  take when supplied with normal  voltage? 
(d) What extra rotor-circuit resistance, as a percentage, would be required to give maximum 

torque at starting and what would then be the current,  in terms of that at peak torque 
without external resistance? 

This is basically a simple problem to bring out  certain e lementary  relationships. The curves 
sYetched on Figure E.4.9 indicate the main points for the solution. No additional equations 
from the ones used previously are involved.  

5O 
(a) Power at maximum torque - to m Te = 2~r X - - -  X (1 - 0.25) x 6 = 0.471 kW 

3 

(b) Torque m V 2 hence,  reduced maximum torque = ( 1 / 3 ) 2 X  6 = 2 /3  Nm 
0:) Current  oc V, hence l ,  m t  = 3 x 2 = 6._A.A 

(d) A given torque requires a particular value of R ~ / s .  Since s changes from 0.25 to 1, then 
the total rotor circuit resistance must change in the same ratio; i.e. by 4 times. Hence 
extra rotor resistance = 300% R2. 

Figure E.4.9 

% 

0 75 ~ ,  

I O  m 

" S i 
2A / 

3Nm 6 Nm 
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,, . . . . .  

Since R~/s is constant and since this is the only equivalent-circuit impedance which could 
vary with speed, the total impedance presented to the terminals is unchanged and so the 
current is the same as at s = 0.25. 

Example 4.10 
An induction motor has the following speed/torque characteristic: 

Speed 1470 1440 1410 1300 1100 900 750 350 0rev/min 
Torque 3 6 9 13 15 ] 3 11 7 5 Nm 

It drives a load requiring a torque, including loss, of 4Nm at starting and which increases 
linearly with speed to be 8 Nm at 1500rev/min. 

(a) Determine the range of speed control obtainable, without stalling, by providing supply- 
voltage reduction. 

(b) If the rotor was replaced by one having the same leakage reactance but with a doubled 
resistance, what would then be the possible range of speed variation with voltage 
control? 

For each case, give the range of voltage variation required. 

This is a 'drives' problem and must be solved graphically from the data given. The solution 
depends on the simple relationships that T~ = V 2, and for any given torque R[ / s  is constant, 
if all other parameters are constant; eqn (4.5). 

( a )  Plotting the speed = f(Te) and Tm = f(0Jm) characteristics from the data gives the normal 
steady-state speed at their intersection. The Te characteristic is reduced proportionally 
until maximum Te intersects the Tm characteristic. This occurs at a torque of 6.9 Nm and 

1500 

=: I000 

.= 

(/1 
riO0 

Figure E.4.10 

0 

8 Nm 

. /  '~ �9 R 2 

I fO0~--  ~------~ 
\A.., 
,t ,' ~J 

700 4 . .  --.+ - t  

, , / , 5 . 9 /  

' ,-,o 
Torque. Nm 

i a~  FU~ ~ V 

~Fuil y .  ~i, / /A 
/ 
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speed of l l00rev /min .  Hence voltage reduction is \/15/6.9 = 1.47/1 or 100% to 68% 
volts, giving a speed reduction from 1420 to 1100 rev/min. 

(b) At various values of Te, the slip, which is proportional to the speed difference from the 
synchronous value, is noted and a new speed plotted for this same Te but with this 
speed difference doubled, since R2 is doubled. Again, from the intersections of the Tm 
characteristic with the two new curves, the speed range is seen to be 1350 to 700 rev/ 
rain. The torque value on the reduced curve for 2R 2 is 5.9, so the ratio of peak torques 
gives the appropriate voltage reduction as ,J15/5.9 = 1.59/1 or 100% to 63% volts. This 
greater speed range, for a similar voltage reduction, is obtained at the penalty of 
additional rotor-circuit losses, but nevertheless such schemes are sometimes economic- 
ally suitable because of their simplicity, for certain types of load where torque falls off 
appreciably with speed. 

The curves also show the speed range obtainable with resistance control; in this case, 
dollbling the rotor resistance reduces the speed from 1420 to 1350rev/min. 

Example 4.11 

A I40-V, 3-phase, 6-pole, 50-Hz, delta-connected induction motor has the following 
eqgivalent-circuit parameters at normal frequency: 

Rl = 0.2 fl; R~ = 0.181"1; xl = x~ = 0.58s all per phase values. 

(a) The machine is subjected in service to an occasional fall of 40% in both voltage and 
frequency. What total mechanical load torque is it safe to drive so that the machine just 
does not stall under these conditions? 

(b) When operating at normal voltage and frequency, calculate the speed when delivering 
this torque and the power developed. Calculate also the speed at which maximum torque 
o c c u r s .  

(c) If V and f were both halved, what would be the increase in starting torque from the 
normal direct-on-line start at rated voltage and frequency? 

(d) If now the machine is run up to speed from a variable-voltage, variable-frequency supply, 
calculate the required terminal voltage and frequency to give the 'safe' torque calculated 
above: (i) at starting and (ii) at 500 rev/min. 

(e) Repeat (d) for the machine to develop a torque equal to the maximum value occurring 
at rated voltage and frequency. In both (d) and (e), the criteria is that the air-gap flux per 
pole is maintained constant for any particular torque. 

(a) The question asks effectively for the maximum torque with voltage and frequency 
reduced to 0.6 of rated values. Substituting in the maximum-torque eqn. (4.13) with 
appropriate correction of parameters: 

3 (0.6 x 440) 2 
Max. T~ = • --- 1800 Nm 

2~r x 0.6 X 50/3 2[~0.22+ (0.6 x 1.16)2+ 0.2] 

(b) From the general torque expression eqn. (4.5), with normal supply, the required slip 
to produce this torque is obtained by equating: 

3 440 ~ 0.18 
1800 = x X 

2rr x 50/3 (0.2 + 0.18/s) ~ + 1.16 ~ s 
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0.072 0.0324 ) 1 
giving: 1.803 0.04 + ~ + + 1.3456 = - -  

s - - ~  s 

1 214.9 
from w h i c h : - -  ~ + 42.77 

$2 $ 
= 0  

and the smaller value of s on solution is 0.0907 corresponding m a speed of." 

1000 (1 - s) = 909 rev/min. 

2 I r  
Power developed = - - -  x 909 x 1800 = 171.3kW = 2 3 0 . ~  

6O 

0.18 
Speed for maximum torque from eqn. (4.12) s"- ,[0.2~ 

+1.16 = 

so speed = 847 rev/min. 

(c) The expression for starting torque is: 

3 V = R,~ 
~ X  X ~  
2"rr X f / p  (R] + R~) = + (x, + x~) 2 1 

= 0.1529 

Using the ratios to cancel the constants in the expression: 

Starting torque at ~V and f 1 

Normal starting torque ( / ' /2) / f  

[ ( v/2) / v] = 
(0.382 + (1.16/2)2)/(0.38 = + 1.16 ~) 

= 2 x  
0.25 

0.4808/1.49 
= 1.55 times normal. . . . .  

Q 
Q. 

I000  

500 

/ 
Typical _ _ _ j  
r .  s / 

I 
I 

4 4 0  V, 

Z?'3 V, ____._J 
1 ? 

I 
I 
I ! 

! 
1 

7 0  V, 4 5 Hz 

= 4 . 5 3 5  Hz 

fz"  7 . 6 4 5  Hz 

Torque, N m  

F igure  E.4.11 
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(d) and (e) As will be shown in the next example, if the flux per pole (El/fo~ ~, see eqn 2.1) is 
maintained constant by adjustment of voltage and frequency, any particular torque occurs 
at a unique value of slip frequencyj~ and rotor current I~. Further, since: n, = n + sn~ 

p r ~ -  i 0 n + p •  J2 X ns 
fsupply 

fsupply = ]Or/ + j~ since prh is the supply frequency. 

The questions ask for the supply frequency and voltage to produce the maximum torque 
and a torque of 1800 Nm, at two different speeds, 500 rev/min and zero. The required 
values of]~ and 12 can be deduced from those occurring at normal voltage and frequency 
for these particular torques. The supply voltage required will be I~ g where the reactive 
elements in the impedance will be corrected for f~upply as calculated. Parts (d) and (e) are 
worked out in the following table. 

Speed n 
Starting n = 0 = 500/60 rev/min 

1800 Nm Max. torque 1800 Nm Max. torque 

Slip at 50 Hz 0.0907 0.1529 0.0907 0.1529 

Slip frequency J~-- s X 50 4.535 7.645 4.535 7.645 

Supply frequency = ion + a~ 4.535 7.645 29.535 32.645 

440 
I~ = ~/(0.2 + O.18/s) 2 + 1.16 "~ 177.9 244.4 177.9 244.4 

s at new frequency = j~/fsupply 1 1 0.1536 0.234 

l~z/s (new slip) 0.18 0.18 1.172 0.7692 

X= 1.16 • fsupply/50 0.1052 0.177 0.6852 0.757 

z :   fi0.2 + R , , / , ) ,  + x ,  0.3943 0.4192 1.534 1.23 

Vsupply = I~ Z 70.1 102.5 272.8 300.6 

3 0.18 
Max. torque = • 244.42 • ~ = 2014Nm 

2at • 7~645/3 1 

Tile various speed/torque curves are sketched on the figure, for the criteria of constant 
flux per pole. It can be seen that they are very suitable for speed-controlled applications, with 
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102 Electrical Machines and Drive Systems (4.3] 

maximum torque being available over the whole range. For part (a) (264 V 30 Hz), the curve 
would be close to the one at 29.5 Hz but peaking at 1800 Nm, because the flux per pole is only 
approximately constant; V1/f = Et/ f  

4.3 Constant- (primary) current operation: Improved staffing 
performance 

Constant-current  operat ion requires a source which has sufficient voltage 
available to regulate the phase cur rent  rapidly and accurately. This mode  
is of  particular interest for field-oriented control  of  cage-rotor induction 
motors  (Section 7.4), and also applies dur ing rheostatic braking where the 
constant  current  is usually of  zero frequency. The value of pr imary 
impedance  is only required for the calculation of supply voltage and does 
not  influence the electromechanical  performance.  Consequently, for such 
calculations, the equivalent circuit can omit  the pr imary impedance.  The 
magnetising resistance will also be omitted,  without significant loss of  
accuracy. It must  be emphasised that the induction machine equivalent 
circuit can be used at any frequency over a wide range (including 
approximate  allowance for the time harmonics  by superposition),  provid- 
ing a//frequency-sensitive parameters  are given their appropriate  values. 
However, it is sometimes useful to define, and after modification, work with 
the parameters  specified at a particular frequency f o ~ ,  which will usually 
be the rated value. 

Example 4.12 

The values of El, Xm and x~ for a particular induction motor are known at a frequency 
ft,ase- 

(a) Develop the expressions which show that the rotor current and torque are independent 
of the supply frequency but depend on the slip frequency, J~; providing that the flux per 
pole (El~f) is constant. 

(b) Show also, independently of the above, that for any given primary current 11, the rotor 
current I~ is governed by J~ and explain how this is related to the constant-flux 
condition. 

A 

(c) Finally, derive the expression for the slip s --f~/fat which maximum torque occurs for a 
constant-current drive and hence show that the maximum torque capability is independ- 
ent of both supply and slip frequencies. 

(a) At any frequency f, and slip J~/f, then sx[ becomes: (f2/f)(x'2 • 
f / f b ~ )  = X[ • f ~ / f b ~ .  With constant f lux per pole, the referred 
secondary e.m.f. E1 at standstill is proport ional  to the supply 
frequency f, so sE1 becomes: ( f2/ f ) (El  • f / f b ~ )  = El • f~/fb.~.  
Hence rotor  current:  
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E, X J~/fb~e E, 
I ~  = = (4.14) 

R~ + j(x~ X J~/fb~r R~ 
+ jx~ 

To get this expression for I+, which applies for any frequency, the 
equivalent circuit has to be modified slightly to Figure E.4.12. Eqn 
(4.4) was derived without reference to a particular frequency so at any 
frequency f the general torque expression is: 

Xl~2X X 
2~r X f/p f~/f  (Jbase) 

By incorporating j~,,,~ in a unity multiplier, cancelling f and 
rearranging: 

s R~ T~= xx~x 
2'rr X fb, se/P f2/fb~,r 

(4.15) 

showing that since I~ is independent off, eqn (4.14), then so is Te -for 
the constant-flux condition. 

L r 
= v - - -  

Z XmZ I . ,  
Ii ~ : I '  X . . . . .  

~, fZ/f bo.I Xm 
ot on), suooly frequency f 

. . . . . . .  

x~ R~ 

-,,,,,... 

Current-fed induction motor 

Figure E.4.12 

(b) From the rules for parallel circuits and correcting reactance para- 
meters for frequency, the equivalent circuit of Figure E.4.12 yields the 
following equation: 

I ~ = I ,  • 
j x~ (f/)~) 

R~/(,f2/f)  + j(x~ + Xm) (,f/]~,r 

Dividing throughout by f/fbase and squaring: 

I~ 2 = 112x 
X~ 2 

R~ )2 
+ (x~ + X~)  ~ 

(4.16) 
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104 Electrical Machines and Drive Systems (4.3) 

A similar expression, with Xm 2 in the numerator replaced by 

The expression for I[ suggests that its value depends on ]~, not on 
supply frequency, whether or not the flux is constant. However, at a 
particular slip frequency]~, eqn (4.16) modified to give Im 2 shows that 
Im has a unique value related to /1 and hence corresponds to a 
particular flux. Hence, for a given I1 and f~, there is a unique value of I~ and 
of Im, flux ~ and torque T~ from eqns (4.15) and (4.16). Alternatively if 
voltage and frequency are controlled to give constant flux (Ell J), any 
particular f~ will define the currents and the torque. This gives an easy 
method of deriving the variable-frequency tom/T~ characteristic from 
that at a particular frequency (see Reference 1). 

(c) Inserting the expression for I~ ~ into the torque expression, Te will be 
found to have a form similar to eqn (4.5) for the approximate circuit 
with I1Xm as the coefficient replacing Vl. By comparing expressions or 
by differentiating, the maximum value of T~, see eqn (4.12), occurs 
when R ~ / ( ] ~ / ~ )  = x~ + Xm; so for maximum torque: 

A 

j~ R~ 

A ~  x~+,~ 

hence, the slip for maximum torque 

A 

,, j~ fb~  R~ f b ~  
S= --X = , X 

f . ~ a , e  x~+Xm f 
(4.17) 

Substituting the value of~/fo=~ in the torque equation (4.15) gives 

3/i ~ x,. 2 
Maximum T~ = X X (x~ + X~) 

~rjf,,~lp (xi + X.,) 2 + (xi + X,.) ~ 

3I~ 2 x ~  ~ 
• (4.18) 

2~r x f b ~ / P  2(x~ + X,.) 

Which is indej~endent of both f and  j~. However, ~ must have the value 
given above,]~, to achieve this inherent capability and it does depend 
on the value of 112, which itself has a maximum limit. 

The purpose of deriving the equations for this constant-current mode is 
primarily concerned with voltage/frequency control, used to maintain 

https://engineersreferencebookspdf.com



Inductionmachines 105 

maximum torque as these quantifies are increased. Usually constant flux 
per pole is aimed for, at a value corresponding to rated voltage and 
frequency, although moderate increases could be considered, during 
starting operations for example. 

Note that in the relevant expressions derived, the variable j ~ / j ~  
replaces s = j~ / fused  in the previous constant-frequency expressions. This 
quantity will be given the symbol S and is particularly useful when the 
constant primary-current is d.c. The machine is then operating as a 
synchronous generator at a rotor frequency j~ = p n .  It is convenient to take 
base synchronous speed as a reference, i.e. n~ = ns(b~), and therefore: 

S = P n / f t ,  a,e = p n / p n s ( b a s e )  = n / n ,  = n , ( 1  - s ) / n s  = 1 - s. 

It. this dynamic braking mode, the current I] is the equivalent r.m.s. 
primary current giving the same m.m.f, as ldc. For star connection, 
usually arranged with just two line terminals taken to the d.c. supply, the 
equivalent I~ = X/(2/3)Idc = 0.816Idc. The speed/torque curves for 
dynamic braking are only in the 2nd and 4th quadrants with negative 
speed • torque product, and a shape similarity with the motoring curves, 
see Reference 1 and Example 4.17. A torque maximum occurs at a value 

A t I 

o r s  = R 2 / ( x 2  + X ~ )  usually at a very low speed because S = 1 - s and 
X~, >> R~. The relative motion for this condition is given by the 
expression" Sns  = n rev/s. 

Example 4.13 

A 3-phase, 8-pole, 50-Hz, star-connected, 500-V induction motor has the equivalent-circuit per 
pl'ase shown. Calculate the torques produced at slips of 0.005, 0.025, 0.05, 1 and the 
maximum torque, for the following two conditions, both at 50 Hz: 

80C 

.=_ 
E 600 

400 
' 0  

Q ,  
200 

I000 

]Constan~ . . . . . .  current i 
i I 

[" i 

lzo 

. . . . . . . .  

1 ....... [ . . . . . . . . . .  

200O 3000 4000 
Torque, Nm 

Figure E.4.13 
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106 Electrical Machines and Drive Systems (4.3) 

(a) Constant  (r.m.s.)-voltage drive at 500 line V; 
(b) Constant  (r.m.s.)-current drive at the same pr imary cur rent  occurr ing for slip = 0.05 

in (a). 

As distinct from the constant-voltage equations, for which Im is relatively small so that the 
approximate  circuit may be used, those for constant  current  include Xm and hence the effect 
of  the magnedsing current  Im on all the currents  and torque. At very low slips, R~/s  becomes 
so high t h a t / , i  becomes greater than I[ as the latter decreases. The flux therefore increases 
and the very large maximum torque occurs when the two currents  are about  equal - at very 
low slips. This is brought  out  by the present  example and the accompanying table - which 
does not  include all the detail of  the calculations. 

For const. V~' = R~ 0.13 = = 0.1077 
~/Ri :e + (x, + x~) ~ ~0.13 2 + 1.2 2 

For const. II s" = R~ O. 13 ffi ffi 0.00631 
x~ + Xm 0.6 + 20 

3 R~ I~ 2 R~ 
= x i~2 x-- = ---x-- 

2~r X 50 / 4  s 26.2 s 

The two speed / to rque  curves are sketched from the tabulated results. 
They have the same torque approximately at s = 0.05, since the primary 
currents are the same. The difference is due to the approximations in the 
constant voltage case. For this curve, if the full-load torque is taken to 
correspond with a slip of 0.025, i.e. 553 Nm, the machine could be said to 
have an overload capacity of about  2 per unit (1188/553). For this, the 
pr imary current  has to increase from 57.7 A to 170.3 A which is about 3 per 
unit, for a 2 per unit increase in torque. During starting procedure,  this 
would be the ideal figure to be held constant by suitable matching of 
voltage and frequency increase up to rated voltage (see also Figure 7.24b). 
If successful, this would mean that the flux had been maintained constant 
- corresponding to a value of Im = 14.4 A. The higher maximum torque for 
the constant-current case and the smaller speed-regulation look attractive, 
but  the voltage required at 50 Hz greatly exceeds the rated value as will be 
shown in the next question. 

Example 4.14 

For the motor  of  the last question, and for the constant current  of 103.4 A at 50 Hz calculate, 
using the available results where appropriate:  
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rev/min = 

I 26 

0.03CS: n A n y  
".UU.J 

746 745 

20.6 

51.5 -j11.6 

-j14.4 

57.7 

553 

I I Rl + H;/s= R =  

119 - j107.5 

414.4 414.4 j14.4 

103.4 170.3 249.2 

930 1188 274 

49.8 - j229.8 88.7 - j38.8 

I I X1 + X I p  = x= 

& 2 / p  = 

I;  = 103.4 4- 
I, = 

(b) 

at 103.4A 

I. = 288.7/j20 = 

111, = 112' + sl 

0.364 0.471 

62.3 71 

81 73.1 

3859 3965 

I 1 

0.886 

97.3 

25.4 

1880 

0.928 0.943 

99.6 100.2 100.4 

13.3 6.7 3.1 

985 463 50 

I 
I 

n nr 
V.,,., 

n nor 
".ULJ I i 

669 0 

5.2 I 2.6 I 1.207 0.13 

5.33 I 2.73 I 1.337 I 0.26 

1.2 I 1.2 I 1.2 I 1.2 

5.46 I 2.98 I 1.8 I 1.228 

52.8 I 96.8 1 160.6 I 235.1 

451.4 I 431.1 I 424.4 
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108 Electrical Machines and Drive Systems 

(a) the values of Im and I~ for maximum torque; 
(b) the required supply voltage to sustain this primary current at s = 0.05; 
(c) the required supply voltage to sustain this primary current at s = 0.00631. 

(4.3) 

Estimate these voltages using I~ and the series elements of the approximate circuit. 

jXm (20.6 -j2o.6) 
(a) I~ = 11 x = 103.4 x j20 ffi 50.2 + j50.2 

(x~ + X,.) + j(x~ + X~)  20.62 + 20.62 

= 7 1 A  

Im= Il - I~ ffi 103.4 + j O -  50.2- j50.2  ffi 53 .2- j50.2  = 73.1A 

(b) V = ~X ZX I~ = 43X 2.98 X99.6 - 514V 

(c) V - ~/3 x ~/20.732 + 1.22 x 71 = 2553 V 

Clearly, with a supply frequency of 50 Hz, the maximum torque, very-low-slip condition is not 
a practicable possibility. Furthermore, with a magnetising current of 73.1 A, instead of the 
normal 14.4A, saturation would be considerable and X~ would fall dramatically. A method of 
allowing for this is examined in Example 4.16 but, in practice, such large increases would not 
be considered. However, more moderate increases of flux could be analysed in the same way. 
The next example (4.15) shows that this maximum torque can be obtained at lower 
frequencies since then, the slip ~/fis higher and the component of voltage drop l~R~/s 
required is therefore lower. 

Example 4.15 

(a) Derive an expression for the required frequency to give maximum torque with a constant- 
current supply. 

(b) Using the same motor data as for Example 4.13, calculate the required supply frequency 
and voltage to give this maximum torque with constant-current drive (i) at starting (ii) at 
20% of normal synchronous speed. 

(c) For the same motor data, but with constant flux maintained instead, at the value 
corresponding to normal operation, determine the required voltage and frequency to 
give maximum torque at starting. 

(a) From Example 4.12 s = x [eqn. (4.17)] 
x~+ Xm / 

, ~ -  n f / p -  n 
and, since s -  -- 

n, //p 

/ - p n  
, cancelling f after equating these two 

/ 

expressions givesT= R[ x 
t 

X 2 +  Xm ,. 

+pn 
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[4.3] Inductionmachines 109 

(b) 

A 

f -  

A 

Z~ = R~ +jx~ 
S 

, . ,  - 

1 
ginpu t - Z 1 + ~ = 

1 

Vsuppb/ 
= ~13 X 103.4 X ~ . p u t  

(b) (i) 

0.13 • 50 

0.6+ 20 
-- 0.3155 Hz 

0.3155 
0.13 + j0.6 X 

5O 

0.1913 + j0.0687 = 0.203311 

36.4V at 0.3155 Hz 

(b) (ii) 

0.13 x 50 

20.6 

50 
+ 4 x ~ -- 10.3155 

4 x 5  

0.13 

0.3155/10.3155 

10.3155 
+j0.6 X - - - - - - -  

5O 

2.132 + j2.247 = 3.097 f~ 

555V at 10.3155 Hz 

All the detailed calculations are not shown and note that Ym = 1/jXm must also be 
corrected for the frequency change from 50 Hz values. The exact circuit must be used 
because of the high s~ue of Im = 73.1 A, from Example 4.14. Note that normal supply 
voltage of 500V limits constant-current operation at 103.4A, 50 Hz, to rather less than 
20% of normal synchronous speed, so would not reach the high torques shown on the 
table of p. 107. 

(c~ From Example 4.12, any particular torque, at constant flux, is obtained at a unique slip 
frequency. In this case we require maximum torque, which from Example 4.13 occurs at 
i = 0.1077 and therefore f2 = 0.1077 x 50 = 5.385 Hz. 

Because this is a constant, rated-flux condition, I m is relatively small and the 
approximate circuit may be used to calculate the supply voltage from ~/3 x Z x I~ using 
the results of Example 4.13. From Example 4.13 part (a), the rotor current will be the 
same (I~ = 160.6A) and the maximum torque too will be unchanged at l188Nm. 

5.385 
Hence, Z~,,p, t = 0.13 + j(0.6 + 0.6) x - - - - - -  + 0.13 = 0.26 + j0.1292 - 0.291"1 

50 

V~upply = ~3 x 0.29 x 160.6 = 80.8V at 5.385Hz 

l f l f l l  " "  

80.8/~3 

20 x 5.385/50 
= 21.6A (difference from 14.4A is due to 

approximations) 

I t  will b e  n o t i c e d  t h a t  a l t h o u g h  t h e  m a x i m u m  t o r q u e  c a n  b e  m a i n t a i n e d  u p  

to 50 Hz ,  it is v e r y  m u c h  less t h a n  o b t a i n e d  wi th  t h e  c o n s t a n t - c u r r e n t  d r ive .  

E v e n  wi th  t h e  l o w e r  ( c o n s t a n t )  p r i m a r y  c u r r e n t  o f  1 0 3 . 4 A  t h e  t o r q u e  is 

3965  N m ,  as a g a i n s t  1188 N m .  T h i s  is b e c a u s e  t h e  f r e q u e n c y  is v e r y  m u c h  

l o ~ e r  a t  0 .3155  H z  a n d  m o r e  o f  t h e  c u r r e n t  II is t h e r e f o r e  p a s s e d  t h r o u g h  

t h e  r e d u c e d  Xm. T h i s  a p p a r e n t  i m p r o v e m e n t  is offse t ,  s ince  t h e  v a l u e  o f  X~ 

c o l l a p s e s  d u e  to  s a t u r a t i o n  a t  t h e  h i g h  m a g n e d s i n g  c u r r e n t .  T h e  n e x t  

e x a m p l e  i l l u s t r a t e s  th is  p o i n t .  
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Example 4.16 
Once again, using the motor data of the previous examples, calculate, for a constant-current 
drive of 103.4A, the maximum starting torque (i) neglecting saturation and (ii) assuming the 
value of X m is reduced to 1/3 of its normal value due to saturation. Make an approximate 
comparison of the flux levels for (i) and (ii) compared with normal operation at slip = 
0.05. 

In Example 4.12 it was shown that the maximum torque under constant-current drive 
conditions is: 

362 x~. ~ 
T t = ~ X  

2*rfb.,./p 2(x~ + X,,,) 

This expression is independent of all frequencies, though x[ and Xm must correspond to ~ m .  
It is sufficient for the purpose of answering this question. By correcting the second term for 
the specified saturated change of X,,,, the effect of saturation on maximum torque is found 
simply. It is a useful exercise to check this, however, by working out the value of ~" for the 
saturated condition and hence the values of ~,  Z~, Ztnp,., I~ and I=. They are as follows- 
using the exact circuit for solutions: 

A A 

$ . ~  ~ n l : m t  ~2 / I n  T e ( m m t )  

. . . . .  

Unsaturated 1 0.3155 0.061 + j0.065 0.203 71 73.1 3965 
. . , , 

Saturated 1 0.8944 0.055 + j0.065 0.199 67.1 73.4 1250 
. . . . .  

z~ x= 

2O 

6.667 

The unsaturated values have been worked out in previous examples. For the saturated 
value: 

Xm reduced to: 20 X 1/3 = 6.667 fl 

R[ 0.13 x 50 A 

/2=  � 9  - 
x~ + X= 0.6 + 6.667 

-- 0.8944 Hz 

3 X 103.42 6.667 ~ 
Maximum T. = x = 1250Nm 

2'rr x 50/4 .2(0.6 + 6.667) 

U s i n g  a l o w e r  f r e q u e n c y  t h a n  fo r  t h e  c o n s t a n t ,  r a t e d - f l u x  c o n d i t i o n ,  it c an  

b e  s e e n  t h a t  in  sp i te  o f  s a t u r a t i n g  t h e  m a g n e t i c  c i rcu i t ,  t h e  m a x i m u m  

t o r q u e  is still h i g h e r  a t  11 = 1 0 3 . 4 A  t h a n  t h e  1188 N m  fo r  11 = 170 .3A,  w h e n  

c o n s t a n t  v o l t a g e  is t h e  s u p p l y  c o n d i t i o n .  To  c h e c k  t h a t  t h e  s a t u r a t i o n  

a l l o w a n c e  is r e a s o n a b l e ,  t h e  f lux  will be  w o r k e d  o u t  f r o m  E1/f= Im Xm/f, 
n o d n g  t h a t  Xm m u s t  b e  c o r r e c t e d  fo r  f r e q u e n c y .  
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For normal rating, flux proportional to: 12.6 • 20/50 = 5.04 

For starting (unsat.) ,, 73.1 x 
20 x 0.3155 . . . .  / 

50 / 0.3155 = 29.4 

6.67 • 0.8944 / 
For starting (sat.) ,, 73.4 • [ = " 50 / 0.8944 9.79 

The flux ratio allowing for saturation is 9.79/5.04 = 1.94 
The Im ratio is: 73.4/12.6 = 5.___88 
By the empirical formula used in Example 3.6, this flux ratio should give an 
Im ratio of: 

0.6 X 1.94 

1 - 0 . 4 •  1 . 9 4  
= 5.2 

which is close to 5.8 above and suggests that the saturation allowance is 
reasonable. For an exact calculation, the magnetisation characteristic q~/ I  m 

would have to be available and an iterative program devised to approach 
the. exact solution, since the value of I1 in the maximum torque expression 
is not known until the value of Xm is known. A similar method to that used 
for the d.c. series motor can be adopted. Here, the non-linearity of the 
magnetisation curve was dealt with at the beginning by taking various 
values of If and kr In the present case, a series of Im values would define 
a ~eries of corresponding X~ values. Referring to the various expressions 
developed in Example 4.12, each X~ will define s,j~, E1 (= ImX~), I~ (from 
El ,IZ~) and/1 from the parallel-circuit relationships. The maximum torque 
foltows for the various values of/1 calculated. 

The last five examples have shown, through the circuit equations, the 
special characteristics of the induction motor when under controlled 
frequency and voltage. A simple way of summarising the behaviour is 
through study of the m.m.f, diagram represented by the I1, I~ and I m 
triangle. As will be shown later in Section 5.5, which compares induction and 
synchronous machines, the torque is proportional to the product of any two 
currents and the sine of the angle between them. Now consider the two 
phasor diagrams of Figure 4.2. The first one is for the maximum-torque 
co, Mition deduced from the constant-supply-voltage equations in Examples 
4.12 and 4.13. /1 and I~ are relatively high but Im remains at the level 
corresponding to rated flux. The voltage diagram is drawn for the 
approximate-circuit calculation. If this maximum-torque is required over a 
range of frequencies down to zero speed, the m.m.f, diagram would be 
unchanged, with the constant rated-flux represented by Ira. This occurs, 
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V I = 287 

(o) 

I,-,7o~~. = , ~ -  _,jx,(~-=,.)l, 

I i -67 .1  

Jim= 14.4 Jim" 73.4-- - 

Voltoqe source (b) Comtont ( toted ) current source 
Rated voltoqes shown Voltoces for s~ortirR conditions 

Figure 4.2 Maximum torque with different supply conditions. 

from Example 4.15, at a constant slip-frequency of 5.385 Hz. I~, I] and i m 
would be constant as supply frequency varied. Refer also to Example 4.11. 

Figure 4.2b shows the condition for maximum torque deduced from 
the constant supply-current equations, for the rated current of 11 = 
103.4A. Again this condition can be sustained over a range of fre- 
quencies, by suitable adjustment of V1 and j~. It will be noticed that Im 
is very much higher, Example 4.14a, and the diagram has been 
constructed allowing for saturation as in Example 4.16. The voltage 
diagram has to be drawn this time from the exact circuit because I m is 
so large. It is shown for the starting condition. II1 was not calculated 
allowing for saturation but it was 36.4 line volts with saturation changes 
neglected in Example 4.15. The starting frequency j~ (= Ji) was there 
calculated as 0.3155 Hz but in fact, allowing for saturation, j~ should be 
0.8944 H z -  Example 4.16. Even so this value is still much less than for 
Figure 4.2a and therefore Im is much higher. So is the maximum torque 
itself, though the supply current is only 103.4A instead of 170.3A in 
Figure 4.2a. This is due to the currents being at a better displacement 
angle; I~ and I m are nearly in quadrature. Again, if it is desired to sustain 
the maximum torque of Figure 4.2b up to the speed where the voltage 
reaches its m a x i m u m -  about J'i = 10Hz, Example 4 . 1 5 -  j~, and 
therefore all the currents, must be maintained constant. Thus for either 
constant-voltage or constant-current supplies, the condition for max- 
imum torque is a particular constant flux, which is different for the two 
cases. Further discussion of this mode will be deferred till Sections 5.5 
and 7.4. 
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Example  4.17 

Using the data and the 'exact' circuit calculations for the motor of Example 4.2, investigate 
the following features of the performance when the machine is changed over from motoring 
at a slip of 3% to dynamic braking. D.C. excitation is applied to the stator, using the 2-lead 
connection; i.e. equivalent r.m.s.a.c, current/1 equal to ~/2/3 ldc. For all cases the speed may 
be assumed unchanged until the switch changeover is completed. Further, the circuit is so 
adjusted as to retain initially the same value of rotor current as when motoring at 3% slip. 

(a) Rotor-circuit resistance unchanged. Calculate the d.c. excitation voltage and current and 
find the initial braking torque on changeover and also the maximum torque produced 
during the run-down to zero speed. The d.c. excitation is maintained. 

(b) Repeat the calculation for the condition where instead, the excitation is so adjusted that 
the air-gap flux (El / f )  is maintained at the 3% slip value. Extra rotor-circuit resistance 
will now be required to keep the rotor current at the 3% value. 

(c) Compare the initial braking torques and currents if instead of (a) or (b), two stator leads 
are reversed to cause reverse-current braking (plugging). 

For (a) and (b), the magnetising resistance does not apply because the stator excitation is d.c. 
For part (c), the approximate circuit may be used. 

(a) The equivalent circuit is shown on the figure but unlike Examples 4.13 to 4.16 the 
constant current is now d.c. and the relative motion is changed from n, - n to n = Sn, 
where S = j ~ / J ~ .  The rotor frequency is now proportional to speed since the machine 
is operating as a variable-speed generator and S = n ~  n ,  = 1 - s. 

Before and immediately after changeover: 

N--  ( 1 -  s ) N ,  = ( 1 - 0 . 0 3 )  • 60 X 50/4 = 727.Srev/min 

S = 727.5/750 = 0.97 

jO .5  o.i  ~ - -  ---- n ' . . .  \ 

$ I ~ " \ 

j 20  

Dynomic broking 

R2 . = h  . . . . .  , , 

~'- - -~sbO -~ooo -.~oo 

F igure  E .4 .17  

Speed, rev/rnin 

' 

400 / ~,ofl .o 

200  ~ 

. [ , . ,...Torque= 

l I 500 I000 Nm 

- 200 
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From the parallel-circuit re lat ionships  I,~ 2 = Ii 2 
202 

(0.1/0.97) 2 + (20 + 0.5) 2 

and  since I~, from Example  4.2 - 69.4A, I I = 71.1A. 
T h e  d.c. cu r r en t  to give this equ iva l en t / !  is 71.1 x ( 3 ~  - 87.1A 
and  since two stator phases are in series, the  requi red  d.c. voltage is 2 x 0.1 x 87.1 
= 17.4V 

The  initial to rque  on changeover,  using the genera l  to rque  expression eqn (4.15) 
deve loped  in Example  4.12, is equal  to: 

3 0 . 1  
x 69.42 X 

2~r x 5 0 / 4  0.97 
= 1 9 N m  

From tile expression for max imum torque  eqn  (4.18): 

3 202 
T e = x 71.12 x = 1884Nm 

2,tr x 5 0 / 4  2(20 + 0.5) . . . .  

and  this occurs at a value of,~ = 0 . 1 / ( 2 0  + 0.5) = 0.0049, i.e. at speed 3 .g rev /min .  T h e  
to rque  values should be compa red  with that  for 3% slip motoring,  i.e. 613.6Nm. 
Calculate also that  Im is now 50.3 A -  increased from 11.7 A. 

(b) For the alternative strategy of  main ta in ing  the flux constant  instead of  II, it is more  
conven ien t  to use the alternative equa t ion  for I~ since El is now known - 234 V, f rom 
Example  4.2. 

Rotor  cu r r en t  1~ = 
s~ 

R~ + Sx~ 
= 69.4A when  S = 0.97 

hence:  69.42 = 
(0.97 X 234) 2 

(R + 0.1) 2 + (0.97 x 0.5) 2 

from which the extra resistance R = ~/10.46 - 0.1 = 3 .134f l  (ref. to stator). 
Revert ing to the parallel-circuit re la t ionship for the calculation of  the initial stator 

current :  

69.4 ~ -- I~2 • 
202 

(3.234/0.97) 2 + (20.5) 2 

giving II = 72.1 A; Idc -- 72.1 x 1.225 = 88.3 A and d.c. voltage = 88.3 x 0.2 = 17.7V. 
T h e  initial torque on  changeover  

3 3.234 
-- x 69.42 x = 613 .4Nm 

2~r x 5 0 / 4  0.97 

which is virtually the same as the motor ing  torque before  changeover.  The  flux a n d  the 
cu r ren t  are the same, but  the ro tor  power-factor, which is related to the induct ion 
machine  load angle, (l) is slightly different .  T h e  power factor is nearly unity as distinct 
from par t  (a) where  the power  factor and  torque  are very low, though flux and rotor  
cu r ren t  are nearly the same. 
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For maximum torque, since 

3 Et ~ R' 
Te--- X X - -  

2"rr • 50 /4  ( R ' / S )  ~ + X 2 S 

and El is fixed, then g occurs when R' / '~  = X. Hence S --- 3.234/0.5 = 6.47. 
This means that the speed for maximum torque is impractically high above 

synchronous speed and therefore 613.4 Nm is the highest torque encountered  in running 
down to zero speed. 

The value of the maximum torque is: 

3 2342 3.234 
• • 

2~r • 50 /4  0.5 ~ + 0.52 6.47 
-- 2091 Nm 

(c) The changeover now corresponds to a reversal of n, and slip becomes: 

n s -  n - 7 5 0 -  727.5 
s = - = 1.97 

n~ -750 

IJsing the torque equat ion for constant  voltage, since the only change from motoring is the 
phase sequence and slip: 

3 (440/,J3) ~ 0.1 
Te= X X , ,  - 

2~ • 50 /4  (0.1 + 0.1 / 1.97) 2 + 12 1.97 

1 
= ~ • 251.22 • 0.05076 = 122.3Nm 

26.18 

NcJte that although the current is nearly four times that for dynamic 
braking, the torque is very much less, because of the poor rotor-circuit 
power factor, the frequency being nearly 100Hz initially. The various 
speed/torque curves are sketched on Figure E.4.17. 

Example 4.18 

A 3-phase, double-cage-rotor, 6-pole, 50-Hz, star-connected induction motor  has the following 
equivalent-circuit parameters  per  phase: 

zl = 0.1 + j0.4 f}; z~ -" 0.3 + j0.4C}; z[ = 0.1 + j l . 2  f } -  all at standstill. 

Find, in terms of the line voltage Vt, the torque at 980rev/min:  

(a) including the outer.cage impedance;  
(b) neglecting the outer.cage impedance.  

Wl~.at is the starting torque? 

the  equivalent circuit is shown on the figure, the magnetising branch 
being neglected. The circuit assumes that both rotor windings embrace the 
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Figure E.4.18 

0.1 jO.4 .~cvm .'~ ~ . * , ,  " ' ~ ' ~ . ~  

jo.4 ~ ~,, ! l.a o.o27 v, 
! 

same flux and that they only have leakage with respect to the primary 
winding. The calculation of torque is then virtually the same as for the 
single-cage rotor except that the two cages combine to an equivalent 
impedance ~f f  + jX~ff. This impedance includes the effect of slip and is a 
function of slip. The high-resistance cage is nearer to the surface and 
therefore has the lower leakage reactance. It is responsible for most of the 
starting torque because of its lower impedance z~ at standstill, z~ 
represents the inner cage in which most of the working torque at low slip 
is produced, because of its lower resistance, reactances being very low at 
normal slip frequencies. 

For a 6-pole, 50-Hz machine,  N, = 1000rev /min  so s ffi ( 1 0 0 0 -  980) /1000 = 0.02. 

(a) Z~oto, 1 1 
+ 

0.1/0.02 + j l . 2  0.3/0.02 + j0.4 

1 

0.1891 - j 0 . 0 4 5 3 9 , 0 . 0 6 6 6 1  -j0100178 

/~fr + jX.ff = 3.78 + j0.698 

Adding zl: 0.1 +.j0.4 

gives Zi. ffi 3.88 + j l .098  = 4.03211 

S (V/,f3) ~ 
Hence:  T~ ffi • ~ x 3.78 = 0.00222 VI2 

211" X 50 /3  4.0322 

(b) Neglecting Z~ and adding zt + Z;  = 5.1 + j l . 6  ffi 5.3451 fI then: 

3 (r o.1 
x • ffi 0.00167V12 

T~ ffi 2~ x 50 /3  5.34512 0.02 

which shows that the outer  cage does contribute about  25% of the rated torque. 
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For starting torque,  s = 1 

1 
g r o t o r  ---- 

1 1 

0.1 + j l . 2  0.3 + jo.4 

P~ff + jXe~ = 0.169 + j0.324 

Adding z," 0.1 +j0..4 

gives Zi, = 0.269 + j0.724 = 0.77211 

3 (V/O)= 
x ~ x 0.169 = 0.00271V12 

Hence:  T~ = 27r x 5 0 / 3  0.772 ~ . . . .  

The starting torque is a litde higher than the full-load torque, indicating 
the desired effect of the double-cage construction in improving the 
normally low, single-cage starting torque; see figure. 

4.4 Unbalanced and slngle-phase operation 

lAhen the three phase-currents are unequal and /o r  the mutual time-phase 
displacement between them is not 120 ~ , this unbalanced system can be 
solved by the use of symmetrical components, see Secdon 2.2. Deliberate 
unbalancing of the supply voltages is sometimes used to change the speed/ 
torque curve and give another means of induction-motor speed-control. 
There is a deterioration of performance in other ways, e.g. the variation 
occurs partly due to a backwards torque component produced by negative- 
sequence currents. Positive- and negative-sequence circuits can be calcu- 
lated independently, the former producing the forward torque with an 
apparent rotor resistance R~/s. The negative sequence gives a reverse 
rc,tating field for which the impedance is different, since the apparent 
rc.tor resistance is P ~ / ( 2 -  s). 

Example 4.19 
TILe moto r  for which the equivalent  circuit  was given in Example E.4.1, is supplied with full 
line voltage across terminals  AB, but  terminal  C is r educed  in potential  so that both  Vac and  
VcA are 330 V in accordance  with the phasor  diagram. Calculate the e lect romagnet ic  torque  
deve loped  at a slip of  3% and compare  with Example E.4.2 (b), neglect ing the magnet is ing 

impedance .  

3302 + 4402- 3302 440 
Displacement  0c = 180 ~ - cos -1 = 180~ - c~ 660 

2 • 330 x 440 

= 180 ~ - 4 1 ~  - 138o.81 

0B -- 360 ~ 1 7 6  = 221~ 
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o.I 
0.1 

io.s io.~ ;~ 

Figure E.4.19 

xvcA 

/S / /  440 ~S 

/ 

/ 

Hence,  Vsc = 330/221~ !9, Vc_~ = 330/138".81, VAs = 440/_.~ and eqn (2.3) is used for the 
transformation to symmetrical components .  The zero sequence is of  no practical interest 
because such currents  cannot  flow in a star-connected circuit without neutral  wire and even 
in a closed delta, where they could circulate, they could only produce  a pulsating torque. 

~ VA(+) 

v^,_, = 

/120" /240 ~ 

/~40" 1120 ~ 

44o/0" 

330/221".!9 

330/138".81 

110 

- - - 7 -  

4 + 3/341".19 + 3 ~  
. . . . .  

4 + 3/461".19 + 3/258~ 
_ 

110 

3 

4 + 3(0 .947- j0 .322)  + 3(0.947 + j0.322) 

4 + 3(-0.194 +j0.981) + 3 ( - 0 . 1 9 4 - j 0 . 9 8 1 )  

355 V 

104 V 

These are line vol.tages so the positive- and  negative-sequence phase-voltages are 3 5 5 / ~  = 
205 V and 104/~ '3  ffi 60 V respectively. 

The positive-sequence torque at full voltage has already been calculated in Example E.4.2 
as 641.8 Nm at full voltage. At 355 line volts, it will be reduced  to: 

355 ~ 
641.8 • - - - - -  = 417.8 Nm 

For the negative sequence, the slip is 2 - 0.03 = 1.97 and Re / (2  - s) = 0.0508. The negative- 
sequence torque is calculated in the same way as the positive sequence with the appropriate  
change to apparent  rotor resistance and  the applied voltage. Its value is thus, using eqn 
(4.5): 

3 60 ~ 
~ .  �9 0.0508 = 6 .8Nm 

50 0.15082 + 12 
2~ x - -  

4 

This is a torque in the reverse sense so the total machine torque is reduced from 641.8 to: 

417.8 - 6.8 = 411Nm 
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A reduction in torque would occur over the whole slip range and the effect 
is similar to normal voltage reduction - Examples 4.9 and 4.10. The 
contribution of the negative sequence is small but there are simple 
circuits, (a) which vary the unbalance over such a range that positive and 
negative speeds are both covered. As for balanced-voltage control, high- 
resistance rotors improve the characteristic though the torque capability is 
still reduced due to the lowered sequence voltages and the two sequence 
components opposing one another. The method of calculation used above 
is of general application, e.g. to determine the effect of unbalance as a 
possible operational hazard, see Tutorial Example T4.19. 

Single-phase operation 
The most common form of unbalanced operation occurs with motors 
energised from single-phase supplies, representing in fact the majority of 
motor types and almost entirely in the small-power (< 1 kW) range. Many 
special designs of very small machines have been developed for which the 
theory and calculating methods will not be discussed here. Single-phase 
co,aamutator and permanent-magnet machines have been reviewed briefly 
in Sections 3.4 and 3.6, the latter being sometimes energised from rectified 
single-phase supplies. For an induction motor, single-phase excitation 
produces only a pulsating field and zero starting torque since positive- and 
negative-sequence components are equal. Using phase-splitting or static- 
phase-converter circuits will give an approximation to a 2-phase supply, 
which together with a machine having two windings in space quadrature 
can be analysed using 2-phase symmetrical components. One of the 
windings may just be used t0r starting and then cut out, or, by adjustment 
of its. external-circuit components, approximate to balanced 2-phase 
operation. However, even a single winding will produce a net forward 
torque once motion is initiated. 

.~, 3-phase induction motor can be started and run up from a single- 
phase supply with a suitable capacitor connected. Reference 5 suggests 
ex1:ernal-circuit connections for both star and delta arrangements, for each 
of which, two machine line terminals are connected to the single-phase 
supply and the remaining machine terminal is taken through a static 
phase-converter to one supply terminal. The analysis shows that for 
m~cximum starting torque, the admittance of the capacitor required for a 
star-connected machine is: 

2 10 6 
2 ~ f C  = - -  x t~F 

3 Z 
where Z --~ ~/(R1 + R~) 2 + (x I + x~) 2 

Applying this formula to the machine of Example 4.2 gives the capacitor 
value as: 
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. . . . .  , , , , , , ,  , ,  

1 2 106 
C = •  • . . . . . . . . . .  2081/~F 

21r • 50 3 ~/0.22 + 12 

This is a very high value but the machine is large, about 50 kW and 
therefore has a low per-unit impedance. For a more typical power rating 
where such starting methods might be used, viz. 3~ about 1-2kW, the 
impedance might be 10-50 times higher, depending on the rating, with 
corresponding reduction in capacitor size. 

Example 4.20 
To gain some idea of the change of capacitance required between starting and running, 
assume that the same machine has two phase-windings in space quadrature, each with the 
same equivalent circuit as for Example 4.2. Neglect the magnetising impedance and 
determine the external components in series with one phase so that (a) at starting and (b) 
when operating at 3% slip, the currents in the two phases are in time quadrature and of equal 
magnitude when the supply available is single phase. The torque can also be calculated from 
the rotor copper loss as for the 3-phase machine. 

(a) For the phase connected directly to the supply, Z = 0.2 + j l  fl = 1.02/78~ 

For the other phase, the impedance presented to the supply to give 90 ~ s h ~  and same 
magnitude: = 1 - j0.2 fl ffi 1.02/-110.31 

Hence required external impedance must be: 0 . 8 - j l . 2  lI 

106 
The capacitative component of this would be = 

2 ~ r x 5 0 x  1.2 

which is of similar order to the" previous value obtained. 

The starting torque would be 2/3  of the value obtained from part (b) of Example 4.2, since 
the impedance per phase is the same but there are only two phases. This applies to the 
running condition also, so the torques are 158 Nm and 428 Nm respectively. 

(b) For a slip of 3%, Z = 0.1 + 0.1/0.03 + j l  = 3.433 + j l  fl 

For the second phase to give 90" shift, impedance = 1 - j3.433 fl 

Hence required external impedance must b e : - 2 . 4 3 3 -  j4.433 II 

The capacitative component of this would be: 
10 e 

2~r X 50 X 4.433 
= 718~uF 

This last answer indicates the big difference between starting and running 
requirements. It also indicates that perfect balance would require a 
negative resistance of 2.4331"~I so some unbalance has to be tolerated with 
such simple phase-conversion arrangements. As for the previous illustra- 
tion, the capacitor values are very high because the machine in the 
example is untypically large. 

https://engineersreferencebookspdf.com



[4.4] Induction machines 121 

An understanding of single-phase operation with one winding alone can 
be approached through consideration of the 3-phase motor having one 
sup.ply lead opened. The motor would then be subjected to single-phase 
excitation and with star connection say, IA = 0 and IB = -Ic.  The 1-phase 
pulsating m.m.f. F can be resolved into equal synchronously rotating 
forward and reverse m.m.f.s of half magnitude 1;'/2, as will be understood 
if two oppositely rotating space-phasors are combined. (1) Each compo- 
nentm.m.f, is considered to act separately on the rotor with the 
appropriate slip. At standstill, positive- and negative-sequence impedances, 
cortnected in series, are each equal to half of the short-circuit impedance 
between two terminals, i.e. approximately the same as the per-phase 
equivalent circuit in the 3-phase mode, for each sequence, Figure 4.3. The 

I/0 

Figure 4.3 

R,/z ,,/z /, 

R,/z , , / z  

ix./z 

J'b 

0.2 j l  

Ri/z { il 

z-, ~'!, 
�9 ~/z - -  

(o) Exact equivalent circuit [ b) Apcwoximotion, Exomple 4.21 

Single-phase induction motor. 

magnetising reactance will be much smaller however due to interference 
with the flux by the backwards rotating field component. When the 
machine is stationary, the two equal and opposite torque components 
cancel so there is no starting torque. But with rotation, the impedances 
change due to the different slip values and though If, the forward- 
seq aence current is only a little greater than I b, the voltages across the two 
sections are very different. The positive-sequence torque If2P,2'/2~s, is 
mu.=h larger than the negative-sequence torque, I t ,2B2'/2(2- s)t0,. 

The next example uses the approximate circuit for simplicity. Neglecting 
the magnetising impedance is a more drastic step than for the balanced 
pol'cphase machine but a comparison will be made through Tutorial 
Example T4.20 which calls for an exact solution and shows all the various 
components and their interactions. On Figure 4.3, the magnetising 
resistance is omitted, the iron loss being treated separately since 
superposition is not a satisfactory method of allowing for this. 
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Example 4.21 
The 3-phase machine having the equivalent circuit used in Examples 4.1 and 4.2 is operating 
on no load when a fuse in one line blows to give a single-phasing condition. Determine the 
torque when the machine is now loaded and the speed falls to give the rated slip of 3%. The 
approximate equivalent circuit can be used. In order to make a general comparison of single- 
phase and 3-phase performance, even though this machine is of much higher rating than the 
maximum for single phase, not usually greater than 1 kW, calculate also the maximum torque 
as a 3-phase machine and for single-phase operation calculate the torque at slips of 7% and 
10% which will cover the maximum torque in this mode. 

If the approximate circuit is used, Zm need not be included in calculations of torque. For 
the 3-phase machine, the impedance required to calculate performance is: 

0.1 + j0.5 + j0.5 + O.l / s  ffi (0.1 + 0 . l / s )  + j l  fl per phase. 

For the single-phase machine the impedance required is: 

0.1 0.1 ( 0.1 0.1 ) 
0 . 2 + j l + j l + ~ +  = 0 . 2 + - - - +  + j 2 f l  

s 2 - s  s 2 - s  

For the 3.phase machine 

4~/ ,~  r] 

x/(o.1 + 0.1/~)2 + 1 

For the l-phase machine 

440 
I f = I b  = 

~[0.2 4- O.I/s + 0 . 1 / ( 2  s)] 2 + 2 2 

For the maximum torque on the 3-phase machine, 

,, n~ o.2 
s = = = 0.0995 

Hence 

3 (44Olx/3)~ 
Tmax - • 

78.54 (0.I + 0.1,/0.0995)2+ 12 

0.1 

0.0995 
- l l l S N m  

T~ at s = 0.03 from Example 4.2 

For the single-phase machine: 

Slip 
O.1/s = 

0 . 1 / ( 2 -  s) 
R = 0.2 + rotor resis. = 

/ f  --- lb 

T e - divide by co, = 

0.03 
3.3333 
0.0508 
3.584 
4.104 
107.2 

37 722 

480 

0.07 
1.4285 
0.0518 
1 . 6 8  

2.612 
168.5 

39088 

498 

- 642 Nm 

0.1 
1 
0.0526 
1.253 
2.36 
186.4 

32 883 

419 
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The maximum torque will be just over 500Nm which is less than rated 
torque as a 3-phase machine for which the full-load current  is less than 
80~,  from Example 4.2. The deterioration for 1-phase operation is thus 
col~siderable, the maximum torque being rather less than 50% and the 
currents being much higher, when compared with the 3-phase motor. 
There is also a double-frequency torque pulsation with consequent 
vibration and noise. 'Exact'-circuit calculations required in Tutorial 
Examples T4.20 and T7.7 will further illustrate the above points. 

"s equivalent-circuit parameters can be obtained from o.c. (no-load), 
and s.c. tests, though approximations are usually necessary, e.g. the 
transfer of the magnetising reactance to the terminals and noting that at 
low slips, the lower Xm/2 branch is almost short circuited by the R ~ / 2 ( 2 -  
s) ,:erm in series with JR1 + j(xx + x~)] /2  so that Z,.I ~ X~/2.  

4.5 Speed control by slip-power recovery 

This method of speed control involves the application to the secondary 
terminals, of a voltage 113 from an active source, which may provide (or 
accept) power, increasing (or decreasing) the speed. It must automatically 
adjust itself to slip frequency and this can be done with commutator  
machines or by power-electronic switching circuits. An external resistor, 
carrying the slip-frequency current, though only a passive load, does give 
slil:, frequency automatically since V3 = R312. For an active source, the slip 
power, P3 = V~I2, cos 93, can be fed back to the supply so that power 
changes with speed giving approximate constant-torque characteristics. If 
the slip-power is fed to a suitable machine on the main shaft, a 'constant'- 
power drive is formed. Independently of the method,  the speed variation 
cart be calculated by applying V~/s  to the rotor terminals on the equivalent 
circuit, Vs having been transformed for turns ratio and for frequency, as 
for all the other  rotor-circuit parameters. 

The rotor current  becomes: 

[V1 - V~/s[ (4.19) 

I~ = ~/(R1 + R~/s)  2 + ( ~  + ~) 

and the rotor-circuit power per phase: 

sPg = sElI~ cos P2 = I22p~ + P3" 

The torque 

l i p  2 D t  t 3Pg 3 ~'2 "'z + 1#3 I~ cos ~03 ) 
T~ - - • (4.20) 

03 s O) s �9 $ 

V3 can be used to change the slip a n d / o r  the power factor. 
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Example 4.22 
A 3-phase, 440-V, star-connected (stator and rotor), wound-rotor induction motor has the 
following equivalent-circuit parameters per phase: 

R~ = 0.2 I t ;  x ]  = 0.81'1;  R,z = O . 0 6 f I ;  x2 = 0.2511. 

The magnetising branch may be neglected and the stator/rotor turns ratio is 2:1. With the 
slip rings short circuited, the motor develops full load torque at 3% slip. 

(a) Determine the voltage, in phase with supply, which applied to the slip rings will cause the 
motor to develop full-load torque at 25% slip. 

(b) What voltage in lagging quadrature with the supply is required to give unity power-factor 
at the full-load slip? What effect will this have on the torque? 

The approximate equivalent circuit is shown on the figure. The rotor impedance has been 
referred to the stator winding; i.e. R~ = 2 ~ • 0.06 = 0.24 fl; x~ = 4 X 0.25 = 1 fl. 

o 0_2 j,o o.z4/ _o, 

V I = 4 4 0 / , ~ "  

0- "  . . . . . . . .  0 

Figure E.4.22 

v' " 

Part (a) 

(a) With slip-ring brushes short circuited: 

(440/~13) ~ 
I~ ~ = ffi 915.6A 2 

(0.2 + 0.24/0.03) 2 + (0.8 + 1) 2 

With applied voltage Vs at 25% slip: 

(440/~/3- ]fs/0.25) 2 
I~ ~ = = ( 1 1 8 . 6 3 -  1 . 8 6 8 ~ )  ~ 

(0.2 + 0.24/0.25) 2 + 1.82 

The equivalent-circuit impedance is X/1.162 + 1.82 - 2.1414 fl  

and since Vs is in phase with Vl, power factor cos ~02 = 
1.16 

2.414 
-- cos ~0s. 

These last expressions for I,~ 2 and for cos ~Ps are now substituted in the torque equation 
(4.20) and equated to the full-load torque for short-circuited brushes. 

With V3 applied: l~2/h = (14073-  443 .2~  + 3 .489~  2) • 0.24 

and ~I~  cos,ps = ~(1!8 .63  - 1.868 ~ )  x 1.16/2.1414 
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Total rotor-circuit power 

0.25 
= -0.698 V~ 2 - 168.5 ~ + 13 510 after some simplification. 

This is equated  to: 

Normal  rotor-circuit power 915.6 • 0.24 

s 0.03 
= 7324.8 watts /phase 

Again, after some simplification, this yields the expression V[ 2 + 241.4 ~ - 8861.3 = 0 and 
the quadratic solution gives, as the only positive value, ~ = 32.4V. 

Allowing for the 2/1 turns ratio: Vs. = 16.2 V, in phase with Vl, will reduce speed to 0.75 
Ns while delivering full-load torque. 

(b) With V[ lagging Vl by 90 ~ and at full-load slip of  3%: 

4 4 0 / ~  - (-j V~/O.03) 254 + j33.3 

(0.2 + 0.24/0.03) + j l . 8  8.2 +jl.8 

For unity power factor, this expression must be ' real ' .  This in turn means that the ' real '  
and ' imaginary '  parts of numera tor  and denomina to r  must be in the same ratio. 

Hence: 

254 8.2 
- - - - f rom which V~ = 1.673V and Vs = 0.836V 

33.3 v; 1.8 

Although this voltage is very low, it must be r e m e m b e r e d  that the rotor e.m.f, at this small 
slip is also low. 

Substituting the value of V~: 

254 +j33.3 x 1.673 

8.2 + jl .8 

and since V~ is lagging Vl, the total angle of  lead ~os = 11 ~ + 90 ~ = 101 ~ 

The power Ps is therefore ~ I ~  cos ~os = 1.673 x 33.1 x cos 101~ - -21.8 watts/ 
phase 

3Ps 3 (33.12 x 0 . 2 4 -  21.8) 3 
Hence: Te = - _._ m x = - -  x 8038 Nm 

w, ~0 s 0.03 ~0s 

This compares  with the full-load torque of ( 3 / % )  X 7324.8 Nm so there would be a 
tendency for speed to rise with the additional torque and Vs would have to be modified 
slightly to give a speed-reducing component .  This tendency can also be understood from 
the sign of Ps which is negative, indicating a power input  to the rotor, increasing the 
speed. The phase angle of I [ with respect to Vs is greater  than 90 ~ The  exact calculations 
of V3 for a given speed and power factor are more complex than the above. (1) 

Example 4.23 

A 6-pole, 50-Hz, wound-rotor  induction motor  drives a load requir ing a torque of 2000 Nm at 
syn =hronous speed, h is required to have speed variation down to 50% of  synchronous speed 
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by slip-power control. Determine the maximum kW rating of  the injected power source, (a) 
assuming Tm= (am ~, and (b) assuming Tm = (am. Neglect all the machine losses. 

In this case, a standard induction motor is provided with an external slip-power source, 
which could be a commutator machine, or  more usually nowadays, a power-electronic circuit 
to give frequency conversion from supply frequency to slip frequency.r 

Since rotor copper loss is being neglected, the question is asking for the maximum rotor- 
circuit power 3sP 8 = 3Ps, as speed is reduced by slip-power control down to half synchronous- 
speed. The mechanical output 3(1 - s)Pg, see Figure 4.1b, also varies with speed and the 
nature of  this variation governs the magnitude of/)s- 

At synchronous speed, the mechanical power 3Pm = 2000 X 2"rr x 50/3  = 209.4 kW 

At any other  speed O) m = O ) s (  1 - s)" i.e. the per-unit speed is (1 - s) so: 

A Pm/Pm = ( l - s )  x 

Since mechanical power is Cam Tm, the index 'x'  is either 3 for (a) or 2 for (b). 

A 
Equating expressions for power 3(1 - s) Ps = 3Pm(l - s)x 

from which: Pg = ~0m(1 - s) ( ' - l )  

and Ps = sPg = aO, . ( l -  s) ( ' - l )  

dP3 
differentiating: - d T  = Pm[(1 - s) (x-l) + (-1) • s X ( x -  1)(1 - s) ( ' -2)]  

This is zero when: (1 - s) (x-l) = s(x - 1)(1 - s) (x-2) 

i.e. when s = 1/x 

Substituting this value of  s gives Ps = --  x Pm X = Pm 
X X 

2 2 
Hence for Tm 0c (.Om 2, X ---- 3 and 3Ps = 209.4 X ~ = 31 kW 

(x  - l )  ~  ~) 

X x 

s.O 

I 
s=~-- 

X = ~ "  

F i g u r e  E .4 .23  

~ m  

- -  :"~" kW 

Roting of s l i p - p o w e r  source 

3p~.3 ,~ , ,  s ( I - s  1('-') 

X ' 2  x : l  

_V,. 5 
& Pm -" 209.4 

- g -  kW 
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1 1  

and for Tm 0: win, x = 2 and 3Ps = 209.4 X -~ = 52.4 kW 

Tile variations of P3 with speed, for different values of x, see Figure E.4.24, 
show that the above figures are maximum values occurring over the speed 
range. It can be seen too, that the higher the value of x, the more attractive 
is this method of speed control because the P3 rating is reduced. Hence 
this slip-power, (Scherbius or Kramer) system (see Reference 1 and p. 285), 
finds use in fan and pump drives, where Tm falls considerably as speed 
reduces. 

This chapter has surveyed the more usual methods of controlling 
induction motors. But there are other ways of doing this for which 
Reference 3 could be consulted. Discussion of power-electronic control will 
be deferred till Chapter 7. 
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5 Synchronous machines 

Electrical power is generated almost entirely by synchronous machines, of 
individual ratings up to and beyond a million kW (1 GW). Consequently, 
problems of power-system generation, transmission, distribution, fault 
calculations and protection figure very largely in synchronous-machine 
studies and these receive more attention for example in Reference 6. The 
purpose of this present text is to place more emphasis on electrical drives, 
though some generator problems are given, e.g. determination of 
equivalent circuit from generating tests, calculation of excitation, simple 
multi-machine circuits and operating charts. Synchronous-motor drives are 
the fewest in actual numbers but they are used up to the highest ratings. 
The facility for power-factor control is an important decisive element if 
constant speed is suitable and, in addition, synchronous machines have the 
highest efficiencies. With the advent of static variable-frequency supplies, 
variable-speed synchronous motors are gaining wider application, having a 
set speed as accurate as the frequency control. For steady-state operation, 
the equivalent circuit is simpler than for the induction machine and there 
is the additional, straightforward control facility- the excitation. Since the 
dominating magnetising reactance carries the total armature current, its 
variation with different air-gap flux and saturation levels should be allowed 
for. Although most synchronous motors are of salient-pole construction for 
which the equations are less simple than for the round-rotor equivalent 
circuit of Figure 1.9c, this latter circuit still gives a fairly accurate answer to 
the general operating principles for steady state. A few examples with 
salient-pole equations are worked out at the end of this chapter. 

5.1 Summary of equations 

Figure 1.9c shows all the parameters on the equivalent circuit./~ is usually 
much less than the synchronous reactance X~ = x~l + Xm and is often 
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neglected in circuit calculations. It becomes important in efficiency 
calculations of course and also when operating at fairly low frequencies 
when reactances have fallen appreciably. The earlier problems in this 
chapter will include the resistance, the equations being quoted directly 
from Reference 1 when they are not developed in the text. The equivalent 
circuit is normally derived from tests at very low power-factor and this is not 
difficult to achieve, except for very small machines where Ra becomes 
relatively high. t4) For such tests, the reactance voltage drops are virtually in 
phase with all the other voltages and can be combined therewith 
algebraically, to derive and separate the leakage and magnetising compo- 
nents of the synchronous reactance. Examples 5.1-5.3 will help in 
understanding the following terms and equations which relate to both the 
time-phasors for voltages and the interconnection with the space-phasors 
ofm.m.f. The conversion is made through the magnetising-curve sensitivity 
in volts, per unit ofm.m.f. Note that the m.m.f.s are all expressed in terms 
ot" field turns through which they are measured. The average sensitivity 
varies from the unsaturated value on the air-gap line (kf volts/At) to kfs, 
that of the mean slope through the operating point determined by the air- 
gap e.m.f.E. The equations use motor conventions but can be used as they 
s tmd for a generator if this is considered as a 'negative' motor, the I~ 
phasor being at an angle greater than 90 ~ from the reference terminal 
voltage V (Figure 5.1). 

Ctrcuit equations: E = V - R.~la - jxall~ (5.1) 

E f -  E- jXmI  a (5.2) 

M.M.E equation: Fr = Ff + Fa (5.3) 

multiplied by kfs volts/At: 

gives voltage components: 

kf~F,. = kf, Ff + kf, Fa (5.4) 

E = Ef + jXmsI a (5.5) 

corresponding to flux component equation: 

~m = ~l'f + ~ (5.6) 

Mag. curve gives general relationship: 

E = f(F r) (5.7) 

At zero power factor, eqns (5.1)-(5.6) become algebraic. For zero 
leading as a motor, or zero lagging as a generator; V, I~, Fn, Fm and kf 
having been measured and noting that Fa is then completely 
demagnetising: 
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Circuit equations are: 
M.M.E equations are: 
Magnetisation curve gives: 

Short-circuit test 
(v=o) 

E1 = xatla,c (5.1a) 
Vn = Fa + Fd (5.3a) 
E1 = kfFrl (5.7a) 

Zero p.f. test 
i v ,  0 ; / a  = I~,~) 

Fa = V+ xa~Ia (5.1b) 
Ff2 = Fa + Fr~ (5.3b) 
F_~ = f(Fr2) (5.7b) 

From these two tests and the six equations, a solution for one unknown 
will yield all the other five. It is only really necessary to solve for ~i though 
sometimes the armature m.m.f. F~ is required if the complete phasor 
diagram is to be drawn. Eliminating all unknowns apart from F~ and F~ 
leaves eqn (5.7b) and: 

= v -  kf(Fr~ - Fn)  + kfFr2 (5.8) 

The intersection of the straight line (5.8) with the curve (5.7b) yields F~ 
and F~2; hence xal from (5.1b) and Fa from (5.3b); see Example 5.1. 

The short-circuit test and the o.c. curve (5.7) also yield the unsaturated 
synchronous reactance; 

s i n c e  o n o . c . ;  I~ = 0 �9 V =  E =  El; 

and on s.c.; V= 0 " E  = x~lI, and Ef = (xai + Xmu)Ia = X,/.,. 

The unsaturated value of the synchronous reactance X~u and of magnetis- 
ing reactance Xmu are thus derived from the air-gap line, x~l having been 
found previously. 

In using this equivalent-circuit information to determine the excitation 
for any specified terminal voltage, current and power factor, the air-gap 
e.m.f. Eis first found from eqn (5.1). This gives the operating point and the 
appropriate value of kf,. Hence the correct saturated value of magnetising 
reactance is Xm~kf,/kf and completing the eqn (5.2) gives the value of Ef, 
the e.m.f, behind synchronous reactance. The required excitation is Ef/kf~: 
see Examples 5.1-5.3 and Reference 4. 

Elechomechanlcal oquaffon$ 
Considerable insight is gained into the essential aspects of synchronous- 
machine control and behaviour if the machine losses are neglected. The 
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I ,  
o- 

V 

Ef 

Constant power (Io cos Lp) 

;F-f/iX= 

V/jX= 

exci totion (E'!) 

Figure 5.1 Approximate equivalent circuit per phase and phasor 
diagram (motor conventions). 

approximate circuit and the phasor diagram for this condition are shown 
on Figure 5.1. We have the equation: 

V / O = Er /.6 + j X~ Ia ,/~ (5.9) 

v/o 
and Ia AO . . . .  

jX~ jX~ 
(5.9a) 

Equation (5.9) shows the terminal voltage with its two components. 
Equation (5.9a) which is a rearrangement of eqn (5.9) shows the terminal 
current as the sum of two components, each lagging 90 ~ behind its 
corresponding voltage. Both equations are shown on the phasor diagram 
and power (which is the same for input and output  since losses are being 
neglected) can be obtained from either equation, la being resolved along 
V directly, or in its two components. Note that V/jX~ resolves to zero. 

Hence, for a 3-phase machine: 

Power = 3 Via cos ~0 (5.10) 

E ,  
or = -3V --2-" sin 6 (5.10a) 

The negative sign is explained by the choice of motor conventions. The 
load angle 6 is negative (rotor falling back) when motoring, and power will 

https://engineersreferencebookspdf.com



132 Electrical Machines and Drive Systems [,5.1] 
. . . . .  = . . . . . . .  

then be positive. For a generator, as indicated, the sign of 6 reverses and 
the I~ phasor falls in the lower part of the diagram, the real part of I~ being 
negative. Should generator conventions be desired, then it is only 
necessary to reverse the I~ phasor which will then clearly indicate whether 
the power-factor angle is leading or lagging on V. Note that at constant 
frequency, synchronous speed is constant, and torque is obtained on 
dividing either power expression by ~o, = 2~f/p; 

T~ = Power/co, (5.10b) 

The phasor diagram shows two particular conditions of interest. If power 
is maintained constant, then Ia cos ~p is constant and the Ia phasor must 
follow a horizontal locus. This shows the variation of power factor and load 
angle as excitation is varied. A high value of Ef means that a motor receives 
power with current at a leading power-factor and a generator delivers power 
with current at a lagging power-factor; 6 is small and there is a large 
overload capacity before sin" 6 reaches unity. A low excitation leads to the 
opposite behaviour. If instead the power is allowed to vary but the 
excitation is constant; then Ia must follow a circular locus determined by 
the end of the Ef/jX~ phasor. Now, power, power-factor, load angle and 
function can change. There is another important condition where the 
current phasor follows a horizontal locus along the zero power axis; i.e. on 
no load as a 'motor' ,  Ia is completely leading V (at high values of El) or 
completely lagging V (at low values of excitation). This is operation as a 
synchronous compensator: similar to a capacitor when overexcited and to 
a lagging reactor when underexcited. Example 5.4 illustrates all these 
modes. 

Generated-e.m.f. equation 

This is little different from the average voltage for the d.c. machine eqn 
(3.1), except that it is the r.m.s, value which is required so must be 
multiplied by 1.11. Further, the number  of conductors in series z, must 
refer to one phase of the winding. The distribution of the coils round 
the machine periphery is carried out in many different ways and there 
is inevitably a loss of total phase e.m.f, because the individual conductor 
voltages are slightly out of phase with one another. So the whole 
equation must be multiplied by a winding factor, typically about 0.9 for 
the fundamental voltage. It is different for the harmonic voltages and the 
winding is deliberately designed to suppress these. The overall effect is 
that the expression for the fundamental r.m.s, voltage per phase is almost 
the same as for the average voltage given by eqn (3.1). Alternatively, the 
transformer e.m.f, equation can be used for a.c. machines; i.e. induced 
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�9 . = = . .  . . . . . . . . .  

r.m.s.e.m.f. = 4.44 x ~ X f x  ~ x k~, where ~ is the maximum 
fundamental flux per pole, Ns the turns in series per phase and kw the 
winding factor. No worked examples will be provided to illustra.te this 
since a more detailed study of windings is really required, see Reference 
1. It is sufficient to note that in the machine equations, the e.m.f, is 
proportional to the speed (or the frequency), and the flux component 
betng considered. 

5.2 Solution of equations 

A general plan for guidance on synchronous-machine problems is given on 
p. 134. 

Example 5. I 
The test results on a 5-MVA, 6.6-kV, 3-phase, star-connected synchronous generator are as 
follows: 

Open-circuit test 
Generated (line) e.m.f. 3 5 6 7 7.5 7.9 8.4 8.6 8.8kV 
Field current 25 42 57 78 94 117 145 162 181 A 

Shb,t-circuit test, at rated armature current, required 62 field amperes. 
Zero power-factor lagging test, at 6.6 kV and rated current, required 210 field amperes. 

It" the field resistance is 1.2 11 cold, 1.47 11 hot, calculate for normal machine voltage the 
range of  exciter voltage and current  required to provide the excitation from no load up to full 
load at 0.8 p.f. lagging. The armature resistance is 0.25 11 per phase. 

Rated armature current laR = 
5000 

~i3 x 6.6 
-- 437.4 A 

The o.c. magnetisation curve is plotted on Figure E.5.1 and the z.p.f, data (Fn = 62 A and Frz 
= 2 1 0 A )  permit the line F a = V -  kf(Ff2 - Fn) + kf k~,  eqn (5.8) to be plotted. !% the 
unstturated slope of the magnetisation curve, is 6000/50 = 120 line V/A. Hence: 

Fa = 6 . 6 -  0 .12(210-  62) + 0.12Fr2 = -11.16 + 0.12Fr,~kV (line) 

Note, although the equivalent circuit parameters are per-phase values, it is merely a matter 
of (onvenience to use the given kV line voltages, but the scaling factor involved must be 
allowed for as below. Phase volts could of  course be used to avoid the faintest possibility of 
err(,r. 

The intersection of  the above line with the E = f(F) curve gives simultaneous solution of the 
two equations at E,z = 8.6 kV. Fr2 is not usually required. Hence 

2OO0 
~3xatI~ = F ~ - V ( l i n e )  - 8 . 6 - 6 . 6  = 2kV �9 x ~ -  ~,I'3 

• 437.4 
= 2.6411. 
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Synchronous-Machine Solution Programme 

Input data from: 

K Z,, 9, ft p, E,, 6, Power (or Torque), q, Mech. losses, R, , xaI, X, , X, , X,I Xq 

I I I 

Determination of equh. 
circuit parameters from: 
O.C. test: E,  = f(Zf); 
S.C. test: I ,  = f(Z,); 
zero p.f.: V = f(Zf); 
at same Z, point. 
(I.,  = Z,) on S.C. 

1 

Solution of: 
E, = f(&) and 

(formalisation of Potier 
construction) and: 
from air-gap line: 
Em= bal + XmJZaSc 

E, = Y- k, (Ffi - Ff, - Fr,) 

. 
Electromechanical 
problems. 
Solve for any three of: 
K I,, 9, Ef, 6, P (or T, 1 . 
Also deduce: 
overload capacity; 
efficiency if losses given; 
effect of variable 
frequency; 
effect of different 
excitation and current- 
control strategies. 

Parallel 
operation 

'I 
Power-factor 
correction 

I 
I I ,  

Operating 1 11 ch? 1 
Machine ratings 

and loading 

Salient-pole and 
Reluctance 
Machines 

J. 

Comparison of 
behaviour. 
Maximum 
toque. 
Synchronising 
power. 
Oscillating 
frequency. 

Determination of excitation for c! I,, 9, 
eqn (5.1) gives E, hence k, , X, and E,. 
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6600 
_.--...---- 

Line kV ,., ..... ~ / / _ _ ~  Ez=8"GkV f - / ~ !-- /b.-- 'gg', ,x, 
o / ' ,  

/ , , , :  
( ~  ' 2,tin r2 

4 A t- 400 

r A 
0 /to0 200 - 

~----E2=-I 1.16 § 0,12 Ff 2 

Figure E.5.1 

For total (unsaturated)  synchronous  reactance consider  point  on  o.c. and  s.c. at F = 62A 

7400 /  
X~. = = 9.78f~ giving 

437.4 

X~u = 9 . 7 8 -  2.64 = 7.14 f l  = unsa tura ted  magnet is ing reactance 

The  equivalent  circuit per  phase is also shown on the figure. 
t h e  cons t ruc t ion  carr ied out  is virtually the same as the Potier  construct ion also described 

in Reference 1, but  pu t  into a more direct  mathematical  form. The  a rmature  m.m.f. Fa at 

ra :ed cur ren t  from the Potier triangle is equivalent  to 2 1 0 -  164 = 46A dmes  field turns. 

Excitation calculations 
O n  no load, when the machine  is cold, and  the terminal  voltage is the same as the air-gap 
e.m.f., the requi red  field cu r ren t  from the o.c. curve is 69 A, requir ing 69 • 1.2 = 83V from 
th,e exciter. 

On  load, with la - 4 3 7 . 4 ( 0 . 8 - j 0 . 6 )  -- 3 5 0 - j 2 6 2 A  

th,~ air-gap e.m.f, from the genera to r  equat ion  E = V + zl is: 

6600 
E (phase) = ~ + (0.25 + j2.64.) (350 - j262) 

= 3810.5 + 779 + j858.5 

= 4589.5 +j858.5 = 8.087kV (line) 

F r ) m  the o.c. curve this gives a saturated volts/field A of: 

8087 
kf,- 

124 
- 65.2 compared  ~4th kf = 120 line V/f ie ld  A 
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Hence saturated magnetising reactance = 7.14 x 65.2/120 = 3.88fl and 

Ef = ~'. + jXm,l, = 4589.5 + j858.5 + j3.88(350 - j262)  

= 5606 +j2217 = lO.44kV (line) 

Er 1044O 
" F f  ~--" - ' = -  - -  ~, 65.2 

= 160A 

This will be for the 'hot '  condition so required exciter voltage is: 

160 x 1.47 = 235V 

Example 5.2 
A 5-phase, 500-kVA, 3.5-kV, star-connected synchronous generator has a resistance per phase 
of 03  fl and a leakage reactance per phase of 2.5 fl. When running at full load, 0.8 p.f. 
lagging, the field excitation is 72 A. The o.c. curve at normal speed is: 

Line voltage 2080 3100 3730 4090 4310V 
Field current 25 40 55 70 90A 

Estimate the value of the full-load armature ampere-turns per pole in terms of the field turns 
and hence calculate the range of field current required if the machine has to operate as a 
synchronous motor at full kVA from 0.2 leading to 0.8 lagging p.f. 

In this example, as an alternative to the previous circuit approach, the phasor diagrams will 
be drawn for both time-phasors and m.m.f, space-phasors. On full load, Ff is given and by 
constructing V + R.,I, + jx.,ll, to get the gap e.m.f. E, the value of F~ can be read from the o.c. 
curve. It is shown as a space-phasor lagging E by 90 ~ The phasor Fa is known in direction, 
being in antiphase with Ia for a generator, (]) and must intersect with an arc drawn for 
Ff = 72 A as shown. Hence its length is determined and the angle between Ff and FT, which 
is also the angle between E and El, is available if it is desired to draw in the Er phasor and the 
closing jXm,I, phasor. An analytical solution based on the voltage equations is left as an 

[~'~\ix,,,, X, 
\ t \ P'~--~, ~, .ze 

I.:. 

' ~ 1 7 6 1 7 6  Genemling 
o zo 40 60 80 

Field A 

Z120 

! 780 

X. 

54 _.-  _ 26.5 

26.5 

Motoring [0 .8  loQ 
ond 0 . 2  leod) 

Figure E.5.2 
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exercise; it leads to a quadratic in X,., for which the value on load is 12.31"1. The unsaturated 
value on allowance for kf and ~ is 14.3 fL 

Rated armature  cur rent  - 
500 

~;3 • 3.3 
= 87.47 A 

E phasor  constructed from V,/~I~, x~ll~ - 
3300 

43 
- ~ ,  0.3 • 87.47, 2.5 • 87.47 

= 1905, 26, 219 

The problem will now be solved entirely by the use of phasor diagrams. Accuracy will not  
of course be as good as by analysis. The first phasor diagram is for the loaded, generat ing 
condition giving first the value of E as 2060 volts/phase from which a resultant m.m.f. F r = 
51.5 A is read off from the o.c. curve. The m.m.f, diagram follows as explained above and Fa 
by measurement  is 26.5 A. The Ef phasor is sketched in lightly at right angles to Ff and the 
cltJsing vector is jXm,~. 

t h e  procedure  for finding the motoring excitation for the two specified power factors is 
net  very different. The armature  current  and m.m.f, are the same throughout ,  but unless 
treated as a 'negative'  generator,  the motor  equation must be used. This gives E lagging 
in:~tead of leading V as in the generator  case. Fa is now drawn in phase with Ia for the motor  (~) 
and Ff is therefore found in each case from Ff = Fr - F,. The values for the two different power 
factors are, by measurement:  

E = 1780V/phase  (0.8 p.f.) E = 2120V/phase  (0.2 p.f.) 

Fr from o.c. curve = 40 A (0.8 p.f.) Fr = 54A (0.2 p.f.) 

Ff = 35A (0.8 p.L) Ft- = 80.5A (0.2 p.f.) 

The final answers could also be obtained by the Same analytical method  as in Example 5.1. 

Example 5.3 
A t-phase, 5-kVA, 1000-V, star-connected synchronous machine  has Ra = 4 f l  and x~l.= 12 f l  per  
ph.~se. The o.c. curve is as follows: 

Field cur rent  4 6 8 10 12 14 16A 
Armature  line voltage 490 735 900 990 1070 1115 1160 V at rated speed. 

On a short-circuit test, 7 A was required in the field to circulate rated armature  current .  
I )e termine the field cur rent  and voltage required for operat ion at constant terminal  voltage 

of t000V and (a) no-load current;  (b) rated current  as a generator  at 0.8 p.f. lagging; (c) 
rated current  as a motor  at unity power factor. 

(d) The machine  is going to be considered for operation as a synchronous capacitor. Plot 
a carve of reactive VAt in this mode  against the required field current ,  up to about  rated 
current ,  and hence de termine  the permissible rating of the machine,  if the field current  can 
be :ncreased up to the generat ing value of  part  (c) above. Resistance may be neglected for this 
part  (d). 

Rated armature  current  laR = 
5000 

43 • 1000 
= 2.89 A. 
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138 Electrical Machines and Drive Systems C5.2) 

From o.c. curve at If = 7 A: 

e.m.f, on air-gap line 870/,/3 
X,, = = = 17413 per phase 

/~(2.89A) 2.89 

Hence 

Xm. = 1 7 4 -  12 = 16213 per phase 

= 870/7 = 124.3 line V/rid A 

Mode 

la 

E = V •  z][= 

E r.m.s, line V 

line V/rid A 

X ~ , =  162 X 

jXm,h 
, ,  

F.,~= E + j X ~ I ,  
Ef line V 

Ft = ~ / ~ ,  
_ 

(a) No load 

0 

1000/v'3 

577.4 
1000 

99 

(b) Generating 
. . . . . .  

2.89(0.8 - j0 .6)  
2.31 - j l . 7 3  

. . . . . . .  

577.4 + (4 +j12) 
X (2.31 - j l . 7 3 )  

607.3 + j20.8 
1052.5 

1052.5/11.5 = 91.5 

(c) Motoring 

2.89(1 + j0) 
2.89 + j0 

�9 

577 .4 -  (4 + j12) 
x (2.89) 

565.7 - j34.7 
981.7 

981.7/9.7 = 101.~ 

577.4 
1000 

10.1 

119.25 

206.3 + j275.5 

131.9 

j381.1 
. . . .  

813.6 + j296.27 
1500 

16.4 

565.7 - j415.8  
1216 

12 

f ,: 
I O 0 0  

9.7 
> 

5oo~- 

l /  , i 
S I0 

F t e l d  A 

L- 
20 

Figure E.5.3 

5 

.s 3 
o 
e) 
"J 2 

I 

s 

- -  3 . 8  k V A r . g l - -  

tO 15 20 
F~eld A 
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{5.3] Synchronous machines 139 

(d, Calculations for excitation are similar, but for various currents, all of them leading 
voltage by 90 ~ up to j3 A and with ph neglected, jxalIa = -121a. 

I~, 0 j l  

E = V - j ~ I a  577.4 577.4 + 12 
E r.m.s, line V 1000 1021 

kf, 99 96.2 

X~, 125.4 

jX~,I. -125.4 

Ef = E-jXm,I~ 577.4 589.4 + 125.4 
line V 1000 1239 

Ff = E~/kf, 10.1 12.88 
. . . . . .  

kVA~ = ~i3 x 1 X Ia 0 1.73 

j2 

577.4 + 24 
1042 

92.6 

120.7 
. . . . . . . . .  

-241.4 

601.4 + 241.4 
1460 

. . . . . . .  

15.8 

3.46 

jS 

577.4 + 36 
1062 

89.6 

116.8 

-350.4 

614.4 + 350.4 
1669 

, , . -  

18.6 

5.2 

"['he curve of kVAr against field current is plotted and although saturation has been allowed 
fol, it is virtually a straight line. When the Ef equation is divided by kf,, since Xms = kf, X~u/kr, 
the last term is unaffected by saturation, so the major change of Ff due to armature current 
is t proportional one. At the generating field current of 16.4A, the kVA~ is 3.8, which is 
therefore the permissible rating as a synchronous capacitor. As a synchronous reactor, with 
negative jla, the required excitation falls and the permissible rating is then limited from 
stability considerations. 

5.3 Per-unlt notafion 

For  s y n c h r o n o u s  m a c h i n e s  this n o t a t i o n  is very c o m m o n l y  u sed  a n d  is 
p e r h a p s  the  m o s t  s t r a igh t fo rward  in app l ica t ion ,  especial ly for  the  n o r m a l ,  
cons tan t -vo l tage  a n d  c o n s t a n t - f r e q u e n c y  a r r a n g e m e n t .  Ra ted  vol tage,  
c u r r e n t  a n d  t h e r e f o r e  r a t e d  kVA are  t aken  as base quant i t ies ,  p lus  the  
cons tan t ,  s y n c h r o n o u s  speed .  Ra ted  electr ical  t e r m i n a l  p o w e r  will the re -  

fore  be  cos 9R in per unit. 1 per-unit i m p e d a n c e  will be  ra ted-vol tage-per-  
p h a s e / r a t e d - c u r r e n t - p e r - p h a s e  a n d  the  s y n c h r o n o u s  r e a c t a n c e  is typically 
of this o rder ,  a p p r o a c h i n g  2 per unit for  large t u rbo  g e n e r a t o r s  a n d  r a t h e r  
le:~s t han  1 per unit for  m o t o r s  with large  over load  capacity. T h e  n e x t  
e x a m p l e  uses per-unit n o t a t i o n  for  c o n v e n i e n c e  a n d  is m e a n t  to i l lustrate  in 
a f imp le  m a n n e r ,  the  essent ia l  aspects  o f  s y n c h r o n o u s  m a c h i n e  behav iour ;  

conven t ions ,  load ang le ,  m o t o r i n g ,  g e n e r a t i n g  a n d  synch ronous -com-  
p e n s a t o r  o p e r a t i o n .  This  will be  ach ieved  by ca lcu la t ing  the  c u r r e n t  f r o m  
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140 Electrical Machines and Drive Systems (5.4) 

specified voltage, e.m.f., load angle and reactance. A motor convention will 
be used and the synchronous reactance X~ assumed to be 1 per unit. 

From eqn (5.9): 

V = F~ + jX, I, neglecting resistance; 

at rated voltage: 1 = F~/_~ + j l a ~  

from which: I~/_~ = 
1 - ~/_~ 

= -j(1 - Er per unit. 

The solution for I~ will yield the mode; real-part positive means motoring, 
real-part negative means generating and real-part zero means operation as 
a synchronous compensator. The real part also represents the per-unit 
power and the per-unit torque, since losses are being neglected. The 
solution also gives the power factor, though for a generator this is best 
detected for lagging or leading by reversing the current phasor, as shown 
on the phasor diagrams in the next example. 

Example 5.4 

A synchronous machine has X, = 1 per unit and operates at rated voltage V = 1 per unit 
Determine the per-unit values of current, power, torque, and the power factor and state the 
machine function when the e.m.f, due to field current (Et in per unit) and the load angle 6 
have the following values: (a) 0.5/0~ (b) 1/0"; (c) 1.5/0~ (d) 0.5/-30"; (e) 1/-30"; (f) 
1.5/-30~ (g) 0.5/+30~ (h) 1/+30~ (i) 1.5/+30 ~ 

The expression for calculating I, has just been developed as: -j(1 - Er~)  and it is only a 
matter of substituting the values above as in the table on p. 141. 

The above example is a very simple application of the per-unit system but 
if it still causes a difficulty, take V as, say, 1000 V per phase and Ef will then 
be 500, 1000, 1500 V. If X~ is taken as 10 fl for 1 per unit, then I~R must be 
100A. All the currents in the above table, which are in per unit, will be 
multiplied by 100. 

5.4 Electromechanlcal problems 
In the circuit of Figure 1.9c, it will be assumed that the synchronous 
impedance Ph + jX~ is given, though Ph may be neglected as for Figure 5.1. 
The excitation wiU be left in terms of F~, knowing that the calculation of 
field current will require the techniques used in Examples 5.1-5.3. Apart 
from frequency and the related synchronous speed, there are six quantities 
of special interest; V, I,, ~0, Er, 6, and total power P (or torque). The circuit 
equation, using motor conventions, is: 
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Synchronous-Machine Operating Modes (Example 5.4). 
Illustrates the effect of excitation for various particular load angles. 

4 
(a) 0.5 

6" 1, 

0 -j(l - 0.5) = j0.5 = 0.5 

I 

I I 

Mode 

(b) 1.0 I 0 I -j(l - 1.0) = 0 = o  

Phasor diagrams 

(c) 1.5 -j(l - 1.5) = +j0.5 = 0.5 

(g) 0.5 

(h) 1.0 

-j[l - 0.5(cos - 30 + j sin - 30)] I -30 I = 0.25 - j0.567 = 0.62 
(d) 0.5 

+30 -j[l - O.Ei(cos + 30 + j  sin + 30)] 

-j[l - l.O(O.866 t j0.5) J 

= -0.25 - j0.567 = 0.62 

+30 
= -0.5 - j0.134 = 0.52 

(e) 1.0 1 -30 I -j[l - l.O(O.866 - jO.5)] 
= 0.5 - j0.134 = 0.52 

(i) 1.5 

-j[l - 1.5(0.866 - jO.5)] I -30 I = 0.75 + j0.3 = 0.81 
(0 1.5 

+30 -j[l - 1.5(0.866 t jO.S)] 
= -0.75 + j0.3 = 0.81 

Synchronous 
reactor 

Zero current 

Synchronous 
capacitor 

Motoring 
0.4 lagging 

Motoring 
0.96 lagging 

Motoring 
0.93 leading 

t 
1, 

t j0 .5 ,  -jO.!5 

Generating 

Generating 

Generating 
0.93 lagging 
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V + j0 = Er(cos 6 + j sin 6) + (R~ + j X~) • la X (cos 9 + j sin 9) 

or: V = Ef + (R a +jX~) x I~; 

omitdng the specification of V as reference. Since there are real and 
imaginary parts, the equation will solve for two unknowns. The power 
equad0ns, either Pelec = 3 V/a cos ~p or Mech. power = 0~, Te, will solve for 
only one unknown. Both of these powers can be expressed in terms of the 
load angle 6, which is advanced (positive for a generator) or retarded 
(negative for a motor).  They are(i): 

P, (per phase) = V/~ cos 9 - 
V~R~ 

-VEf sin(6 + a) + (5.11) 
z~ z~ ~ 

and:Pg (per phase) = Pm for synchronous machine 

= - sin (6 - a) - - - - - -  
z~ z, 2 

where a = sin -l P~/Z~. 
If the electrical loss is neglected, both of these equations reduce to: 

(5.12) 

-YEt sin 6 V.=V =Vm= 
K 

as also deduced from the phasor diagram of Figure 5.1 as eqn (5.10a). With 
resistance neglected, the approximate-circuit equations become as (5.9) 
and ( 5 . 9 a ) :  

V = Er + jXJ~ and Ia = 
v Ef 

j ~  jY~ 

There is enough information in the equations above to solve for any 
three of the six quantifies, given the other three. Although Vis commonly 
constant, the equations are not restricted to this condition. There are other 
possibilities which are briefly touched on in some of the later examples and 
Section 5.5 discusses constant-current operation. Typical problem types are 
outlined below. 

(A) Given V, P, Ef 

(B)  G i v e n  V, ~p, P 

(or Ia) 

Vary P, with constant Er to find I~, 9, 6 variation up 
to pull-out torque at (6 - a) = + 1. Or vary Ef with 
constant P, to find the same quantifies. 
Power-factor control. Excitation required for speci- 
fied power factor and for a given power (or 
current). Compensator. 
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C5,4] Synchronous machines 143 

(C) Given V,, IaR , 

Pull-out  t o rque  

(D) Given V, Ia, 

9 ( o r P )  

(E) Given I a, P, 9 

(F) Given I~, P, 6 

(G) Given V, P, ~o 

Pull-out  t o r q u e  (or  power)  is really specifying the  
r a t ed  load angle  6R, tO p e r m i t  this over load  at 
m a x i m u m  angle.  Solu t ion  yields r e q u i r e d  excita- 
t ion, power  at full load  a n d  power  factor. 
F ind r e q u i r e d  exci ta t ion a nd  power  d e v e l o p e d  (or  
power  factor) ,  load angle  a nd  h e n c e  over load  

capacity. 
F ind  V r e q u i r e d  [P/(I~ cos 9 ) ]  a nd  excitat ion.  

C o n s t a n t - c u r r e n t  drive. 
F ind V r e q u i r e d  and  exci ta t ion.  Cons t a n t  c u r r e n t  
with 6 control .  
Fixed power  factor. (by exci ta t ion  cont ro l )  changes  
P o w e r / 6  characterist ic .  Data  for r e q u i r e d  excita- 
t ion-cont ro l  yielded.  

I tems (E), (F) and  (G) would  r equ i re  special power-e lec t ronic  control ,  
possibly with mic rop roces so r  supervis ion.  They  are i nc luded  h e r e  to show 
that  the  f u n d a m e n t a l  p e r f o r m a n c e  is still g o v e r n e d  by the  n o r m a l  m a c h i n e  
equat ions .  Examples  will be given later  and  the re  will be a m o r e  de ta i led  
t r e a t m e n t  o f  power-e lec t ronic  con t ro l  in C h a p t e r  7. 

In the  examples  i l lustrat ing this sect ion,  to he lp  u n d e r s t a n d i n g ,  the  label 
f rom the nea res t  p rob lem- type  is q u o t e d  f rom the  list jus t  descr ibed;  see 
below. 

Example 5.5 
A :~-phase, 8-pole, 50-Hz, 6600-V, star-connected synchronous motor has a synchronous 
impedance of 0.66 + j6.6 fl per phase. When excited to give a generated e.m.f, of 4500 V per 
phase, it takes an input of 2500 kW. 

(a) Calculate the electromagnetic torque, the input current, power factor and load angle. 
(b) If the motor were to be operating at an input current of 180A at unity power-factor, what 

would then be the value of Er?. Under these conditions, calculate also the mechanical 
output and efficiency if mechanical, excitation and iron losses total 50 kW. 

Zs = ,~0.662 + 6.6 ~ = 6.631"1 and a = sin -l 0.66/6.63 = 50.7 

(a) Type (A). Substituting values in eqn (5.11) for electrical input: 

2500000 (6600/~i3 • 4500) 66002 0.66 
= - sin(6 + 5.7) + ~ • 

3 6.63 (~t3) ~ 6.632 

From which sin(6 + 5.7) =-0.238, so (6 + 5.7) =-13".76; 6 = -19".46. 
Substituting in eqn (5.12) for mechanical output per phase: 

(6600/~'3 X 4500) 0.66 
Pm = - sin(-19.46- 5.7) - 4500 ~ • 

6.63 6.63 ~ 

= 1099.6 kW - 304 kW = 795.6 kW 
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Total air-gap power = 3Pm = 3 X 795.6kW = 2387kW. 

Hence electromagnetic torque = T~ = 3PmlCo. = 
2387 • 1000 

2~r x 50 /4  
= 30 390 Nm 

V -  Ef 6600/~/3 - 4500(cos -  19.46 + j sin - 19.46) 

Z~ 0.66 + j6.6 

= 218.7 + j87.3 = 235 .5 /2 !~  cos l0 = 0.93leading 

-432.4 + j1499 

0.66 + j6.6 

Check input = d3 • 6600 x 218.7 = 2500kW 

(b) Type (B) 

66OO 
Ef = V -  Z,L = - (0.66 + j6.6) (180 + j0) 

,/3 

= 3691 .7- j1188  = 3878/-!7,~ = 6.717kV (line) 

Output  = 3Pro-  'fixed' loss 

[ -6600/~/3 x 3878 3878 ~ X 0.66 
= 3 s i n ( - 1 7 ~  - 5~  - 

6 . 6 3  6.63 ~ 

= 2666.2 - 677.4 

J - 50000 

- 5 0  k W  

= 1938.7 kW 

1938.7 
Efficiency = = 94.2% 

4 3 x 6 . 6 x  180 

As an exercise, the above figures, apart from efficiency, can be checked using the approximate 
circuit. It will be found that the load angles are within 1 ~ accuracy, with similar small errors 
for the other  quantities; see Tutorial Example T5.2. 

Example 5.6 

A 33OO-V, 3-phase, 50-Hz, star-connected synchronous motor  has a synchronous impedance of 
2 + j15 fI per  phase. Operating with a line e.m.f, of  2500 V, it just falls out of  step at full load. 
To what open-circuit e.m.f, will it have to be excited so that it will just remain in synchronism 
at 50% above rated torque. With this e.m.f., what will then be the input power, current  and 
power factor at full load? 

Z s = ~/22 + 1 5  2 = 15.1 [1 a = s in  - !  2 / 1 5 . 1  = 70.6 

Type (C) prob/em, with pull-out torque equal to rated value; sin (6 - a )  = -1. 

Hence, rated air-gap power - 3Pro = 

-3300 • 2500 2500 ~ 2 1 
X ( - 1 ) -  X • 10skW 

- 546.4 - 54.8 

= 491.6kW 
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[5.4] �9 Synchronous  m a c h i n e s  145 

Sin,:e electromagnetic torque is proport ional  to this power, the new requi rement  is that pull- 
out should occur at 1.5 times this value; i.e. at 737.4 kW. Substituting again in eqn (5.12), but  
this time with F~ as the unknown: 

3300 x Er (line) 2 
737 400 = - Et ~ x 

15.1 15.1 ~ 

from which Ef 2 -24915Er + 84067287 = 0 

'El=  
24915 • ~/249152-  4 x 84067287 

= 20 890V or 4024 V" the lower value being feasible. 

Substituting again in the output  equation, this time set to full load: 

-3300 x 4024 2 
491 600 = - .... sin(6 - 7.6) -40242 X 

15.1 15.1 '2 

gives sin ( 6 -  7.6) = --0.7205 = -46~ Hence 6 = -38~ 

l a  - 
V - Er 3300/x i3-  4024 / , , 3 ( cos -  38.5 + j sin - 38.5) 

Z, 2 + j15 

(87 +j1446) X ( 2 - j 1 5 )  

22 + 152 
= 95.5 + j6 .9A = 95.7/+30.7 

�9 input  power = ~/3 • 3300 • 95.5 • 10 -3 

= 545.8 kW at cos ~ = 0.99...8 leading 

If t [ e  above figures are checked using the approximate circuit, they will again be well within 
10~,  apart from the output  power, s ince /~R losses are neglected in the approximation. 

Example 5.7 

A 3.phase, 4-pole, 400-V, 200-hp, star-connected synchronous motor  has a synchronous 
reactance of 0.5 fl  per phase. Calculate the load angle in mechanical degrees and the input  
current  and power factor when the machine is working at full load with the e.m.f, adjusted to 
1 per unit. Neglect Ph but  take the mechanical loss as 10 kW. 

T . ~  (A) problem. From eqn (5.10a) with e.m.f, the same as the terminal voltage: 

Power = 200 x 746 + 10000 = ----  x sin 6 
0.5 \ ~,~ / 

from which sin 6 = -0.4975, 6 = -29~ (dec.) ,  and since p = 2, 

6mech = - 1 4 ~  

V - Ef 1 / 400 - 400(cos - 29.8 + j sin - 29.8) / 
Rated current  laR - - [ J jx, ~3 j0.5 

- 2 2 9 . 8 - j 6 1  -- 237 .8 / -14~  = 0.966 p.f. lagging 

Note: It is a pure coincidence that ~p -- 6,,ech. 
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(a) Unsaturated 

l o 0  1 2.5n 
132% 

(b) Saturated 

6.67 0 l -  9.170 

4 

6, from 5 236000 = 

sin d = 
cosd = 

I, from e n (5.91): 

1100 [ I -  (cosd + j  sin d) 
d3 jX, 

= 
at cos p = 

11000/J3V 
11000~ sin d 

X- -’ 3 12.5 
-0.5409 

-3Y.7 
0.841 1 

1 [ 1 - (0.8411 - j0.5409) 

J3 j12.5 
274.9 - j80.7 
286.5 A 
0.96 lagging 

2/3 X 11 OW/ j3V 
11000~ 2 sind 

x - x -  -’ 3 3 9.17 
-0.5952 

0.8036 
-36O.5 

1 !Ex[ 1 - (0.8036 - j0.5952) X 2/3 

274.8 - j321.5 
423 A 
0.65 lagging 

d3 j9.17 

Maximum power; at sin d = -1 
11Ooo2 - = 968OkW 

12.5 

11000’ 2 I -  9.17 3 
X - = 8797kW 

~~~~ ~~ 

For unity power factor & = 

giving an output j3Wa = 

~~ ~~ 

11 OOO - j12.5 X 286.5 X j 3  

J3 X 11 X 286.5 = 5459kW 
= 12.63 line kV 

11OOO-j9.17 X 423 X J3 
12.89 line kV 

j 3  X 11 X 423 = 8059kW 

For 2.p.f. lead, & = V - jyl, I I 11OOO t 12.5 X 286.5 X J3 11 000 + 9.17 X 423 X j 3  
= 17.72 line kV = 17.2 line kV 
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Example 5.8 

A 6-pole, 3-phase, star-connected synchronous motor  has an unsaturated synchronous 
reactance of 12.5 fl per  phase, 20% of this being due to leakage flux. The motor  is supplied 
fro:n I 1 kV at 50 Hz and drives a total mechanical  torque of 50 • 103 Nm. The field current  
is ~) adjusted that the e.m.f. Er read off the air-gap line is equal to the rated terminal voltage. 
Calculate the load angle, input  current  and power factor and also the maximum output  power 
mith this excitation, before pulling out of step. Neglect resistance throughout  and assume that 
F~ s unchanged  when the power increases to the maximum. The calculations are to be 
corLducted (a) assuming saturation can be neglected and (b) assuming that all components  
which would be affected would be reduced by a factor of 1/3  due to saturation. 

With the current  calculated as above, to what value would the excitation have to be 
adj asted, in terms of El, so that the power factor would be unity? What would then be the 
output? 

Finally, to what value would Ef have to be adjusted so that the machine could operate as a 
synchronous capacitor at the same armature  current? 

This again is related to problem types (A) and (B) but the effect of allowing for and of 
neglecting saturation is included. 10 f~ of the total synchronous reactance is due to mutual  
flu't and therefore will be reduced if saturation is allowed for. Further, the e.m.f, will have to 
be reduced by the same amount .  

] ' he  calculations are shown in the table on p. 146. It can be seen that the most p ronounced  
effects of  allowing for saturation follow from the change of power-factor-angle 9, which is 
much increased because Ef is no longer equal to but is less than the terminal voltage. If the 
field current  had been adjusted to correct  for this, then the discrepancies would have 
aptMeared in the other  quantities, like load angle and maximum power. 

Example 5.9 

A 5~-phase, 6-pole, 50-Hz, star-connected synchronous motor  is rated at 500kVA, 6600V at 
unity power-factor. It has a synchronous impedance of j8011 per  phase. Determine the 
mechanical  torque for this rating neglecting all machine losses. If this torque can be assumed 
coristant, what depar ture  from rated armature  current  and excitation (in terms of ~ / 6 )  are 
necessary for operat ion at (a) 0.9 p.f. lag and (b) 0.9 p.f. lead? How will the maximum torque 
be affected in both cases? 

Problem type (D) 

power 500 000 
Torque = = -- 4775 Nm 

Speed 2w • 50 /3  

Power componen t  of current  for this torque = 
500 000 

43 • 6600 
= 43.74A 

43.74 

0.9 
At 0.9 p.f. (sin ~0 = 0.436), I ,  - ~ (0.9 • j0.436) -- 43.74 • j21.2 
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v . 

irt" .-  2,0. 
o _ leodieo _ 

Load angle - 8  0 .9  p.f. 
ioooin O jX, 

Figure E.5.9 

Power factor u.p.f. 0.9 lag 0.9 lead 

jX, la = j80 • (43.74 + jO) 
= j3499.2 

j80 • (43.74-j21.2) 
1696 + j3499.2 

j80 • (43.74 + j21.2) 
-1696 + j3499.2 

l;'.f = 
66OO 

- jX,  la = 3810.5-j3499.2 2114.5-j3499.2 5506.5-j3499.2 
~3 

- 5173 [-42?6 4088/-5879 6524/32?4 

s in-90~ 6 1.477 1.168 1.866 
Max Te = 4775 

sin - 90 
• = 7053 Nm 5577 Nm 8910 Nm 

sin 6 

The last figures show that the higher excitations give higher overload 
capacities as well as the movement towards leading power factor. This is 
also indicated by the torque/load-angle and phasor diagrams above, which 
show the reduction of 6 with increase of Er. 

Example 5.10 

A 1000-kVA, 6.6-kV, 50-Hz, 5-phase, 6-pole, star-connected synchronous machine is connected 
to an infinite system. The synchronous impedance per-phase can be taken as constant at 0 + 
j 5 0 ~  The machine is operating as a motor at rated current and in such a manner, by 
excitation adjustment, that a 50% overload is possible before it pulls out of synchronism. 
What will be the necessary voltage Er behind synchronous impedance to permit this overload 
margin? At what power and power factor will it be operating when the current is at the rated 
value? Neglect all machine power-losses. 

If, with the same mechanical load, Er was reduced by 30%, what would be the new status of 
the motor? 

1000 
Type (C) Rated current = = 87.48A 

~3 • 6.6 
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-41.8" 

Figure E.5.10 

1.5xF.L. 

I.OSxF.L. 

-72.3* 

[[! 

v 

8~.s____~ 

-Et 

ix, 

l:a order  to permit  a load increase of 1.5 times, the value of  sin 6 at full load must be 2 /3  
so that a 50% increase will bring sin 6 to unity. 

The easiest way to solve this problem is to draw the phasor diagram as shown. Two sides of  
the current  triangle are known, la and V/Xs, and the load angle r is specified as.sin -1 - 2 /3  
= - t l ~  Either from the sine rule or resolving the two current  components  along F~, the 
triangle can be solved. By the second method:  

V 
1, cos(~p + 6R) = ~ sin 6R - using positive 6R for simplicity in this particular case, 

66O0/43 2 /3  
so: cos (~, + 6R) = X = 0.5808 

50 87.48 

giving: 0P + 6R) = 54~ and hence ~p = 5.4.49 - 41.8 --- 12~ 

cos l0 = 0.976 

Power = ~t3 x 6600 x 87.48 x 0.976 = 1000kVA x 0.976 = 976kW 

F~ f~llows from eqn (5.10a)" 

660O F~ ) 
976000 = - 3  x 

,/3 50 
/~32/from which F_.f .~- 6403V/phase 

If s is reduced to 70% of 6403 V = 4482 V 

( 6 6 0 0  4 4 8 2 )  
976 000 = -3  • sin 6 

(3 50 

frmn which sin 6 -- 0.952 and 6 = 72~ cos 6 -- 0.306 

Mazdmum overload is now 
sin 90 

- 1.05, i.e. 5% overload 
sin 72.3 
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The armature current at full load is 

V -  Er 6600/43 - 4482(0.306-j0.952) 

jX, j50 

= 8 5 . 3 3  - j 4 8 . 8  

-- 98.3/29~ cos 10 - 0.868 lav.ging 

The power component of the current, 85.33 A, is the same as before (87.48 X 0.976), since 
the load is unchanged. But the total current is greater at 98.3/87.48 = 1.12 per unit, the power 
factor is now 30 ~ lagging and the load angle is greatly increased to 72~ which leaves the 
overload margin very small at 5% before pull-out; see diagrams. 

Example 5.11 

A 3-phase, 6600-V, 6-pole, 50-Hz, star-connected synchronous motor has a synchronous 
impedance of 0 + j30 f] per phase. At rated load the armature current is 100A at 0.9 p.f. 
leading. Neglecting losses: 

(a) Determine the e.m.L F~, the load angle in mechanical degrees and the rated torque. 
(b) What increase of excitation will be required to sustain a torque overload of 25 000 Nm 

without falling out of step? 
(c) With this new excitation, what would be the values of current, power factor and load 

angle at rated torque? 
(d) With this new excitation, what reduction of terminal voltage would be permissible so that 

the machine would just stay in synchronism at rated torque? 
(e) With this new excitation, and rated terminal voltage, what would be the value of current 

if the load was removed altogether? 

This is a Type (D) ~b/em with further variations. 

6600 
(a) Ef = V -jXsla = - j 3 0  X 100(0.9 + j0.436) 

4s 

5118.5-j2700 = 5787/270.8 

The load angle in mechanical degrees is 6/p = -27.8/3 = -9~ 

~/3 x 6600 x 100 x 0.9 
Rated torque = = 9827Nm 

2~r x 50/3 

(b) For maximum torque of 25000 Nm = -3 x ~s + - - x  30 2~r x 50/3 
• s i n - 9 0  ~ 

= 6 8 ~ o v  
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(c) For new load angle: 9 8 2 7 N m  = -3  • 
6600 6870 sin 6 

• • 
~i3 30 2~r • 5 0 / 3  

from which sin 6 = -0.393; 6 = -23~ elec. 

For new current :  Ia = 
6600/~'3 - 6870(0.92 - j0.393) 

j30 

= 90 + j83.7 = 122.9//42~ cos ~o = .0..732 lead 

(d) For rated to rque  at r educed  voltage: 

V 6870 sin 90 ~ 
9 8 2 7 N m  = 3 •  • 

f3 30 2~r X 5 0 / 3  

from which: V = 2594 V = 0.393 per unit; 60.7% reduct ion  

(e) For zero load, 6 = O, sin 6 -- 0 and cos 6 --- 1 

I l 

V - El(1 + j0) 6600 /~3  - 6870 

jX, j30 
= .i102 A. Zero leading p.f. 

Example 5.12 
If the excitat ion of  a synchronous  motor  is so control led that  the power factor is always unity, 
sh(,w that  the power  is p ropor t iona l  to the tangent  of  the load angle. Neglect  all machine  

losses. 

Figure E,5.12 

-iXllm 
v 

s 

I =  

u.p.f. 

T),pe (G) problem. Referr ing to the phasor  d iagram and  taking V as reference,  then  

la will always be la + j0. 

Fr~)m Ef = V- jX~ Ia  it can be seen that  the load angle is: 

6 = tan -] 
V 
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kP 
But power is proportional to V/a so la = --- 

V 

(5.4} 

-x ,~  
Hence t an6  = l~ 

Example 5.13 

and with V constant; ta n r proportional to P 

If for a synchronous motor the r.m.s, armature current is maintained constant by varying the 
terminal voltage V, develop the relationships comparable to those for constant voltage, which 
will yield solutions for three unknowns given three values out of V, I,, ~p, El0 6, and P (or T~). 
Neglect machine losses. 

Type (E) problem, again solved more easily by referring to the phasor diagram, this time with 
la as the reference phasor instead of V. 

P~ = Pg =Pm = I~Vcos ~0 = IaEr cos(r + 6) per phase 

and: 

Hence for example, given I~, P and ~o, V = 

V = Ef + j~I, 
V(cos ~ + j sin ~o) = ~ [cos (@ + 6) + j sin(~o + 6) ] + jX, I~ 

1~ cos ~p 

and Ef = V (Cos ~p +i  sin r - j X ~  = Ef 6~. .~p~,  hence 6 

or, for a Type (F) prob/em, given I,, P and 6 find required voltage and excitation. Using the 
cosine rule on the phasor diagram: 

(X. I.) 2 = V~ + Et2 _ 2 ~-4 cos 6, and substituting for F~ from P = 

P~X. 2 2Px, 

V ~ sin 2 6 tan 

o = ( ~ ) ~ -  tan6 

~x2 
+ Xs21, 2 V 2 + sin 2 r 

iX, l ,  

VEf sin 6: 

Figure E.5.13 

X e 
(reference) 
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This equation can be solved for V.. Er follows and using the sine rule yields ~r and hence tp = 

9 0  - ~ - ~/. 

Further discussion of the constant-current mode follows in Section 5.5. 

Effect of supply voltage~frequency changes 

The circuit, power and torque expressions derived may be applied at any 
frequency and voltage providing appropr ia te  changes are made  to the 
frequency-sensitive terms. For example,  synchronous speed, reactance,  
induced e.m.f. (with constant  excitation) are all propor t ional  to frequency 
so must  be changed  from their normal  values by the frequency ratio k, say. 
Tke  approximate  circuit becomes more  inaccurate as frequency falls, due 
to the increasing significance of the R/a voltage. 

Example 5.14 

If lhe supply frequency and voltage applied to a synchronous motor are both reduced, to 
fractions kfand kV, what will be the effect on the values of maximum torque and on maximum 
power? Take V, f, F.r, co, and X, as the normal, rated parameter values. 

If[ becomes kf then the synchronous speed becomes/~s and therefore the induced e.m.f. 
will become kEf if the flux is maintained constant. The reactance too is proportional to 

frequency so X~ becomes kX~. Substituting in the power equation (5.10a) 

Maximum power = -3 • kVxkF~ • sin(-90~ = 3VEtsin90X k 
kX, X, 

power 3 VEt sin 90 • k 3 I/T.f 
Maximum T~ - - 

s p e e d  kt0,X~ to~X~ 

The  m a x i m u m  torque is unchanged  from the normal  condit ion as might  
be expected since the flux and load angle are unchanged.  Further,  the 
voltages and the impedance  are affected equally, by the terms of the 
question, so the cur ren t  would be unchanged .  The m a x i m u m  power will be 
reduced  by k from the normal  value since al though the torque is constant,  
th.e speed has been reduced  by this k factor. 

All the above reasoning neglects the effect of resistance. The  equations 
are different  if this is allowed for. Only the induced voltage terms are 
affected by the reduct ion in frequency (apart  from the small resistance 
skn-effects),  so the resistance assumes a more  impor tan t  role and at very 
low frequencies will domina te  the current  calculation. Expanding  eqn 
(5.12) the e lectromagnet ic  torque is: 

T , -  - 2 t0s t0~ - ~  (sin c$ cos a - cos c5 sin a)  Ef 2Ra 
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Substituting sin a = Ph/Z~ and cos a = X,/Z,, from the definition of ct: 

-SEt 
Te = --2 (VXs sin cJ - V/~ cos c$ + EfP~). 

s s z~ 
(5.13) 

At any reduced frequency kj~ El, (0, and X, are reduced in the same 
proportion and 7_, ~ becomes p 2  + (kX~)2. Under these conditions, the load 
angle for maximum torque can be deduced by differentiating the modified 
expression with respect to 6 and leads to the statement that: kX~ cos 6 + R, 
sin 0 = 0 

from which: 

tan c) = - k X,/R~. 

This shows that at very low frequencies, the load angle for maximum 
torque approaches zero. Also, since tan ct = R/kX~, the value of sin ((~ - a )  
in eqn (5.12) at maximum torque will be sin (-90~ as might be expected, 
the tangents of the two angles showing that they are complementary. With 
this value of (c) - a )  inserted in eqn (5.12) an expression for maximum 
torque at any frequency kfcan be deduced: 

- a), x/&~ + (kX,)2 &2 + (kX,)2 (5.14) 

which, with resistance neglected and with the applied voltage too reduced 
by the same fraction k, will give the same value of maximum torque as 
deduced from eqn (5.10b), as in Example 5.14, with sin ~ at its maximum. 
See also Example 5.15. 

Eqn (5.14) becomes the general torque equation if the first term is 
multiplied by-sin (~ - a ) .  As frequency falls till the reactance kX, "~ R~, the 
equation becomes: 

'OIa 
~, - ~ s i n ( d - a ) -  - w, 

since 6 is very small and a approaches 90 ~ The power factor approaches 
unity. 
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5.5 Constant-current operation 
Tkis mode was discussed in Section 4.3 for the induction motor. For the 
sy~tchronous motor also, it is associated with variable frequency and special 
applications. Indeed, when the induction machine is in the dynamic- 
braking mode with a d.c. current-source for one winding, it is really 
operating as a synchronous generator, of variable frequency if the speed is 
changing. The power factor is always lagging, however, since it has a passive 
R. L. load. 

Traditional approaches to electrical-machine theory have tended to 
assume nominally constant-voltage sources in deriving the various equa- 
tions since this is the normal steady-state running condition. If, instead, 
currents are specified and controlled using a power-electronic converter 
and closed-loop current control, a different performance results. This is 
especially important when considering maximum-torque capability. The 
eq,aivalent-circuit parameters are unchanged - apart from the greater 
likelihood of parameter changes due to saturation e f f ec t s -  but the 
viewpoint is different. For example, not until the performance is deduced 
from the specified currents does the primary impedance come into the 
calculation - for the required supply voltage. Variable frequency and 
changes of speed are the normal situation. 

It is helpful as an introduction to return to the induction-motor phasor 
diagram which is shown on Figure 5.2a. The emphasis will be on the 
current time-phasors, which can also represent the m.m.f, space phasors to 
which they are proportional, being expressed in terms of the stator 
wirlding turns, ll is for the stator (primary); I~ is for the rotor (secondary) 
and I m, the magnetising current, represents the resultant m.m.f. The 
general expression for torque, eqn (4.4): 

T~ = - -  x 
O) s $ 

can be rearranged as: 

to/pole pairs 
X ~ X  X - - X  

Xm z~ z~ 

R~ 
where Z~ = + jx~ 

$ 

= 3 X pole pairs x M' • Im X I~ X cos ~02 

and, since ~ m  = 90~ 

= 3 X pole pairs X M' x Im X I~ • sin(~0 m -~P2) (5.15) 
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, ,  

i 
z~;, / L, - / 

R,Z,, 

(5.5) 

T~. " I .  ~,, 

(o} Induction mode 
Figure 5.2 Torque from phasor diagrams. 

Et 
][; " JX,," 

(b) Synchronous mode 

where the angles have been measured from E1 for convenience. Basically 
this equation has been obtained by dividing the air-gap power by the 
synchronous speed, 3Pg/oa,, but it now expresses the torque as a product 
of the referred mutual-inductance, the r.m.s, currents referred to the same 
side of the air gap and the sine of the angle between the rotor and resultant 
m.m.f.s represented by I~ and Im. For a.c. machines, this angle between the 
air-gap flux and the rotor m.m.f, is closest to the conventional load angle, 
which for synchronous machines is the angle 6 between time-phasors V and 
Ef. 

From the geometry of the triangle, using the sine rule, it is readily shown 
that the same torque will be given by using the currents I1 and I~ or/1 and Im, 
with the appropriate correction for angular difference substituted; e.g. 

T~ = 3 • pole pairs • M'III~ sin0pl-902) (5.]6) 

as proved by an alternative approach in Reference 1. The angle here is the 
torque angle, between the stator and rotor m.m.f.s, as on the d.c. machine, 
between field and brush axes. 

Turning now to the synchronous machine, the corresponding m.m.f. 
diagram (Figure 5.2b) is obtained on dividing the E, Ef, jXmla voltage 
triangle byjX~ which gives currents referred to the armature turns. E/Xm, in 
phase with the mutual air-gap flux #m, is really the equivalent magnetising 
current Ira, like the induction motor and producing the air-gap e.m.f.E. The 
current Ef/X~ is really the equivalent field current I~ in armature winding 
terms, producing Ef and is readily converted back to If if the coefficient 
relating Ef to If is known from the magnetising characteristic, i.e. hf, for 
unsaturated conditions; see Section 5.1. The torque is given by: 
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TC - - ' ~  

Air-gap power 

r s 

3EI  cos(,/ ,  + 3t) 

a )  s 

=3X 
Xm E 

X ---- • X sin [90-  (~0 + "r) ] 
a~/pole pairs. Xm 

= 3 • pole pairs, • M' • Im • Ia X sin ~0m~ (5.17) 

which really corresponds to the third equation which could be derived from 
Figure 5.2a, using I1 and Im. The angle ~Oma is that between Im and Ia, but any 
of the three angles, with the corresponding currents, could be used. 

For constant-voltage constant-frequency drives, the air-gap flux is 
approximately constant since V/f(~ E/J) is constant, therefore one value of 
M' is usually adequate for calculations. For current-fed drives, as already 
discovered with Examples 4.14-4.17, the flux may vary considerably and 
saturation changes which affect Xm have to be allowed for. Given the 
m,,gnetising curve, which relates I m (or Ira) to E, at a particular frequency, 
this can be included since Xm = E/Im. An iterative procedure may be 
ne :essary to match calculated values with the correct value of Xm and M'. 

]it is now appropriate and instructive to compare the induction machine 
and the synchronous machine in terms of their m.m.f, diagrams. Note that 
positive I~, the rotor m.m.f., is conventionally taken to be magnetising in 
the opposite sense to positive Ii, unlike the rotor m.m.f. I~ (Ff), which is 
taken to be magnetising in the same sense as Ia (Fa) when both are positive. 
Reversing the phasor I~ as shown brings Figure 5.2a into the same 
convention as Figure 5.2b. The important thing to realise is that the torque 
is a function of the m.m.f.s, and angles, for either synchronous or 
induction machines and regardless of the speed (though the condition 
must be steady state, with the m.m.f.s in synchronism). Synchronous and 
induction machines can thus have a common basis when considering the 
torque produced and its control. If the three current magnitudes are 
predetermined, then the geometry of the triangle constrains the angles to 
certain values in accordance with the cosine rule. Alternatively, if two of the 
current magnitudes are specified and the angle of one current with respect 
to another, then again the geometry determines the remaining current 
and angles. 

"['his last statement is important when considering the maximum-torque 
conditions. Clearly, from the equations derived, for a fixed M and for any 
tw~ specified currents, maximum torque occurs when the angle between 
them is 90 ~ For the induction motor, Figure 5.2a, this cannot occur with 
an uncontrolled (cage) rotor, since I~ must always lag behind El. The 
torque can only be obtained with an angle (~0m- ~0u) less than 90~ or 
considering the angle between I m and-I~,  an angle greater than 90 ~ which 
in fact has the same sine. This is a consequence of the induction mode, 
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. . . . . . . . . . . . . . . .  

with the rotor current dependent  on induction from the stator currents. 
For the d.c. machine, a torque angle of 90 ~ is the normal condition, with 
field and armature m.m.f.s maintained in quadrature by the angular- 
position switching action of brushes and commutator. 

A recent development, 'vector' control, discussed in Section 7.5, 
attempts to match this unique commutator-switching feature, during 
transient operation of cage induction motors. 

For the synchronous machine, the angles are functions of load, voltage, 
field current and frequency. But supposing a shaft-position detector was 
incorporated, so that specified stator and rotor m.m.f.s could be held at a 
fixed relative angle, this could be made 90 ~ and again the maximum 
torque could be obtained (Figure 5.3a). In practice, however, this would 
mean that the flux would have to adapt as the dependent variable, and 
saturation effects on the value of M' would have to be allowed for. 
Maximum torque then occurs at a torque angle greater than 90 ~ as will be 
seen. The normal, voltage-fed machine, with flux per pole approximately 

II 

tm 
][= 

(a) ,p~=,(=torque angle ~=)=90 ~ 

v 
( I  

I~t zm 

t~ 

(b) ~p.f= 90 ~ 

Figure 5.3 

E$ 
Ro Xot lo t;- j-"~= t= 

E Z= 

\ J 

(el Current-source equivalent (d) Constant O 
circuit 

Maximum-torque conditions for synchronous machine. 
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constant (~ 0c E / f - "  V/J), and with a particular field m.m.f., will have 
maximum torque when the load angle 5 between V and Ef is virtually 90 ~ 
5 being the same as the angle between I m and I~ neglecting leakage 
impedance; see Figure 5.3b. With this as the constraint, Ia is the dependent  
variable and will be higher in terms of its m.m.f, than either Im or I~. The 
third possibility is to specify the flux level (Ira) and the armature current Ia, 
with an angle of 90 ~ between them for maximum torque. Ia would then be 
vertical on Figure 5.3b and I~ would have to be the highest in terms of 
iu, m.m.f. This might be the most appropriate option since the field power 
is very much less than the armature power and would therefore be cheaper 
to control. 

The current-source equivalent circuit for the synchronous machine is 
shown on Figure 5.3c. It follows from Figure 5.2b, though the current  
scurce due to the field could also be obtained from standard circuit 
techniques which would convert a voltage source Ef behind an impedance 
j.~,, to a current  source I~, (Ef/jXm), at an angle which is known only with 
respect to V as ( 6  - 90~ But V itself is not  specified if Ia is to be 
predetermined and controlled. V awaits the solution of performance from 
the current  diagram. The angles of the other currents are also unknown, 
tD, ough it is usually convenient to take Ia as the reference phasor, Example 
5.13, and I m is known to lag E, (Xm Ira), by 90 ~ 

If current-controlled sources are to be used, it has already been found 
w aen discussing the induction motor, Section 4.3, that saturation effects 
become very important.  Consider Figure 5.3d. This shows a particular I m 
a**d flux, which may or may not  result in pronounced saturation effects, and 
tk:e two currents I~ and I~ with an angle 0 which is actually equal to (180 - the 

tc,rque angle 6fa), Figure 5.2b. A few simple drawings will quickly 
demonstrate that maximum torque occurs when I~ and I~ are equal, t7) 
Actually this follows from eqn (5.17) which has the same form as the area-of- 
a-triangle formula, ~a • b sin C, and maximum area occurs for the condition 
stated. A comparison of control strategies could as a first approximation 
consider the criterion of torque per ampere of total current, which based on 
eqn (5.17) re-formed in terms of I~ and Ia would be: 

3 X pole pairs • M'IaI~ sin 0 M'/2 sin a 
T , / A  = o~ oc 

+ 2I  

M ' I  sin 0 

2 

(5.18) 

if Ia = I~ = I. For opt imum torque angle 5fa (= 1 8 0 -  0) = 90 ~ then 0 = 90 ~ 
and the maximum torque per ampere would be directly proportional  to / .  
However, this assumes that M' is unaffected by the value of I, which is only 
a reasonable assumption for a low-flux, unsaturated state. But if I was the 
r~Lted value and 0 = 90 ~ I m would be v'2I and M' would therefore be 
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appreciably lower than its unsaturated value. Suppose now that 0 is 
reduced from 90~ Im will be less and so M' will increase. If this increase is 
greater than the decrease of sin 0, the torque will acmaUy rise. What this 
means is that in the saturated state the maximum torque occurs at a torque 
angle greater than 90~ c7) though the effect is not very marked until the 
magnetising current is approaching 1.5 per unit or more, and costs of 
excessive currents must be taken into account. 

In the next example, a simplification will be made by expressing all the 
relevant equations in per-uni~ with rated kVA, rated voltage and the 
synchronous speed at rated frequency, as base values. The equafons are 
unchanged apart from the omission of constants like '3', O~,r and pole 
pairs. The conversion is simple; for example, base torque is: (rated kVA • 
I03)/WsCbase) and on dividing the torque expressions by this, the voltages V 
and Ef by Vb~,e and remembering that Zba,e = (Vb~e)2/Powerb,e (see 
Example 4.2d, p. 86), the following equations result, Ef and X, being the 
values at base frequency: 

For the voltage equation at any frequency k • jba~" 

V = kEf + RaI a + jkXsIa (5.19) 

For eqn (5.12, p. 142)" 

multiply the first term of eqn (5.20) below by -sin(6 - a). 

For eqn (5.14, p. 154)" 

Max. Te - ~ ~/R2 a + (kXs)2 

From eqn (5.17)" 

- R~" + (kX,)~ (5.~0) 

Te = XmI~Ia sin 6fa (5.21) 

now re-formed in terms of I~, Ia and the torque angle 6fa. Note that since 
Xm is in per unit = ~Ob~e M'/(Vba~/Iba~e), it is proportional to the mutual 
inductance and k does not appear in the equation, nor in eqn (5.17). 

Example 5.15 

A polyphase, cylindrical-rotor synchronous machine has a per-unit synchronous impedance Zs 
= 1. The resistance when allowed for can be taken as 0.05. The leakage impedance can be 
taken as zero (X, = Xm). Determine: 

(a) the per-unit Ef for operation as a motor at unity power-factor and rated armature current, 
voltage and frequency, 
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(b) the per-unit torque at this rated condition calculated from (i) V/a cos ~0 - / ' 2 ,R , ,  (ii) eqn 
(5.12) and ( i i i ) eqn  (5.21); 

(cJ the maximum torque with rated voltage and the same value of El; 
(d) the a rmature  current  at condit ion (c); 
(e) the air-gap e.m.f. E at condit ion (c); 
(~ I m and I~ at condit ion (c); 
(g) the phasor diagram for condition (c), checking all the angles of the m.m.f, triangle by the 

cosine rule on the cur rent  magnitudes; 
(h) the voltage and frequency required to sustain condition (c) at a speed of 0.1 per unit; 
(i) the answers to ( a ) - ( h )  if resistance is neglected; 
(j) the values of torque and torque per ampere  in per unit, for the following conditions when 

supplied from current  sources giving la = I~-- 2. (i) lm = 1; (ii) Im = 2; (iii) Im " 3. Neglect 
the armature  resistance and use the approximation to the magnetisation curve employed 
in Example (4.16) for de termining the reduction in per-unit mutual  i n d u c t a n c e -  Xm = 1 
a t  I m = I. (M' per unit  = (.ObaseM'[base/Vbase = Xm/Zbase~ ) 

If R~ = 0.05, then X, = ~]12 - 0105 ~ = 0.9987 and a = tan- '  R~/Xs - 2*.87 

(a) Be = V - I,,(R~ + iX,) - 1 - (1 + j0) (0.05 + j0.9987) = 1.3784 / --46*.43 

(b) (i) T r  x 1 x 1 - 1 2 x 0 . 0 5  = 0.95 

-1 • 1.3784 1.37842 x 0.05 
(ii) T~ = sin (-46.43 - 2.87) - = 0.95 

1 12 

F_,f 1 .3784 / -46 .43  
(iii) I } - j X ~  - 0 .9987 /90  = 1.38 ,/-136.43 

so T~ = Xml~la sin 6fa = 0.9987 • 1.38 X 1 X sin 136~ = 0.95 

(c) T~<mx), from eqn (5.12) with ( 6 - a )  = - 9 0  ~ 

-1 • 1.3784 1.3784~ • 0.05 
• ( - 1 ) -  

1 12 
= 1.283 

V -  ~ l . ( 9 0 -  a )  1 - 1.3784(0.05 - j0.9987) 
(c.) I a = = = 1 .662]-31~ 

Z,[90_, a 0.05 - j0.9987 

(e) E = V--I~R~ = 1 -  1.662/-31.2 x 0.05 = 0.93/2".65 

Et / -90 + 2.87 
(t) I~= = 1 . 3 8 [ -  1770.13 

0 .9987 /90  �9 

E 0.93 12.65 
I m . . . .  0 . 9 3 1  [--870.35 

jX~ 0 .9987 /90  . . . . . . .  

The angle between I~ and l m  (~Omf) is t h u s - 1 7 7 . 1 3 -  (-87.35) = 89~ which is very nearly 
at the op t imum value of 90 ~ even though it is the result of a maximum-torque condition 
deduced from the voltage-source equations. These equations allow for impedance drop  and 
maximise the air-gap power ra ther  than considering the opt imum angle as for the current- 
s(,urce approach.  In fact, if the leakage reactance had been allowed for, this angle would have 
progressively reduced from 90 ~ as a larger ~hare of X, was ascribed to leakage reactance. The 
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Max torque. Speed �9 1.0 R o. 0 

maximum torque would have been unchanged since the value depends on the total 
synchronous impedance. This will be verified if the calculations are repeated with x~l typically 
0.1 per unit, leaving Xm as 0.8987 per unit. 

(g) The phasor diagram has been constructed from the above information and is shown on 
the first figure. The check on the angles from the calculated current magnitudes is left 
as an exercise to familiarise the calculation procedure when the currents are specified, as 
indeed they are in the next question and part (j). 

(h) The condition here is a speed and frequency of 0.1 per unit which means that k in the 
variable-frequency expressions of eqns (5.19) and (5.20) is 0.1. The m.m.f, diagram is to 
be the same, to give the same torque - which is not quite the maximum for this particular 
flux (Im) and field current, since the angle between them is slightly less than 90 ~ It is 
convenient to take l ,  as a reference phasor; it will be 1.662 +j0. Hence, from eqn (5.19): 
and the phasor diagram from which the angles can be deduced, e.g. 

~.; = 89.78 + ( 9 0 -  31 .2 -  2.65) = 1450.93: 

V -- kEf + Ral= + jkXsl= = jklf'Xm + Rala + jkX~l= 

= jO.1 X 1.38/-145:93 X 0.9987 + 0.05 X 1.662 + jO.l X 0.9987 X 1.662 

= 0.1378/-55~ + 0.0831 + j0.166 

- 0.16 + j0.052 -- 0.168/+ 18 ~ 

Note that in the above calculations, Cartesian and polar forms have been used as convenient 
but care must be taken in combining them finally. The second figure shows the phasor 
diagram, the current I,  being at a slightly lagging power-factor of 0.95. The load angle 6 
between V and Ef is - [ 1 8 -  (-55.93)] =-73~ which is < 90 ~ even though torque is 
maximum. r falls further if k is reduced further. 
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The calculations neglecting resistance are much  simpler and will now be out l ined in the 
same sequence as previously. 

(a: Ef = 1 -  1 •  = 1 - j l  = 1.414,/-..45" 

(b ,  (i) T~ = 1 • 1 • 1 = 1 

-1  • 1.414 x s in( -45 ~ 
(ii) ~ = = 1 

1 

1.414 
(iii) T~ = 1 x • 1 • sin 45 ~ = 1 

1 

-1 • 1.414 
{c) T~( . . . .  ) = (-1) = 1.414 

1 

1 - 1 .414 / -90  ~ 
(d I~ = = 1 . 4 1 4 - j l  = 1.732/-350,.3 

j l  - --------  

(e) g -  V = 1 

1 .414 / -90  ~ 1 
(f) I~ = = - 1 . 4 1 4  I m =  - -  = --jl. 

jl jl 

(g) The phasor  diagram is shown on the 3rd figure and should be compared  with the one  
including resistance. The differences are about  5% but note  that  the angle is now exactly 
90. 

(h) With I a as the reference phasor, I~ is 1.414/-180 ~ - ( - 3 5 ~  = 1 .414/-  144~ 

So V = jld}X~ + jkXJ~ 

= j0.1 • 1.414/-144~ • 1 +j0.1 • 1 x 1.732 

= 0.1414 (0.578 - j0 .816)  + j0.1732 

= 0.082 + j0.058 = 0.1/_2_35~ 

Th~s result, which shows that V is propor t ional  to k when resistance is neglected,  has already 
bet  n illustrated in Example 5.14, but is now confirmed.  With Ph included, a much  higher  
vollage is required to provide for the increasingly dominat ing  effect of  resistance at low 
frequencies, as shown in the first part  of  this question. 

(j) Allowance for saturation of mutual  inductance is now to be made and cur ren t  sources 
I~ = I~ = 2 are to be supplied at different  phase angles to permi t  Im to vary from rated 
value of 1, to 3 per unit. The empirical expression relating flux and magnetis ing cur ren t  
is, from Example 4.16: 

0.6~m .Zm 
/m "- from which q~m = 

1 - 0 . 4 ~ m  0.6 + 0.41 m 

q he average slope of the f l u x / I  m curve is propor t ional  to the mutual  inductance.  When lm 
= 1, ~bm = 1 and the slope is p r o p o r t ~ n a l  to 1. For Im = 2, ~ = 2 /1 .4  and for lm = 3, ~bm -- 3/1.8. 
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The average slopes for the last two are 1/1.4 and 1/1.8 respectively. These are the coefficients 
by which M' must be reduced. The angle 0 between I, and I~ used on Figure 5.34:1 is obtained 
from the cosine rule as: 

COS -1 0 = 
If~+ C - &  

and the torque expression of eqn (5.21) will complete the calculation. The results are 
tabulated below: 

(i) (ii) (iii) 
M' 1 1/1.4 1/1.8 
0 29 ~ 60 ~ 97 ~ 
T~ = 2 • 2 • M' sin 0 1.93 2.47 2.2 
Torque/amp T~/4 0.48 0.62 0.55 

A few more calculations will show that the maximum torque occurs at an angle 0 rather less 
than 90 ~ which means that the torque angle 6fa, between stator and rotor m.m.f.s is rather 
greater than the unsaturated value of 90 ~ The load angle between Im and I ~ is still less than 
90 ~ . The maximum torque per ampere is somewhat less than the unsaturated value given by 
eqn (5.18) which is 1/2, equal to 1 in this case. 

5.6 Operating charts 

U n d e r  ce r t a in  c i r cums tances  the  p h a s o r  d i a g r a m s  for  a.c. circuits u n d e r  

var iable  c o n d i t i o n s  give rise to p h a s o r  loci wh ich  are  circular.  Such  circle 
d i a g r a m s  are  useful  visual aids a n d  assist in r ap id  calculat ions.  T h e y  are  less 

i m p o r t a n t  nowadays  with i m p r o v e d  ca lcu la t ing  facilities which  can  o p e r a t e  

direct ly o n  the  equa t ions ,  wh ich  are  really the  basis on  which  the  d i ag rams  
are  c o n s t r u c t e d .  No e x a m p l e s  o f  i n d u c t i o n  m a c h i n e  circle d i ag rams  have  
b e e n  given in this b o o k  t h o u g h  they  are  dea l t  with in R e f e r e n c e  1. However ,  
for  s y n c h r o n o u s  m a c h i n e s  they  are  still o f  g e n e r a l  in te res t  because  they 
d e l i n e a t e  t he  var ious  r eg ions  o f  o p e r a t i o n  in a m a n n e r  especially useful  for  

power-systems studies.  O n e  e x a m p l e  will t h e r e f o r e  be  given he re ,  as a s imple  
e x t e n s i o n  o f  t he  p h a s o r  loci shown  o n  F igure  5.1. 

Example 5.16 
A S-phase synchronous machine hm a synchronous reactance Xs = 1.25 per unit and on full 
load as a generator it operates at 0.9 power-factor lagging. The machine losses may be 
neglected. 

(a) Determine the rated excitation in per unit to sustain this condition. 
(b) What excitation would be required to operate at full-load current but 0.707 p.f. 

lagging? 
(c) With this maximum excitation, what would be the maximum motoring torque in per unit 

- expressed in terms of full-load torque? 
(d) What per-unit current would be drawn for condition (c)? 
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(e) What power can be developed as a motor  when running  at 0.8 power-factor leading, 
without exceeding rated excitation? 

(f) With the maximum excitation of condition (c) what will be the kVAr rating as a 
synchronous capacitor? 

(g) What will be the maximum kVAr rating as a SyTlchronous reactor with the excitation 
reduced to a minimum of 1/3 of the rated value? 

The problem can be solved using the approximate circuit as in the previous examples. With 
th,." circle diagrams, the solution is much quicker though less accurate. 

(al The two current  phasors; V/jX~ = 1/j l .25,  lagging 90 ~ behind V, and la = 1 per unit at cos 
9 = 0.9 lagging as a generator, are first drawn. With a motor  convention, the I~ phasor is 
reversed at angle 25~ l a g g i n g -  Y. The  closing phasor of  the triangle is the rated 
excitation divided by jX~, which by measurement  is 1.52 per unit. Hence rated Ef = 1.52 X 
1.25 = 1.9 per unit. 

(b) More excitation will be required to operate  at rated current  and a lower power-factor. 
Drawing an arc from the origin at I= = 1 per unit to angle 45 ~ for 0.707 power-factor 
identifies the end of the F~/j X~ phasor which by measurement  is 1.64 per unit. Hence F~ 
= 1.64 X 1.25 = 2.05 per unit. 

(c~ An arc drawn at this new Ef/jX, radius into the motoring region until ~ / j X ,  makes an 
angle ~ = 90 ~ with the V/jX, phasor, defines the point of maximum torque. The rated 
torque corresponds to rated Ia cos ~o = 0.9 per unit and so the maximum torque is 1.64/0.9 
= 1.82 per unit. 

(d) A current  phasor drawn from the origin to the point of  maximum torque has a value of 
1.85 per unit, at angle ~0 = 25~ lagging; cos ~0 = 0.9. 

(eJ A motoring-current  phasor drawn at ~0 = cos '1 0.8 leading = 36~ intersects the rated 
excitation circle at Ia = 0.9 per unit, and Ia cos 9 = 0.72 per unit is the power and torque for 
this condition. 

/ / / \ . . . .  ----../ _ ~.~n. 
' "1 / 0 . 9 ~  "~" /~ . .e '~ /e~  

' o.&l . . . .  / _ .  . 

Mox imum 
Mo~ Power 

Figure E.5.16 
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(5.7) 

(f) For a 'motor' at zero p.f. leading, the maximum excitation circle intersects the zero-power 
axis at la = j0.83 per unit, so kVAr as a synchronous capacitor is 0.83 per unit, 

(g) For zero power-factor lagging, the excitation circle drawn at 1/3 of the rated Ef/jX, - 1/3 
x 1.52 ffi 0.507 intersects the zero-power axis at -j0.3, so kVAr as a synchronous reactor 
would be 0.3 per un/t, This rating is always less than as a capacitor because of stability 
considerations at low excitation. 

B o u n d a r i e s  a re  s h o wn  o n  F igure  E.5.16 i n d i c a t i n g  the  o p e r a t i n g  l imits for  

t he  va r ious  m o d e s .  P e r - u n i t  n o t a t i o n  is especia l ly  use fu l  for  t he  po r t r aya l  o f  so 
m a n y  o p e r a t i n g  m o d e s  a n d  cond i t i ons .  Res i s tance  can  be  i n c o r p o r a t e d  
qu i t e  s imply  by d r a w i n g  the  exc i t a t ion  circles f r o m  a V / Z ,  phasor ,  wh ich  will 
be  at  an  ang le  less t h a n  90 ~ b e h i n d  V, a n d  the  radi i  will t h e n  be  [Ef/Z~[. 

5.7 Multl-machlne problems 

Thi s  a r e a  o f  s tudy for  s y n c h r o n o u s  m a c h i n e s  is very  i m p o r t a n t  for  p o w e r  

systems. O n l y  a few s imple  e x a m p l e s  will be  g iven h e r e  to i l lus t ra te  para l le l  
o p e r a t i o n  o f  g e n e r a t o r s  a n d  the  use  o f  s y n c h r o n o u s  m o t o r s  to i m p r o v e  an  
indus t r ia l - sys tem p o w e r  factor.  E x a m p l e s  u p  to now have  a s s u m e d  tha t  the  
supply-sys tem has  ze ro  i m p e d a n c e ,  giving c o n s t a n t  t e r m i n a l  vo l tage  V; a n d  
inf in i te  iner t ia ,  g iving c o n s t a n t  f r equency .  T h e s e  a re  the  charac te r i s t i cs  o f  
t he  so-cal led ' in f in i te '  b u s b a r  system. Fo r  two pa ra l l e l ed  g e n e r a t o r s ,  t he  
i n t e r a c t i o n  o f  t he  ind iv idua l  m a c h i n e  i m p e d a n c e s  a n d  e .m.f .s  o n  the  
s h a r i n g  o f  kW a n d  kVAr is ins t ruc t ive  as an  i n t r o d u c t i o n  to the  power-f low 
p r o b l e m .  

Example 5.17 
Two 3-phase, 3.3-kV, star-connected alternators are connected in parallel to supply a load of 
800 kW at 0.8 power factor lagging. The prime movers are so set that one machine delivers 
twice as much power as the other. The more heavily loaded machine has a synchronous 
reactance of 10fl per phase and its excitation is so adjusted that it operates at 0.75 p.f. 
lagging. The synchronous reactance of the other machine is 16 fl per phase. 

Calculate the current, e.m.f., power factor and load angle of each machine. The internal 
resistances may be neglected. 

800 
Total kVA - - = 1000kVA. 

0.8 

1000 
Total current = - x (0.8-j0.6) = I = 140-jI05A. 

#3 x 3.3 

For the heavier loaded machine (Machine A say) 

2 
IA c o s  ~OA = - -  X 1 4 0  = 9 3 . 3  A 

3 
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and  

I^ sin ~0A = IA cos ~0A X tan ~0A = 93.3 x 0.882 

= 82.3 A. 

.'. I s = 93.3 - j 82 .3 .  

�9 '. IB = I -  I A = 4 6 . 7 - j 2 2 .  7. 

�9 I A = 124.4A at cos ~0A = 0.75...__= 

IB = 51.9 A at cos ~0B = 0.9. 

3300 
EA = V + jXAIA = 

43 

3300 
EB = V +jXBIB = 

~3 

+ j 1 0 ( 9 3 . 3 - j 8 2 . 3 )  = 2728 + j933 = 2888/18~ per  phase 

+ j16(46.7 - j 2 2 . 7 )  = 2268 + j747 = 2388/'18~ per  phase 

Example 5.18 
Two star-connected,  non-salient-pole, synchronous  generators  of  identical rat ing operate  in 
parallel to deliver 25000kW,  0.9 power-factor lagging-current  at 11 kV. The  line induced  
e.m.f, of  Machine  A is 15 kV and  the machine  delivers 10 MW, the remain ing  power being 
supplied by Machine B. De te rmine  for each machine:  

(al the load angle in electrical degrees  
(b) the cur ren t  and power factor 
(c~ the kVA 

Find also the induced e.m.f, of Machine B. Take the synchronous  reactance for each machine  
as 4.8 ~ per  phase  and neglect  all machine  losses. 

25 000 
Total kVA - - 27 777 kVA. 

0.9 

27777 
Total cu r ren t  = ( 0 . 9 - j 0 , 4 3 6 )  = 1 3 1 2 - j 6 3 5 . 7 .  

4 3 •  11 

Lc,ad angle 8A from 10 MW = 
3 • l l k V •  15kV 

4.8 5< ~!3 • 43 
sin 6 A 

from which: sin 6A = 0.291" 6A = 16~ COS 6A -- 0.957. 

Ef - V 1000 15(0.957 + j0.291) - 11 
Hence  IA - - • = 525-- j403.5 .  

jX~ 43 j4.8 ' 

Hence  I B = 1 -  IA = 787-- j232.2 .  

EB -- V + jX~I B - 11 000 + ~,'3 • j4 .8(787 - j232.2) = 12.93 + j6.54 Line kV 

= 14.49/26~ 
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From above: 

(a) 6A = 16~ 6s = 26~ 

(b) IA = 662 A at cos cpA = 0.793. Is = 820.5 A at cos ~oa = 0.959. 

(c) kVAA = r X 11 • 662 = 12 600. kVAB = ,/3 • 11 • 820.5 = 15630. 

Induced  e.m.f, for Machine B = 14.49 Line kV. 

(5.7} 

Example 5.19 

A 6.6-kV industrial plant has the following two induction motor  drives and a main t ransformer 
for the o ther  plant 

hid. Mtr A Int. Mtr B Transformer  
Rated output  (kW') 100 200 300 
Full-load efficiency 94% 95 % 99% 
Full-load power factor 0.91 0.93 0.98 lagging 

A star-connected synchronous machine  rated at 250 kVA is to be installed and  so control led 
that when all the equipment  is working at full rating, the overall power-factor will be unity. At 
the same time, the synchronous machine  is to draw rated cur rent  and  deliver as much  
mechanical  power as possible within its cur ren t  rating. If its efficiency can be taken as 96% 
and its synchronous impedance 0 + jl0011, calculate the required e.m.f, beh ind  synchronous 
impedance  to sustain this condition. 

As an alternative strategy, consider what rating of synchronous machine,  operat ing the 
same motor ing load, would be required to bring the overall works power-factor to 0.95 
leading. 

First, the total works load can be calculated by summing 

Power 
I = 

~ x 43 x V x  p.f. 
(cos ~o + j sin ~o) 

Ind. Mtr A. I A = 
100 

0.94 x 43 x 6.6 x 0.91 
(0 .91- j0 .4146)  = 9 . 3 0 6 - j 4 . 2 4  

2O0 
Ind. Mtr B. Is  . . . . .  0.95 • ~3 • 6.6 'X 0.93 (0 .93- j0 .3676)  = 1 8 . 4 2 - j 7 . 2 8  

300 
i Transformer. IT ffi 0.99 X J3 X 6.6 X 0.98 (0 .98 - j0 .199)  = 2 6 . 5 1 - i 5 . 3 8  

Total cur ren t  = I r - j l Q  = 5 4 . 2 4 - j 1 6 . 9  

250 
Rated synchronous machine current  . . . . . . . . . . .  21.87 A 

~3 • 6.6 

Reactive componen t  of current  must be j16.9 to bring p.f. to unity. 

�9 active componen t  of cur ren t  = X]21.87 ~ - 16.9 ~ = 13.88 A. 
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F i n a l /  
current 

,p �9 cos- ~ 0.95 

,l'Qs 
l ~ n t  to 0 ,95  

Figure  E.5 .19 

I V 

zQ.s6.9 

'total 

21,87 

i6.9 
Improvement tO u.p.f. 

$o synchronous  motor  ou tpu t  power = x/3 X 6.6 • 13.88 X 0.96 = 152.3 kW = 204 hp. 

6600 
F~ = V- jX~Ia  = ' ~;3 - j 1 0 0 ( 1 3 . 8 8  +j16.9)  = 5 5 0 0 . 5 - j 1 3 8 8  = 5673V = 1.49p.u. 

Fcr  a power  factor of  0.95 leading and with the same power c o m p o n e n t  of ,~mchronous-motor  
current ,  the phasor  diagram shows that  the following relat ionship holds: 

tan l0 = 
IQS - IQ IQS-16.9 
les + Ie 13.88 + 54.24 

and  since tan ~0 = tan(cos  "q 0.95) = 0.3286 = ( I Q s -  16.9)/68.12,  

IQs = 39.29 A. 

Hence  requ i red  synchronous  machine  rat ing = ~/3 x 6.6 X/(39.29 ~ + 13.8'8~-) = 476kVA, 
re zluiring a machine  of  nearly twice the previous size. 

5.8 Salient-pole and reluctance-type machines, 
synchronising power 

A,I the examples so far posed have been solved using .round-rotor or 
q lindrical-rotor theory; namely assuming that synchronous machines are 
built like induction machines with uniform air gap such that a sinusoidal 
m.m.f, distribution will produce a sinusoidal flux distribution. The 
majority of synchronous machines do not have such a symmetrical 
magnetic geometry, though the high-power turbo-generators are close to 
tLis. Most synchronous-motor drives have salient-pole rotors, giving two 
axes of symmetry per pole pair; the direct axis, along the main field 
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winding, and the .axis in quadrature, between the poles. Consequently, 
the magnetic permeance and the synchronous reactances as measured 
on the two axes, Xa and Xq, are very different. In spite of this, the steady- 
state behaviour is not vastly different from that calculated by assuming X, 
= Xa, as in round-rotor theory. This is not true for transient behaviour 
however, when considering the likelihood of instability, oscillatory behav- 
iour or loss of synchronism, since the power/load-angle characteristic is 
much more helpful in these circumstances. In addition, the salient-pole 
synchronous motor will operate without excitation, due to the reluctance 
effect of the non-uniform air gap. 

Transient stability studies are largely outside the scope of this book but 
the oscillatory frequency can be approximated by ignoring damping. From 
the general expression in dynamics, see eqn (6.8a)" 

Natural, undamped frequency = ~/(stiffness/inertia) rad/s. 

The effect of damping terms is discussed in Section 6.1, to which reference 
might usefully be made. For a synchronous machine, the stiffness is the 
rate of change of torque per mechanical radian, obtained by differ- 
entiating the torque/load-angle curve at the operating point. Sometimes 
the term 'synchronising power' is used to define the power AP, brought 
into play on a change of angle At, and this in turn is obtained by 
differentiating the power/load-angle curve to get dP/dt .  

Example 5.20 

A 3-phase, 5000-kVA, 11-kV, 50-Hz, 1000-rev/min, star-connected synchronous motor  operates 
at full load, 0.8 p.f. leading. The synchronous reactance is 0.6 per unit and the resistance may be 
neglected. Calculate for these conditions, the synchronising torque per mechanical degree of  
angular displacement. The air gap may be assumed to be uniform around the periphery. 

Working in per unit; F~ = 1 - j X ,  la = 1 - j 0 . 6  x 1 (0.8 + j0.6) 

= 1 .36- j0 .48  ffi 1.44/19":44. 

VE 1 x 1.,14 
Power/angle equation P = - - s i n  6 = 

x, 0.6 
sin 6 = 2.4 sin 6. 

Hence,  synchronising power from dP/d6 ffi 2.4 cos 6 = 2.4 cos 19.44 = 2.263 p.u./radian 

5 000 000 
1 per-unit torque = ffi 47 746 Nm. 

2~r x 1000/60 

�9 2.263 per unit - 2.263 • 47 746 x 
211" 

• 3 = 5657Nm/mechanical  degree 
360 . . . .  

since there must be 6 poles, if the synchronous speed is 1000 rev/min at 50 Hz. 
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Example 5.21 
A stlient-pole synchronous motor has Xa = 0.9 and Xq = 0.6 per unit and is supplied from rated 
voltage and frequency. Calculate the current, power factor and power for a load angle o f -30  ~ 
(motoring) and for excit,qtion e.m.f.s (F~) of 1.5, 1.0, 0.5 and 0 per unit, the latter case being 
the reluctance motor (zero excitation). What would be the new values if, as a reluctance 
motor, the rotor was redesigned to give Xa = 0.75 and Xq = 0.25? What would then be the 

�9 ma~timum torque? Armature resistance may be neglected throughout. 

r h e  phasor diagram of Figure 5.4a is shown for the overexcited 
condition as a motor. The equation is similar to that for the round-rotor 
machine but the resolution of the armature m.m.f. Fa into direct-axis (F~a) 

q axis 
I 

iXqlq I 
.ix,,I~I. Ef 

16 cl axis 
( c ) Overexcited 

Motor 

~a 

jX~ Z r  

L ~ ' 4 / ' ,  . . . . .  

jX~lq 

(b) Reluctance 
Motor  

jzc, Xq 
Ef 

iz~xd 

~,*'- Reversed l~ 

Id 

(c)  Overexcited Generator 
[Motor conventions) 

Figure 5.4 Salient-pole synchronous machines. 

and quadrature ax is  (Faq) components is reflected in the two component 
currents la and lq of the armature current I~. The equation is: 

V = Ef  + j X q l q  + j X d l  d (see Reference 1). 

Re:~embering that 6 is negative for a motor, the angle by which lq (which 
is in phase with Ef) leads la must be defined as: 

= 6 -~0 and is negative on Figure 5.4a. 

From the geometry of the diagram and deliberately arranging the equations 
so that positive Ia will be magnetising along the d axis (as for Ff): 
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-V sin 6 
. . . .  XqIq --- - V  sin 6 .'. Iq -- Xq (5.22) 

V c o s  6 - Er 
XdG = V c o s t - F ~  " / a  = ( 5 . 2 3 )  

xd 

Id is negative on Figure 5.4a corresponding to the demagnetising action for 
this condition. Id = Ia sin ~ and Iq = Ia cos ~ but for generating operation 
this must be made negative if using motoring conventions. 

tan ql = Ia/Iq and the total armature current  Ia = ~Id 2 + Iq ~. 

Power = (torque in per unit) 

= V/a cos ~0 = V(Iq cos 6 + Id sin 6) and both Id and 6 are 
negative in Figure 5.4a. 

-V  sin 6 ( V cos 6 - F-e) 1 
= V cos 6 + sin 6 J xq 

= - ~  E~sint+2 -1  sin 26 (5.24) 

For the reluctance motor, terms in Ef become zero and Id becomes positive 
as shown on Figure 5.4b. Its maximum torque, by differentiation, will occur 
at 6 = -45 ~ For a generator, the same equations apply (as a negative 
motor) ,  but  6 becomes positive, and for the overexcited condition as 
shown on Figure 5.4c, ~ is positive and ~p is negative. Reversing the current  
phasor brings back the generator  convention and enables the power-factor 
angle to be seen as less than 90 ~ . 

The table of results on p. 173, gives a very comprehensive comparison of 
performance. With the excited salient-pole machine of course, the power 
factor can be controlled from lagging to leading. As excitation is reduced 
step by step to zero, the power factor falls drastically as does the power and 
torque. The output  as a reluctance motor  is very small. However, with a 
higher Xd/Xq ratio, the performance is much improved, at the expense of 
higher currents. This is due to the fact that the magnetising current  must 
now come from the a.c. supply as for an induction machine. The table also 
shows the value and simplicity of the per-unit system in making these kinds 
of comparisons. As an exercise, the maximum torque for the excited 
machine could be worked out  for further comparisons. The next example 
provides the maximum torque expression. 
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In the problem, 6 = -30" so sin 6 = -0.5, cos 6 = 0.866 and sin 26 = -0.866 

0.5 

D.C. excited salient-pole motor, .& = 0.9 I(, = 0.6 

0 11 6 =-30" Er 
-Vsin 6 

I .  = 

xi 

1.5 1 .o 

0.5 
0.833 

0.866 - 1.5 
= -0.704 

0.833 

-0.149 
VCOS6 - k?$ 

& 
Id = 

( p = 6 - +  
cos (p 

10O.2 -19O.9 

0.98 lead 0.94 lag 

I, = Jm 

0.277 

- 0.241 

0.518 

I 1.091 

~- 

0 0 

0.241 1.155 

0.241 1.155 

- 

1 0.846 

JI = tan-' &/I,  I -4OO.2 I -1OO.l 

I I 

wa cos (p I 1.073 I 0.795 

V 
Excn. power y E f  sin 6 + I 0.833 

n, 
Reluctance power 

0.241 

= Total power (check) I 1.07 

0.555 

0.241 

0.796 

I Reluctance motor 

11 .& = 0.75, = 0.25 

0.833 I 0.833 /I 2 

+0.406 1 +0.96 I/ +1.155 

~- 

0.927 [ 1.271 ((-2.3G 
+25".9 I +49" 11 +30° 

6 = -45" 

2.83 

+0.943 

2.98 

+18".4 

-63O.4 

0.45 lag 

1.334 

0 

1.333 - 
1.333 
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Example 5.22 
A 6.6-kV, 5-MVA, 6-pole, 50-Hz, star-connected synchronous generator  has Xd = 8.7 ft per  
phase and Xq - 4.351~ per  phase. Resistance may be neglected. If the excitation is so adjusted 
that Ef = 11 kV (line), and the load angle is 30* (elec.), determine:  

(a) the power factor, output  current  and  power in per unit; 
(b) the load angle at maximum torque; 
(c) the ratio between maximum torque and that occurr ing with 6 = 30"; 
(d) the stiffness in newton metres per  mechanical  radian for a load angle of  30*; 
(e) the frequency of small u n d a m p e d  oscillations if the total coupled inertia is 8200 kg m 2, 

the mean load angle being 30*; 
(f) the stored-energy constant. 

5OO0 
Rated a rmature  current  la = ~ = 437.4A = 1 per-unit current .  

vt3 x 6.6 

- V s i n  6 - 6 6 0 0 / ~ 3  x sin 30" 
(a) lq = - =  

Xq 4.35 
= -438  DL 

V cos  6 - F~ 6600 cos 30" - 1 1 0 0 0  
/d  . . . .  3 5 0 . 7  A. 

xd ,/3 x 8.7 

la = X/Id 2 + lq  2 = ~/4382 + 350.72 = 561.1A = 1_283 per uni L 

-350.7  
tan qJ --- 

- 4 3 8  
- - - - - - - - -  so $ = 38*.7 = 6 - ~o ffi 30 - I* so ~o = -8~ cos ~o = 0.988 lagging 

Power ffi V/a cos ~o = 1 x 1.283 x 0.988 = 1.268 per uniL 

(b) Torque = - - - x - - x  E f s i n 6 +  - 1  sin 26 
,0. x~ -f ' 

- - - =  0 w h e n E f c o s 6  = - V  X d _ I  
d6 

c o s 2 6 = - V ( - ~ -  1 ) ( 2  c o s ~ 6 -  1). 

Forming the quadratic: 2 cos 2 6 + - - -  cos 6 -  1 = 0. 
V -Xq 

*romwhch,os  = :  :l: + m .  
4v ~ x~-x~ 2 

Substituting: cos 6 = • + 0.5 
4 x 616 ' \  4.35 26.42 

= -0.4135 • 0.8207 

= 0.4072 = cos 660; sin 6 = 0.914; sin 26 = 0.743. 
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(c) The ratio of  torques is obtained by substituting the appropriate values of  sin 6 and sin 26 
for 6 -- 30 ~ and 6 = 66 ~ in the torque expression. Some constants cancel. 

Tm~ 

T~t~ 

6.6 
11 x 0.914 + - -  ( 2 -  1) x 0.743 

2 

6.6 
11 X 0 . 5 + - - ( 2 - 1 )  x 0 . 8 6 6  

2 

= 1.496. 

r 
- 3  660O / 11000 

(d) Torque at angle 6 = x - - - - -  x [ ~  sin 6 + 
2"rr x 50/3 v'3 x 8.7 43 

66. ] 
x ( 2 -  1) sin 26 

2 x r  

dT~ 3 6600 
- x x ( 1 1 0 0 0 c o s 3 0  ~  1 X c o s 6 0  ~ ) 

d6 100~ 8.7 

= 92 917 Nm per electrical radian 

= 92917 x 6/2  = 2.79 x 105Nm/mechanicai  radian. 

~/ stiffness ~/2178 x i0 ~ 
(e) Undamped natural frequency = = 

inertia u 8 - ~  
= 5.83 rad/s  

1 

2~r 
• 5.83 = 0.928 Hz. 

(f) The stored-energy constant is defined as: 
Stored energy at rated speed U(~s 2 

x 8200  X (100~r/3)  2 
= = 9 seconds. 

5 000 000 

Rated voltamperes MVA x 106 

Stepper and switched reluctance ($R) motors (8) 
These motors do not offer much possibility for numerical examples within 
the scope of this text, since they would involve the complexities of 
electromagnetic design, stability analysis or the special disciplines of power- 

Phose A exc, tecl Phose B exotecl Pl~ose C excd~l 

Figure 5.5 Stepper motor. 
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electronic control. However, they are important in certain Electrical Drive 
applications and a brief enunciation of the operating principle can be 
made with reference to Figure 5.5. Sequential switching of the 'phases', not 
necessarily three, brings the rotor in steps to the various stable positions of 
minimum reluctance - only 12 per revolution in the simplified case shown. 
Clearly, the convenience of digital control and the precision of angle offer 
advantages for certain drives, e.g. machine tools and computer printers. 
The addition of a rotor-position detector to govern the frequency of 
switching produces, in the SR motor, a rugged, variable-speed drive 
with controllable characteristics matching d.c. or other rotor-switched 
machines. 
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6 Transient behaviour; 
closed-loop control 

So far, nearly all the examples have been concerned with steady-state 
behaviour. It is important however to introduce the ideas underlying the 
equally significant behaviour which occurs during the approach to, or the 
ret:eat from, a particular steady state. The transient state is a very 
interesting field for mathematical and computer experts, but it is still 
possible to study many practical aspects of machine transients without 
going much beyond the theory of the first-order differential equation. 
Thermal, electrical and mechanical transients are all partly covered by 
such simple equations, though clearly these will have to become more 
complex as more elements and control circuits are included in the system 
of which the machine may be only the main power unit. Usually the 
machine has a much larger time-constant than the  control and power- 
electronic time-constants, so has a dominant effect and will be the area of 
study in this chapter as a simple introduction to the topic. Even for the 
machine itself, the mechanical time-constant is usually much greater than 
the electrical time-constants and so the electrical and mechanical 
responses can often be studied separately. The meaning of this is that the 
electrical-system changes take place at virtually constant speed and the 
mechanical changes take place after the electrical system has virtually 
reached its steady state. This particular problem will be discussed in 
illustrative examples but of course in the space available, the coverage of 
the transient state can only be limited and selective. 

The manner of response in which a system gets from one state to 
another is often highly important in drive design, the principal features 
being speed of response, stability and accuracy in meeting an input 
demand. The stress placed on components is also important. The speed 
of response may be represented by time constant, setding time or rise 
time; stability may be represented by the damping ratio, which is a 
measure of how many oscillations, if present, exist before these die away; 
accuracy reflects whether the steady state reached is exactly the required 
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value or if a steady-state error exists. The response is made up of two 
parts: a steady-state response which remains until conditions change and 
a transient response which should decay to zero. 

6.1 Transient equations 
First-order equation 

Consider a system which has a variable 0 and an equation which can be 
expressed in the form: 

dO 
r " + 0 -- Of  (6.1) 

dt 

where r is a constant known as the 'time-constant' and 0f is the 'final value' 
of 0, i.e. the value once steady state (dO/dt = 0) has been reached. The 
solution of eqn (6.1) for a suddenly applied step input 0f at t = 0 may be 
found from differential equation theory or using the Laplace transform as 
follows. 

The Laplace transform of 0 is 0(p), where 'p' is the Laplace operator; in 
control texts, 's' is normally used but 's' has already been used to represent 
slip and to denote stator quantities. From Appendix A, the Laplace 
transform of the constant term Of is 0f/p. The Laplace transform of dO~dr 
is (p0(p) -00), where 00 is the initial value of 0 when the step change in 
input is applied. Note that, as this is a linear equation, the change in output 
due to a particular change in input will always be the same, whatever the 
initial value. 

Substituting the Laplace transformed values, 

t'pO(p) - too + O(p) = Of/p 

.'. O(p){l + rp} = Of/p + ~'0 0 

Of r00 
.'. 0 ( p ) =  + 

p(1 + zp) 1 + rp 

which can be written as: 

0f(1/r) 00 
0(p) = + 

p(p + l / t )  p + 1/r 

which corresponds to: 

Of a Oo 
O(p) = + - - - - - -  

p(p + a) p + a 
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in the table of Laplace transforms in Appendix A. The inverse transform 
is: 

0 -- Of(1 - e -t/r) + Oo e-t/r (6.2a) 

This can be seen to have two components,  a final value Or and a transient 
component  

iOo - Of} e -'/~ 

8,T 8 
__ ~ ~, 

~l ",r 2r 3,- 4,- 

X,,, Same equat ion,  but I "' 
"" ~ ~ " ' " ' ~ "  - 

( a )  

0 �9 ~" (per  unit) 

'." ~;~ ~-~ 
1.0 

0 . 8  - -  ,~= 1.1 g ! 
I.,. o., I/ f~!~.g - 

0.4 _ ~ / 1 / � 9  - 

0 . 2 7 ,  

o 2 4 6 8 
Time (normalised) 

(b) 

!%t 
IO 

1.5 

i I l - - i  t J [ i l I i l i i i I I 

0 '-- ' ' Z o 2 4 8 8 io t 
(c) 

Figure 6.1 Transient response. (a) 1st-order equation; (b) 2rid-order 
equation; (c) Exponential decay of sine wave. 
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which decays as t increases. The response is exponential, as shown in Figure 
6.1a, which also shows the response of the system to a negative step 
(-Of). 

An alternative arrangement of eqn (6.2a) is sometimes useful when 00 is 
not zero. It considers the response as an exponential rise (or fall) of the 
chang (Of- 00), superimposed on the initial value 00, namely: 

0 = 00 + (Of - 00) (1 - e -t/~) (6.2b) 

Either form of solution may be quoted, once the system equation has been 
organised into the standard form of eqn (6.1) by reducing the coefficient 
of the variable to unity. For simplicity, consider the case where 0o is zero, 
i.e. where eqns (6.2a) and (6.2b) are identical. In one time-constant (when 
t = r ) ,  

0 = Of(l - e -l) = 0.6320f 

Thus 0 reaches 63.2% of its final value in one time-constant. 
In three time-constants, 

0 = 0 f (1 -  e -s) = 0.950r 

i.e. the value of O(t) 'settles' to 95% of its final value in three time- 
constants. In other words, the 'settling dme' to within 5% of the final value 
is three rime-constants. Similarly, the settling time to within 2% of the final 
value can be shown to be approximately four rime-constants. The 
coefficient of t in the exponential, i.e. l / r ,  is often termed the decay rate. 
For a high decay rate, the transient will disappear rapidly. 

Non-linear response 
The solution just described refers to a linear first-order equation, with r 
constant and also the driving function Of is constant. There are many 
practical situations where these conditions do not hold but a solution can 
still be organised fairly simply using numerical or graphical techniques. As 
will be seen in the following examples it is possible to express dO~dr as a 
function of 0. So for various values of 0, and for a small change A0 about 
these points, we can write: 

A0 dO 
. - - ' - - -  - f ( 0 ) .  ( 6 . 3 )  

At dt 

Hence the time required to change by A0 is equal to: 

At = 
A0 A0 

dO/dt = f(0)" 

The method could be applied to the linear equation but of course there is 
no point in doing this since an analytical solution is available here. 
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Second-order equation 

The next stage of complexity to be described is the situation where there 
are two energy stores in the system. For the first-order equation there is 
only one, like the electromagnetic energy in an inductor or the 
electrostatic energy in a capacitor. If both these elements are in circuit, 
or any other two such stores, t h e n  the second differential coefficient 
comes into the system equation. Depending on the system parameters, 
the response can have rather similar characteristics (if heavily damped),  
or can be quite different in that the response can be oscillatory. The 
general form of the second-order system differential equation is 
expressed in terms of the undamped natural frequency of oscillation 0~, 
and the damping ratio ~: 

1 d 2 0  2 [  dO 
- + - ' - - - - ' - - "  + 0  = Of 
O)En 2 d t  2 o) n dt 

(6.4) 

The significance of w.  and ~ will be made clearer later. Taking the Laplace 
transform, 

p20(p) 2gp0(p) 
+ ........ + 0(p) = Of(p) 

ff)n 2 " (.On 

2 0(p) O) n 
, , = ( 6 . 5 )  

0f(p) p2 + 2~w.p + 0~,, ~ 

If ~ > 1, the denominator  factorises, e.g. 

0(p) O)n 2 

0f(p) (p + a)(p  + b) 

where a = ~oJ. + oJ.~/(~ 2 -  1) and b = ~r 
If Of is a step input, then: 

-- C0n ~ (~2 _ I). A l s o ,  to 2 = a b .  

Of(p) = Of/p 

a r d  O(p) = 
Ofab 

p(p + a)(p + b) 

Tile inverse transform, as obtained from the table of transforms in 
Appendix A, is: 

O = O f  
f be-at ae-bt 1 1 - - - - - - +  

b - a  b - a  
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This solution contains a steady-state portion of value Of and a transient 
portion consisting of exponential terms. 

If ~ = 1, the denominator of the right-hand side of eqn (6.5) can be 
factorised to give: 

0(p) COn 2 

Of(p) p(p + ~ . )2  

If,. again, Or is a step input Or(p) = Of/p ,  

O(p) = 
O~n 2 

p(p + COn) 2 

This corresponds to the transform 
a 2 

p(p + a) ~/' 

(with a = C0n) in the table of Laplace transforms in Appendix A. The inverse 
transform is: 

0 = Of(1 - e " c ~  con~e "~'~t) 

The transient portion again consists of exponential terms. 
If ~ < 1, eqn (6.5) is: 

2 0(p) g,O n 

Of(p) p2 + 2!;COnp + ~On e 

If, again, Or is a step input 0f(p) = 0 f / p ,  

Ofco n 2 
O(p) = 

p(p2 "+ 2gconp + ~n 2) 

but the denominator will not factorise into real factors. From the last line 
of the table of Laplace transforms in Appendix A: 

0 = Of 1 - -~'1 sin (con ~/ l - !;et + cos -1 ~) 

The transient portion of this solution consists of a sinusoidal oscillation of 
frequency C0nd(1 - ~ ) ,  decaying exponentially at a decay rate [~0n. This 
means that the sine wave decays within an exponential 'envelope' of time- 
constant 1/gcon, as shown in Figure 6.1c. The decaying oscillation will then 
settle to within approximately 5% of the steady-state value in a time 3/[co, 
seconds. 
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If the 'damping ratio' g is zero, the transient term will be 

Of sin(to, t + ~r/2) 

which is a continuous oscillation at the 'natural frequency' to,,. 
The damping ratio g is a measure of the amount of oscillation in the 

response of the system to a step change in input and its value is adjusted to 
suit the particular application. For control of shaft speed, current, etc., g of 
0.4 to 0.6 is usually appropriate. For position control, where 'overshoot' 
of the final value is normally undesirable, g of approximately 1.0 is 
preferable. 

.Mthough systems are in general higher than second order, short time- 
constants can often be neglected and it is usual to approximate systems to 
second order if possible, to make use of simple measures of stability (e.g. 
damping ratio) and speed of response (e.g. gton, which is the rate of decay 
of the transient). 

I t a  system has two rime-constants, one long, one short, the longer time- 
constant is dominant, as its transient takes longer to decay. In Example 
6.12, the shorter rime-constant is neglected to simplify the transfer 
funtcdon to second order and allow i~ and t0,, to be estimated. 

6.2 Transfer functions 

In a linear control system, the 'transfer function' is a convenient way to 
relate input and output. Although other representations, e.g. state space, 
are common in control theory, the transfer function remains popular in 
industry. The transfer function is defined as: 

output / input ,  i.e. output = input • transfer function 

where the input, output and transfer function are all expressed in terms of 
the Laplace operator 'p' instead of time. In the first-order example on 
p.178, taking 00 = 0 for simplicity, and allowing Of to be any function of time 
which has a Laplace transform 0f(p), 

tpO(p) + O(p) = Of(p) 

.'. 0(p){1 + rp} = 0f(p) 

O(p) 
D 

0f(p) (1 + rp) 
= transfer function 

= G(p), say. 
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In many systems, the output quantity has to be regulated by modifying the 
input as the output changes. To achieve this, a measure of the controlled 
variable Y(p), say, is fed back and subtracted from the input X(p), in order 
that an excessive output leads to reduction of the input. The control signals 
X and Y are usually low voltages in analogue systems or numbers in digital 
systems. Figure 6.2a shows the simple example of closed-loop control of 
current. The current I(p) is measured by a sensor which produces a voltage 
output Y(p) proportional to I(p). The difference between a reference 
input voltage X(p) and Y(p) is an 'error'  voltage which indicates an error 
in current value. The 'error'  voltage is fed into an amplifier which 
produces the voltage V(p). The load has a transfer function 1 / (R + pL) 
which represents a resistance and inductance in series, as in Example 6.1. 
The 'forward loop' elements (transfer functions of amplifier, load and 
sensor) are multiplied together to form G'(p)  in Figure 6.2b. Note that it 
is usually more convenient to define the measure of the controlled variable 
as the output. In Figure 6.2a, current is the controlled variable but its 
measured value, Y, is defined as the output. The transfer function of a 
current sensor will normally consist of a numerical constant and perhaps a 
simple filter. 

From Figure 6.2b, 

Y(p) = G ' ( p ) l X ( p )  - Y(p)} 

Y(p) G'(p) 
B 

X(p) 1 + G ' (p )  

Amplifier R + pL -• .... Sensor "j .... Y(P) 

(a) 

G'(p) 
Y(p) 

(b) 
Figure 6.2 Block diagrams: (a) closed-loop current control; 
(b) unity-feedback system. 
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TEis is a closed-loop transfer function. G' (p) is known as the open-loop 
transfer function of this closed-loop system. Note that there is no block in 
the feedback loop of Figure 6.2b. This is known as a 'unity-feedback' 
system. It is often convenient to redraw block diagrams into this form to 
obtain the simplest relationship between open- and closed-loop transfer 
functions. 

Let G' (p)  be 
K 

1 +rp  
, for example. 

Y(p) G' (p) K/(1 + rp) 

X(p) 1 + G' (p) 1 + K/(1 + rp) 

K K/(K+ 1) 

l + r p + K  1 + p r / ( K + l )  

The time-constant has been reduced from r to r / ( K  + 1). Using a closed- 
lo(,p system will generally reduce the time-constant from its open-loop 
value. If X(p) is known, e.g. a step change in input, Y(p) can be 
de:ermined and Y(t) found from a table of Laplace transforms. 

For a second-order system, a transfer function can similarly be 
developed. Eqn (6.5) is the transfer function relating output 0(p) to an 
input 0r This is the 'standard form' for a second-order transfer function 
for a closed-loop control system. By comparing the denominator of a 
transfer function with that in eqn (6.5), g and w, may be found. 

Note that a control system may be used to regulate any physical quantity. 
In electrical drives, this may be voltage, current, torque, speed, flux, shaft 
pofition or winding temperature, for example, or the output of a process 
of which the drive forms part, e.g. pressure, flow, density, etc. 

6.3 Mechanical system 
For the electrical engineer, it is often useful to visualise mechanical 
qu.mddes by their equivalence to electrical variables. For example, current 
is analogous to force or torque; both are measured by apparatus placed in 
series with the quantity being measured. Voltage is analogous to speed, as 
bot.h quantities are measured in relation to a fixed reference. Table 6.1 
shc~ws a range of analogies. 

Referring to Table 6.1, capacitive energy storage, which is measured in 
terms of voltage, obeys the linear equation i= C d V/dt. The translational 
(moving in a straight line) mechanical equivalent is F= M dv/dt, i.e. force 
= mass • acceleration. For a rotating component, mass M (kg) is replaced 
by inertia J (kgm~t), force F (N) by torque T (Nm) and acceleration dv/dt  
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Table 6.1 Analogies between physical quantities 

Electrical 
system 

Mechanical- Mechanical- 
translational rotational 

system system 

ACROSS Potential Unear Angular 
(effort) difference velocity velocity 

variable v v ra 

THROUGH Current 
(flow) i 

variable 

CAPACITANCE Capadtance C 
(across-type dv 

storage) i = C 
dt 

INDUCTANCE Inductance L 
(through-type di 

storage) v = L - -  
dt 

RESISTANCE Resistance R 
(dissipation) v = iR 

Force Torque 
F T 

Mass M Inertia J 
dv d~ 

F = M - -  T = J ~  
dt dt 

Translational spdng K Rotational spdng K 
1 dF  1 dT 

V - - - - ' ~ ~  O) - - m ~  
K dt K dt 

Frictional damper C Torsional damper C 
1 1 

v = - - F  ~ = - - T  
C C 

(m/ s  2) by angular acceleration d0Jm/dt (rad/s2).  For energy stored by 
current  in an inductance, the translational mechanical analogue of V = 
L di /d t  is v = ( l / K )  dF/dt, i.e. 

dF/dt = Kv 

Integrating this, where v = dx/dt,  gives F = Kx, which is the equation of a 
spring, Kbeing the stiffness of the spring in N / m .  This form of mechanical 
energy storage therefore corresponds to potential energy. For a rotational 
spring, e.g. in a mechanical meter  movement,  

to = ( l / K )  dT /d t  

and integrating, where to = dO/dt gives T =/@. 
In this case, K is in Nm/ rad .  Energy dissipation in a linear electrical 

circuit obeys Ohm's  law V- iK In a linear mechanical system, there is a lost 
force or torque proportional to speed, F-- Cv in a damper  or T = Czo in a 
torsional damper, where C is a constant, its units being N per m / s  or Nm 
per rad/s ,  respectively. 
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Mechanical load 

Figure 6.3 Dynamics of rotating shaft in torsion. 

Figure 6.3 shows a schematic diagram of a motor driving a mechanical 
load through a coupling shaft. The torque is transmitted because the shaft 
tends to twist and carry the load round in the same direction. The angle of 
twist at the motor end 0m] on steady state will be greater than the angle of 
twist 0m~ at the load end, because of the shaft flexibility, or resilience. 
Within the elastic limit, the torque transmitted is proportional to the 
ditference (0ml -0m2),  the resulting angle of shaft twist. In the transient 
state, there is another (viscous) damping force exerted by the shaft due to 
rate of change of shaft twist-angle, p(0ml - 0m2 ) . The inertia of the motor, 
.]1 kg m~ opposes the acceleration dt0m/dt = p20ml. The electromagnetic 
torque T~ is therefore opposed by the loss torque, the inertia torque and 
the shaft torques giving the following equation, where K is the shaft 
stiffness (Nm/radian),  and C is in Nm per rad/s: 

T.e = 7']o, +Jlp2Oml + Cp(0ml- 0m2) + K ( 0 m l -  0m2). (6.6) 

At the load end, the shaft torques tending to turn the load in the same 
dil ection as the motor are opposed by the load inertia-torque and the load 
torque itself. Hence" 

Cp(0ml - 0m2 ) + K(0ml - 0m2 ) = j2p20m2 + Tload. (6.7) 
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Rearranging eqn (6.6): 

[6.3] 

T e - Tloss = Jlp20ml + (Cp + K ) ( 0 m l -  0m2 ) (6.6a) 

Rearranging eqn (6.7): 

rload = -J2p20m2 + (Cp + K ) ( 0 m l -  0m2 ) (6.7a) 

Multiplying eqn (6.7a) by Jl/,]2 and adding it to eqn (6.6a) gives: 

T e -  Tlo~ +Jl Tload/J2 = ( 0 m l -  0m2)[JlP 2 + (Cp + K)(1 +J1/J2)] 

Dividing by J1 and rearranging: 

( T e -  TIo~)/Jl + Tioad/J2 = ( 0 m l -  0m2)[p 2 + C(JI +J2)p/JtJ2 

+ K(J~ + J2) IJdd  

Expressing this as a transfer function relating the angle of shaft twist (0ml 
-0m2) to the torque terms: 

(0ml -- 0m2 ) 1 

( T~ - rto~ ) /J~ + ~o~d /J2 p~ + c(J1 + J~)P/JL[z + K(J1 + J2) /Jd2 

This is in the standard form for a second order transfer function. Natural 
frequency to, and damping ratio ~ may be found by comparing coefficients 
with the denominator of eqn (6.5). t0, can be deduced from: 

~o2 K(A+J~) , [ _  K 
= s o  c o  n = + - -  ( 6 . 8 a )  

JJ2 ~ J 2  A 

The damping ratio is deduced from: 

2~ C C [ 1  1 
- so ~ - - ' =  ~ Z  + -  (6.8b) 

w. K 2~/K Jl 

If the damping ratio ~ < 1, some transient oscillation will occur at a 
frequency 

1) 
oJ = o~. ~/1-{2 = ~o. 1 - T ~  + Z  rad/s. 
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The shaft acts as a torsional spring (see Table 6.1) in which the spring 
constant K (shaft stiffness) is given by: 

atGr 4 
K - Nm/rad  (6.9) 

21 

where G is the shear modulus of the shaft material (=80 GN/m 2 for steel), 
I is the shaft length (m) and r is the shaft radius (m). 

If C is zero or small, such that the oscillation is undamped or 
underdamped, a torsional damper (Table 6.1) could be added to the shaft. 
The damped oscillation frequency must have a value well away from any 
torque-pulsation frequency arising either in the load, e.g. if it is a 
compressor, or from the motor, if it is supplied through certain types of 
power-electronic circuit. These factors are of concern for the drives 
specialist. For present purposes, it wiU be assumed that the shaft is stiff 
erough to transmit the torque without twisting. This means that the 
combined inertia of the whole drive-system can be referred through to the 
m ator shaft as say J kg m 2, by summing the total stored energy in the 
moving parts, X�89 (J, co, ~ + M m Vm2), where the speeds of the elements ~o, 
and V m correspond to a particular speed corn at the motor shaft (as 
determined by the gear ratios, see p. 191 ), and dividing this energy by ~ m  2. 
In a similar way by equating the power transmitted through the various 
forces and torques at their appropriate speeds, these can be referre.d to a 
motor torque giving the same power at the motor shaft running at speed 
r Allowing for the transmission, efficiency will increase these referred 
values. 

For the stiff shaft, the last two terms of eqn (6.6) can be replaced by the 
fight-hand s!de of eqn (6.7) with J1 plus J2 combined as J to give: 

dr m J d~m 
T, = Tio,, + J  + Tload = T m  + - - - - - - -  (6.10) 

dt dt 

since P0ml = r m and 0m2 = 0ml.  On steady state when the speed has settled 
down, T, is balanced by the total mechanical torque Tm= Tioga + Tlo,,. The 
electromagnetic torque T, is a function of the motor currents or may be 
expressed as a function of speed through the speed/torque curve. If the 
T,,(COm) characteristic is of simple form, eqn (6.10) is of first order and 
easily solved. In any case: 

dr0 m dt0m T e -  T m 
J - T ~ -  Tm so - 

dt dt J 

If the torques are some known function of r the last expression is the 
f(0) (where 0 here is C0m) required for the solution of eqn (6.3). 
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Example of electromechanical system in transient state 

Because the d.c. machine equations are relatively simple, this machine 
provides an easy introduction to the application of the mechanical 
equations just described. For the present, the armature inductance will be 
neglected so that the armature current at any instantaneous speed C0m, and 
e.m.f, e, with supply voltage V, will be given by (V- e)/R and e itself will be 
/~Wm. Hence, during a speed transient, the electromagnetic torque T~ will 
be: 

( V -  k~(,Om) ~ V  ]~2(,0 m 
- - - - - - - -  

R R R 

This must be balanced against T m + J dwm/dt from eqn (6.10) giving: 

kcV kC2C0m dw m 
- -  -= Tm+J------ 

R R dt 

To get this into the standard form of eqn (6.1), the coefficient of the 
variable must be brought to unity which means dividing throughout by 
hq,2/R and rearranging: 

JR  dr m V R T  m 
. . . . . .  +OJ m = - - - _  
kJ dt 

(---- (Bmf)  . (6.11) 

The solution given by eqn (6.2) can now be applied for sudden step 
changes of V,, R or Tin. Step changes of flux are not practicable because of 
the relatively slow field time-constant. It is assumed that Tm is not a 
function of corn; i.e. is constant. Under these circumstances, the speed time- 
constant is JR/h~ ~. Since this is a function of mechanical, electrical and 
magnetic parameters it is sometimes referred to as rm, the electro- 
mechanical time-constant. If Tm was a function of speed, say Tm = h2Wm, 
then the value of ~m would be JR/(hr 2 + h2R). Note that this equation 
covers all modes of operation with V taking various values, positive, 
negative and zero, see Section 3.5. It has only one more term than the 
general speed/torque equation for a d.c. machine. When steady-state 
speed has been reached, dmm/dt = 0 and the equation is then identical 
with eqn (3.8). 

Invoking the solution given by eqn (6.2b), we can write: 

~0 m = 0)m0 + (s  e-t/rm) 

and Figure 6.4 shows three transients: 
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Load application 
_/constant T m 

. r  
~ N  Acceleration on no ~ ~ / t,,,,n r t~ ~ Neversal Put V negative w ~ 0  r .  I �9 - / . . . .  m v ~ (Current will be too high 

/ Application of I/ ~ ' -  without extra # or 
L . . . . . . . . . .  , o f  v )  . . . . . . .  = 

General solution Wm" wmo+(temf- ~mo) ~ _ rm becomes t 
(I - e-" ' ) ,  e.g. solve for t to reach a ~ negative 
particular speecL t ---- 4 T  m to reach wmf \ ' ~ , , , ~  

Electromechanical transient on d.c. machine. 

(a) Acceleration on no load, V change from 0 to V. 
(b) Sudden application of load T m after reaching no-load speed. 
(() Reversal of V, usually with extra limiting resistance. Note that beyond 

zero speed, Tin, if a passive load, would also become negative as well as 
V and the speed response would become slower, z" m governs all 
response times, with the appropriate value of resistance inserted. 

Gearing 

Atthough many electrical drives involve direct coupling to the mechanical 
load, especially in larger-power units, it is often necessary to interpose 
gearing, usually to perform a speed reduction. This can occur on certain 
sraall-power units and when a fairly high torque at low speed is required, 
ff,.ough the power is small. As the physical size (and price) of a motor 
depends on its torque (power/speed),  it is advantageous to have a small, 
low-torque, high-speed motor. (Very small motors can be built to run up to 
5 • 10 5 rev/min.)  A gearbox is then used as the mechanical equivalent of 
all electrical transformer; the power on each side is torque • angular 
speed, neglecting loss. 

Let the gear ratio be n:l and the output  shaft speed be 0~ m. The motor 
speed is therefore nm m. If the motor  torque is T, the torque on the output  
shaft (neglecting losses) will be nT. 

If we measure the kinetic energy of the rotor, it will be: kinetic energy of 
motor = �89 • inertia • (angular speed) 2 

K . E .  = I J l ( ~ " K O m ) 2  

By conservation of energy, this could equally well be measured at the 
output  shaft side of the gearbox: 

" K . E .  = 1 ( ~ , / 2 j l ) o ) m 2  
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The speed at the output  is mm and hence the inertia of the motor, as seen 
at the load end of the gearbox, has increased by a factor of n 2. This is 
analogous to 'referring'  impedances by the square of the turns ratio in an 
electrical transformer. 

If the load possesses inertia J~, then total effective inertia measured at 
load = J~ + n2Jl. Neglecting load torque and gearbox losses, 

n Te = (J~ + n 2Jl ) doJ m / d t 

�9 Motor torque = T, = ( .]2/n + nJl) dt0m/dt 

In a robot, for example, a motor  for operation of one axis has to be carried 
around on another  axis. Hence the motor  should be as small and light as 
possible. To maximise the rado of acceleration &0m/dr  to torque T~ 
available from the motor, we need to minimise ( J 2 / n  + nJl ): 

.'. d / d n ( J ~ / n  + nJ1) = - J 2 / n  2 +J1 = 0 for minimum. 

.'. n - ~i (,]2/J1) = opt imum gear ratio. 

6.4 Transfer function for a drlve wlth linear load 
The transfer function derived here is for a d.c. machine with constant flux, 
stiff shaft and no gearing, the load being first represented by an inertia and 
torsional (viscous) damping. 

At speed tom, generated e.m.f. = e = h~0 m, where ~ is a constant, and 
torque T, = h,i, 

V = e + iaR + L d i a / d t  

Using the Laplace transform, p = d / d t ,  and considering that quantifies 
have zero initial value, 

V(p) = e(p) + R/~(p) + pL/a(p) = e(p) +/~(p) [R + pL] (6.12) 

G(p)  = 
V(p) - e(p) V(p) - ~ t O m ( p )  

R + pL R + pL 

Consider the simple case in which the mechanical load consists only of a 
damping torque proportional to speed (Tin = k2tUm). This allows a transfer 
function representing the motor  impedance to be developed. Linearisa- 
fion of load characteristics can be carried out  using eqn (6.3). 

Acceleration torque is acceleration multiplied by inertia (as for force = 
mass X acceleration) 
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Te = J dt0m/dt + T m = J dt0m/dt  + k2t0 m 

This is a first-order equation, similar to eqn (6.1). The 'mechanical time- 
constant'  is J/~.  Taking the Laplace transform, 

Te (P) = JP~ (P) + k'2~ (P) = ~Om (P) [JP + k2] -- /?~/a (P) 

~/~(p) ,,2/~(p) 
Hence, corn(p) = ~ and e(p) - 

Jp+k~ Jp+k2 

From eqn (6.12), 

/~(p)[R + pL] = V ( p ) -  e ( p ) =  V ( p ) -  

.'. q(p) ~ + pL + jp + k~ : V(p) 

Jp+k2 

The transfer func t ion /~ /V  within the drive system is: 

/~(p) 

V(p) 

1 

R + p/~ + k , 2 / @  + k2) 

Jp+N 
(R + pL)(Jp + k2) + k# ~ 

Jp§ 
p2Lj+ p(k2L +JR) + (k~ 2 + Rh~) 

k2(1 + p J l ~ ) l ( ~  + RI~) 

p2(L/R)JT?./(~2 + Rh~) + p(k2L +JR) / (k#  2 + Rh~) + 1 

(5.13) 

Note the presence of the time-constant jR/(kr  2 + / ~ )  referred to in the 
discussion following eqn (6.11). L/R is the armature (electrical) time- 
c~nstant. If numerical values are substituted, the denominator  can be 
factorised to give a transfer function: 

/~ (p) k' (1 + pr~ ) 

V(p) (1 + pr2) (1 + prs) 

where k' is a constant (k2/(/~ 2 + R/~)), rl is the mechanical time-constant 
J/k~ and ~2 and r3 are time-constants which may be found by factorising the 
denominator,  once numerical values have been substituted. 
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T~(p)/V(p) can be found by multiplying the transfer function in eqn 
(6.13) by kr i.e. 

�9 

T~(p) /~(]p + k2) 

V(p) p2Lj+ p ( ~ L  +JR) + kr 2 + R/~ 

ram(p)  1 
Also ,  since T~(p) = (0 m (p)  [Jp + k,2], = 

T~(p) Jp + k2 

tOm(p) T.(p)/V(p) kr 
= = (6.14) 

V(p) Jp + k2 p~LJ + p(k2L + JR) + k, 2 + R~ 

Returning to eqn (6.13); if there is no torsional damping, i.e. k2 = 0, so the 
mechanical load is zero. Putting ~ = 0 in eqn (6.14)" 

Cam(p) kr 

V(p) p 2 LJ + pJR + ~ 2 

1/1~ 

1/~ 
. , 

p 2 Lj'R/ P~ 2 + pJR/ l~ ~ + 1 

p~rmr~ + prm + 1 
(6.15) 

where re is the electrical time-constant L/ R  and "~'m is the 'electro- 
mechanical dme<onstant'  JR//~ 2 mentioned earlier. 

If a load torque Tin, is subtracted from T~ as shown in Figure 6.5, the 
presence of Tm will affect <urn, which will, in turn, affect T~. The effect on 
speed may be found by superposidon, as this is a linear system, i.e. by 
finding the contribution to r due to Tm when the input voltage V is 

I 
- IR§ I --p J ' ~  

-t �9 s k#c~m 

F i g u r e  6 . 5  

T .  

p m  

i i 
System block diagram of d.c. motor. 
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zero. With V= 0 in Figure 6.5, taking the product of the 'boxes' round the 
loop, 

-k~2tOm (p) 
T~(p) = 

R+ Lp 

and tOm (P) = IT, (p) - Tm (p)}/Jp 

Substituting for T~(p): 

tOm(p) = 
-k~2tom (p) Tin(p) 

u 

]p(R+ Lp) ]p 

tom(p)~/p(R + Lp) + k~ 2} = -Tm(p)(R + Lp) 

.'. COrn (p) = 
-Tin(p) (R + Lp) 

Jp(R + Lp) + ~2 

-Tm (p) (R + Lp) 

kr ~ (]Lp 2 / k,t,2 + J l ~  / k,t,2 + 1) 

-Tin(p) (1 + pr,)R 

k.~2(p2rmre + pr m + 1) 

Tile resulting speed in the presence of load torque Tm is then, from eqn 
(6.15): 

{ Tm(p) (1 + pre)R} = l / k ~  V(p) - 
tom(P) p2rmr e + pr m + 1 kr 

If the load torque is constant (kl), Tm(p) - kl /p.  When steady state is 
reached, the term in brackets reduces to the steady-state e.m.f., since Tm/ 
hr - Ia and p is zero. On multiplying by 1/kr it becomes the final steady- 
state speed E~ he. 

If the load torque is a linear function of Wm (kztom), then: 

Tm (p) = k2to m (p)  

and the result is the same as in eqn (6.14). 
[f the load torque is a quadratic function involving tom 2, the above 

equations can only be used if the torque is linearised at the operating 
value, e.g. as in Example 6.14. 

3y comparing the denominator  term (p2rmr e + prm + 1) with eqn (6.5), it 
can be shown that the system will be oscillatory (~ < 1) if~'m2- 4rmre < 1, i.e. if 
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T' m < 4~" e . In this case, the undamped natural frequency is COn = ~/(1/($'ml'e) ) ,  

the damping ratio [ is 1"m/2( .0 m = / ~ / ( l " m / ~ ' e )  and the actual oscillation 
frequency is: 

~0 = (One(1 = ~) - ~(I/Tmlre)~(1 - �88 (Irm/Ire)) 

= _ 4,e2 

6.5 Unear control system analysis methods 

The principal requirements for any control system are speed (e.g. decay 
rate, settling time), stability (e.g. damping ratio) and accuracy (which may 
be determined from the final value of the error signal). Various graphical 
methods (root loci, Bode plot, Nyquist plot, Nichols chart) are available to 
obtain information on these from the transfer function of a linear system 
and can be found in control engineering texts. Similar results may be 
obtained from other representations such as state-space. 

Although the input signal can be of any form, two types of test signal axe 
frequently used in control system analysis, as described below. 

Step inputs or impulses are used in time response. Although a realistic 
input will consist of several components, e.g. step, ramp, parabola, dead 
time, etc., an idealised step or impulse is used as a test signal for analysis. 
The equations for first- and second-order systems and the examples in this 
chapter illustrate exponential and damped sinusoidal responses when a 
step change is applied to the input. In systems with higher-order transfer 
functions, it is not feasible to solve the differential equations to plot the 
response but equivalent information can be found graphically from a root- 
locus plot, for example. 

A sinusoidally varying input over a range of frequency is used in 
frequency-response analysis. Note that these signals represent sinusoidal 
variations of the control signals for test purposes only and do not represent 
the frequency of a.c. applied for power input. If the control reference 
input of a linear system is subjected to a sinusoidal perturbation, the 
system's output will be a sine wave of the same frequency co but altered in 
magnitude and phase angle. As the frequency of the input wave is altered, 
the magnitude and phase of the output change and a plot of the variation 
provides useful information on the system, p is replaced in the transfer 
function G(p) byjr The most popular frequency response plot is the Bode 
plot. This consists of two graphs, one for magnitude (plotted in dB) and 
one for phase shift, both plotted against frequency on a logarithmic 
scale. 
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For analysis and design work, the Bode plot of the open-loop transfer 
function G(jto) is normally used. Assuming unity feedback, the closed-loop 
transfer function is 

G(ja~) 
~ 

1 + G(jc0) 

If G(jw) = -1 ,  the closed-loop transfer function becomes indeterminate, 
i.e. will have no steady-state output for a finite input; in other words, the 
system has lost stability. To determine the degree of stability for a system, 
the closeness of G(jw) to -1 is assessed.-1 can be represented as [11/180 ~ 
alld the 'phase margin' is defined as the margin by which the phase shift 
introduced ~ is less than 180 ~ at the frequency at which [G(jto)[ = 1. 
For second-order system phase-margins up tO 60 ~ , the phase margin (in 
degrees) is approximately one hundred times the damping ratio g. A 
damping ratio of one represents a phase margin of around 75 ~ for a 
second-order system. The 'gain margin' is defined as the margin by which 
IG(jt0)] is below 1 at the frequency at which ~ = 180 ~ The bandwidth, 
which is the frequency at which a system's closed-loop frequency response 
passes through -3dB, is often used as a measure of the speed of a 
system. 

PI and PID controllers 
In many cases, assembly of standard units creates a control system which 
dc~es not meet its specification in terms of speed, stability and accuracy. An 
additional controller may be added in any control loop to modify the 
response. Usually, the controller acts on the error signal before it is 
converted to a higher voltage or other physical quantity. The most popular 
general-purpose controllers are the proportional + integral (PI) and 
plopordonal + integral + derivative (PID) controllers. 

PID' K(1 + 1/pri + pra) = 
K(1 + pri + p~rira) 

pri 

PI: K(1 + 1/pri) - 
K(1 + pri) 

pri 

Figure 6.6 shows the three terms of the PID controller: the first is 
proportional to the 'error' signal, which is the difference between 
reference (demanded) input and feedback of the measured output; the 
second and third are the integral and derivative of the 'error' signal 
respectively. 
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'Error' signal 
input 

Figure 6.6 

K 

J Klpt I 

Klpt d 

PID controller. 

/ -  
Output to 
system 

The addition of the integral of  the error  is particularly useful in a drive 
system, since it removes steady-state error. If a speed control system had 
reached its demanded speed, the speed error  would be zero. If the motor 
voltage was proportional to the speed error, however, there would then be 
no voltage, so there has to be an error  to provide voltage to keep the motor  
running.  An integrator will give a constant output  when its input is zero 
(I0 dt = constant) to maintain voltage when the error is zero. If the input 
changes, an error voltage will exist and the integrator will charge or 
discharge and steady state will eventually be reached with zero error and an 
altered integrator output  voltage. 

The derivative term provides a negative term when the error is rapidly 
decreasing and thus helps to prevent overshoot of the final value. In most 
applications, the derivative term is unnecessary. 

Design methods for PI and PID controllers can be found in control 
engineering textbooks. A well-established 'rule of thumb'  for initial 
selection o f / ~  ti and rd for systems of higher than second order is as 
follows: 

(i) With no integral or derivative action (ri = o% rd = 0), increase K t o / ~ ,  
at which gain the system just oscillates continually at fHz .  

(ii) Set K = 0.6Kin, ri = ~, Z'd = 8f  

For PI action only, set K= 0.45Kin, T i = 1/1.2f. 

Many industrial motor  controllers of the types discussed in Chapter 7 
incorporate a closed-loop speed control option including user-settable PI 
or PID parameters. 

Example 6.1 

A machine winding of resistance 0.5 fI and inductance 0.25 H is subjected to a 125 Hz square 
wave of I0 volts amplitude and equal on and off periods. Calculate the maximum current 
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wl:ich will be reached in the winding, assuming that a current  path exists even when the 
applied voltage is zero, e.g. if a ' freewheel '  path is provided, as in Figure 7.3. 

Let the current  be i and assume that voltage Vis applied at zero time. The  circuit equation 
can be expressed as 

L d i  

dt 
~ + R i =  V 

L d i  
. ' . ~ +  i = W R  

R d t  

r di 
. ' . ~ + i = I f ,  

dt 

where r (=%/R) is the time-constant, as defined in Section 6.1, and If is the final steady-state 
value o f / .  

When the step change in voltage, say, is applied, the solution follows from eqn (6.2a). 

i=  I f ( 1 -  e - ' / ' ' )  +/0e -'/" 

TI-e rime-constant r is L / R  = 0.5 and the final cur rent  If is W R  = 20 A. The  circuit is of  first 
order  and, after a time interval, it will have settled to a steady variation between fixed 
maximum and min imum current  levels as the voltage is switched on and off. Let the initial 
cur rent  when the voltage is applied be il. 

i = 20(1 - e  -2t) + il e-2t 

il wiU be the ' t rough '  of  the cur ren t  waveshape. At 125 Hz, the ON and OFF periods of  voltage 
each last for 0.004 seconds. If the current  rises exponentially to reach/,2 at the end of  the ON 
period, 

/2 = 2 0 ( i -  e -~176176 + lie -~176176 

= 0.159 + 0.992il 

9.95 

A T 
10.0 

/ 

9.9 
4ms/div. t 

Figure E.6.1 

https://engineersreferencebookspdf.com



200 Electrical Machines and Drive Systems (6.5) 
. . . . . . .  , _ 

During the OFF period, If = 0, as the current  would eventually reach zero if the voltage was 
not  reapplied. 

.'. i = he -2r 

After 0.004 seconds, the current  returns to il. 

�9 ". il = /,ze "~176176 ffi 0.992/~ 

�9 "./2 = 0 . 1 5 9  + (0 .992)2/~  

�9 /~ ffi 9 . 9 8 A a n d i l  •9.9A 

The graph of current  against time for steady variation of  current  is shown in Figure E6.1. 

Example 6.2 
The temperature rise O(t) of a particular motor  can be assumed to follow a first-order 
differential equation, as in Example 6.1. The  derivation of  the first-order transient equation 
corresponding to eqn (6.1), from the relevant physical variables, is the subject of  Tutorial 
Example T6.1, p.351. 

The time-constant is 2 hours, i.e. 

d0(t) 
7200 . + O( t) = Om~ 

dt 

where 0m~ is the steady-state temperature which would be reached if the machine runs 
continuously. 

The machine operates on a duty cycle in which it is clutched to its load for 20 minutes and 
then declutched to run on no load for 30 minutes. This cycle is repeated continually. The 
steady temperature rise when running on no load continuously is 10~ and, when operating 
on the above duty cycle, the maximum temperature rise at the end of an ON period is 500C. 
In the event of a timing failure, /t thermostat  is set at 600C and shuts down the drive. 
Calculate: 

(a) the minimum temperature rise above ambient  when operating the above duty cycle; 
(b) the maximum temperature rise if both the timing c i r cu i t -  which sets the ON and OFF 

p e r i o d s -  and the thermostat  fail to protect the system. 

This example can be tackled in a similar way to Example 6.1, using eqn (6.2a) directly. The  
minimum temperature is 10~ and 02, the temperature at the end of  the ON period, is 50~ 
both above ambient. 

(a) From eqn (6.2a), at the end of  the ON period of 1200 seconds, 

02 = 0 m a x ( 1 -  e -1200/n0o)  + 01e-1200/72~176 

.'. 50 = 0.15350m~ + 0.846501 

Similarly, at the end of the OFF period of  1800 seconds, 

01 ffi 10(1  - e - ls~176176176 + 50e - t s ~ 1 7 6 1 7 6  

= 41.15~ 
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I @2.50,C .._L......,~@M" 
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t .  , ,  I . . . . . . . . . . . . . . .  1 . 

T i m e  

Figure E.6.2 

(b) Substituting in the previous equation, 

50 = 0.15350max + 0.8465 • 41.15 

�9 " .  0ma x -- 9 8 . 8 ~  

The graph of temperature vs. time is shown in Figure E.6.2. 

Example 6.3 

The machine of  Examples 3.2 and 3.3 is to run as a motor with 220 V applied to the shunt field 
winding and with the series winding unconnected. The total coupled inertia is 13.5 kgm ~ and 
tt,e motor  runs against a constant, total mechanical torque of 177 Nm. Armature inductance 
can be neglected. 

(st) Calculate the steady-state speed tOmo rad/s  when the armature voltage controller is 
adjusted to 100 V. 

(h) The controller output is now increased in a step from 100 to 120V. Calculate the 
electromechanical time constant rm and find an expression for the speed transient. What 
are the initial and the final (steady-state) armature currents and the final speed? 

(,)" Assuming the mechanical load had instead been a damping torque (k20~m) of  the same 
value (177 Nm) at the speed tOmo, determine ~ and repeat the calculation of part (b) with 
this new condition. 

(~) Referring to Examples 3.2 and 3.3, 220 V across the shunt field winding would give 2 A 
field current  and a value of  kr = 4.43 Nm/A. Armature resistance P~ = 0.251"1. Armature 
current  for 177Nm = T~/kr = 177/4.43---39.95A 

E 
Speed at 100V = m = t0mo 

1 0 0 -  0.25 • 39.95 

4.43 
= 20.32 rad/s  
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(b) Electromechanical time-constant 

JR 13.5 • 0 .25 

k~ 2 4.432 
= 0 .172 s 

dcam V RTm 
From eqn (6.11), rm T + Cam --- ~ ~ 2  

dcam 120 
For V - 120V, 0.172 - -  + Cam . . . . .  

dt 4.43 

0.25 • 177 

4.432 

= 24.83 rad / s  = camf 

The equation is now in the same form as eqn (6.1), for which the solution is eqn (6.2a), 
i.e. 

cam ----" camf (1 - e - v ' - )  + Wmoe - t / ' '  

= 24 ,83( !  - e - t / o . l n )  + 20 .32e  -t/~ 

or  alternatively in the form of  eqn (6.2b)" 

cam - - -  20.32 + 4.51(1 - e  -t/~162 

Initial current, neglecting inductance ' 

V - ~ c a m o  1 2 0 -  4.43 x 20.32 

R 0.25 
--- 120A 

This value is three times the rated current  and semiconductor equipment,  which has a 
short thermal time constant, would have to be rated to withstand the overload. However, 
circuit inductance would slow down the rise of current  and lower the peak value slightly; 
see Example 6.10. 

Final steady-state current  - 
1 2 0 -  4.43 x 24.83 

0.25 
= 4 0 A  

. . . .  

which is the same as at 100V (neglecting calculator round-off errors), since it is a 
constant-torque load. 

(c) For a damping load-torque, Tm - ]r 

177 
from which g2 = - 8.7 N m / r a d  

20.32 

By substituting k2gD m for Tm in eqn (6.11), 

JR d~m V R ~ m  
~ + ~ m  = 
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Hence, 

"m ( ')" 
"-'-------+r m 1 + . -  

Referring to eqn (6.1), the time-constant is the coefficient of  dc0m/dt when the 

coefficient of  to m is 1. In this case, the time-constant is: 

JR 1 
. _ - . . .  

~)2 (l + R ~ I ~ )  ' 
i.e. r = J / U ( / ~  2 + P ~ )  

�9 r = 13.5 • 0.25/{(4.43) ~ + (0.25 • 8.7)} = 0.155 seconds 

Also, when the steady-state speed r is reached (dWm/dt  -- 0), 

~Orn f I + = ~ "  

0.25 • 8.7 ) 120 

�9 ". Wmf 1+ ~-~.~i ~ - 4.43 

.'. ~Omf = 24.4 rad /s  

As above, 

gO m = s ( 1 - e - t/r,) + r e-  t/r 

= 2 4 . 4 ( 1 -  e -*/~ + 20.32e -*/~ 

The final steady-state speed is 24.4 rad/s.  

The initial current  would be the same as in part (a) but the final current would be 

Tm/kr  = ~ W m / l b  = 8.7 • 24.4/4.43 = 47.9A. 

Compared with part (b), the torque has increased and the speed is reduced. 

in the discussion of eqn (6.13), the time-constant of the mechanical components  (J/k2) was 
defined. It would generally be expected to be the longest time-constant and dominate the 
re,,ponse of the drive. In this example, J / k  2 = 13.5/8.7 = 1.55 seconds. However, the time- 
constant found above is a tenth of this value. In discussion of  transfer functions, it was shown 
that a closed-loop system generally has a smaller time-constant than its open-loop equivalent. 
An electric motor  is effectively a closed-loop system, as a reduction in speed caused by 
in( tease in load leads to a reduction in e.m.f, which, in turn, produces an increase in current  
an,:! hence an increase in torque to compensate for the speed drop. This can be seen very 
clearly by considering the block diagram of the d.c. motor in Figure 6.5. 

Example 6.4 
A flywheel is added on tO the shaft of the motor for which particulars are given in Example 
6.3. With the field again fully excited from 220 V, the armature is then connected to the same 
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supply but  through a limiting resistor which g~ll set the starting current  at twice the full-load 
value - 2 • 40A. The constant load-torque is coupled dur ing starting. The speed reaches 
200 rev /min  in 10 seconds. Estimate the additional inertia contr ibuted by the flywheel. 

220 
Total armature  circuit resistance . . . . . . .  2.75 f l  

80 

From eqn (6.11): 

dca m V R T  m 220 2.75 X 177 
r m  d t  + c a m  . . . . . .  = ~ - g g2  4.43 4.432 

= 24.86 r ad / s  

The initial speed is zero, so the solution of the equation, from eqn (6.2a), gives: 

ca m = 24.86 (1 - e -t/r=) 

Speed reaches 200rev /min  = 20 .94rad / s  in 10 seconds. 

Substituting: 20.94 = 24.86 (1 - e -]~ 

from which: e 10/r., = 
1 - 20.94/24.86 

taking logarithms: 

10/z" m = 1 .85 ,  giving 'i'm = 5 . 4  = J ~ ] ~ 2  s e c o n d s  

Hence total inertia J = 5.4 x 4.43~/2.75 = 38.Skgm 2 

The  flywheel inertia is therefore 38.5 - 13.5 ffi 25 kgm 2 

Note that the electromechanical  time-constant is much larger than in Example 6.3 because 
of  the h igher  inertia and circuit resistance. 

Retardation tests 

The above example represents one method of measuring the inertia by a 
transient test, applying a step voltage through a suitable limiting resistor. 
An alternative would be to take a speed/time curve as the machine slows 
down under the action of a known torque, e.g. the mechanical loss. From 
eqn (6.10) J =-Tm/(dcOm/dt) since T~ would be zero. This could be 
checked at various speeds during retardation, allowing for non-linearity if 
present in both numerator and denominator. This retardation test is 
sometimes used, with known inertia, to determine the (unknown) losses. 
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Example 6.5 
A 500-V d.c. series motor drives a fan, the total mechanical load torque being given by the 
expression: Tm = 10 + (ram/4.2) 2 Nm. An external 7.5fl  resistor is added at starting to limit 
the current  when full voltage is applied, and the motor is allowed to run up to the balancing 
speed corresponding to this circuit condition. The resistor is then cut out and again the speed 
is allowed to rise to the new balance condition in this single-step starting procedure. 

(a) Calculate the starting current. 
(b) Calculate the two balancing speeds, noting that the machine resistance itself is 0.8 fk 
(c) Estimate the currents at the two balancing speeds, and on changeover. 
(.4) Estimate the time to accelerate from 0 to 100 rev/min if total inertia is 14.5 kgm 2. 

A magnetisation curve at 550 rev/min gave the following information: 

Field current  If 20 30 40 50 60 70 A 
Generated e.m.f. (Et~,t) 309 406 468 509 534 560 V 

Calculation of O~m/T ~ curves proceeds in a similar manner  to Examples 3.16 and 3.17. 

k~ = Eta=/(550 x 2~r/60) 5.36 7.05 8.12 8.84 9.27 9.72 Nm/A 
7 e = k c l a = k , 9 l  f 107.2 211.5 324.8 442 556.2 680.4 Nm 
For high resis. E = 5 0 0 -  (0.8 + 7.5)If 334 251 168 85 2 -81 V 

O) m = E/k 9 62.3 35.6 20.7 9.6 0.2 -8.3 rad/s  
For low resis. E = 500 - 0.8If 484 476 468 460 452 444 V 

win=Elk r 90.3 67.5 57.6 52 48.8 45.6 rad/s  

7~ (use high resis. (.Ore) 10 + ~ -  230 81.8 34.3 15.2 10 

(t) Starting current, (ca m = 0) = 500/(0.8 + 7.5) = 60.2A. 
(9) From the above tabular calculations the two r e curves and the Cam~Tin curve are 

plotted on the figure. The two balancing speeds at the intersections are 50 and 64.5 rad/s  
= 477 and 616 rev/min.  

. < - r .  

m .  

20~-----r . . . .  1 . . . . . . . . . . . .  �9 . . . .  - - ~ - - _ t  . . . .  t I �9 _ _  

I 
;~ IO0 200 300 400 500 -- ~ 700 

Torque, Nm 

Figure E.6.5 
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(c) The corresponding torques are 150 and 240Nm. Since T e = kc/f there is a unique 
relationship between torque and If and one can interpolate between the torque/If  points 
in the table to estimate the corresponding currents at 25 and 33A. At changeover, the 
torque rises to 510 Nm and the current will be approximately 56 A, a little less than at the 
first step of starting. 

(d) Between 0 and 100rev/min (10.47rad/s), the mean accelerating torque T~-  Tin, by 
measurement from the curve, is 470 Nm and since from eqns (6.10) and (6.3)" 

A~ 14.5 x 10.47 
At . . . . . . .  0.323 sec. re- T. : J ~ t  47o 

Example 6.6 
A d.c. shunt motor has its supply voltage so controlled that it produces a speed/torque 
characteristic following the law: 

Rev/min = 1000 ~/1 - (0'01T~) ~ 

where T~ is in Nm. The total mechanical load, including machine loss-torque, has the 
following components: Coulomb friction 30Nm; Viscous friction (a speed) 30Nm at 
1000tee/rain; and fan-load torque [a(speed)2], 30Nm at 1000rev/min. The total coupled 
inertia is 4 kgm 2. Determine the balancing speed and also calculate the time to reach 98% of 
this speed, starting from rest. 

From the given laws of the speed/torque relationships, the curves are calculated below and 
plotted on the figure. 

T~ 20 40 60 70 80 90 100 Nm 

N =  1000~/1- (001T~)  2 980 917 800 714 600 436 0 rev/min 

N 

T. =s0 [ 1+ 

200 400 500 600 700 800 g00 1000rev/min 

+ 37.2 46.8 52.5 58.8 65.7 73.2 81.3 90Nm 

N, rev/min 
I000 

coo / ~'r,, 

6 0 0  
/ 

/ 
4oo ._' .3 _~ 

6o ~ 
66 

m T1 
o zo 40 60 80 

Torque 
Nm 

Figure E.6.6 
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For speed/t ime calculations, we require the accelerating torque Te - Tm =J  (AC0m/At), over 
a series of intervals from zero to the top speed. Accuracy falls off when T, - Tm becomes small 
because At is inversely proportional to this. Extra intervals are taken therefore near the final 
speed. 

From the intersection of the curves, the balancing speed is 740 rev/min and 98% of this is 
725 rev/min. The following table is completed with the aid of readings from the graph. 

N 
T.,~ = ~ -  T,. 
Wm 

Mean T~c 
AOJm 

4 ~ m  
At= - 

mean Tac r 

t = ~At 

~) {]5 60 53 1 |44.5| 34122 14.,~ 8 / 3 
68.1 75.9 , ,1 52.41 62.8 72.3 D.E 31.4 / 41.9 D 20.9 

1o.  ,:: lO.  

o.o~ ~ ,  0.86 ! ,.o~ ! ~.~ ~,4 l , ,  ~.o, 

I 1 2 2.88 3.95 5 45 6.59 8.07 10.74 0 0.62 .2 

Speed/t ime coordinates can now be read from the above table and a curve plotted if 
de,~ired. The time to 98% of the balancing speed is 10.74 seconds. Note that the longest times 
apply to the final build-up intervals and accuracy here is relatively poor. 

Example 6.7 

The induction motor of Example 4.10 is to be braked to standstill by reversing the phase 
sec uence of the supply to the stator. The mechanical load remains coupled and the total drive 
inertia is 0.05 kgm ~. An additional speed-torque coordinate will be required to construct the 
reverse sequence characteristic and this may be taken as (-7- 1500rev/min; • 3 Nm). Make an 
approximate estimate of the time to zero speed. 

F|gure E.6.7 

N. revlm.in 

0 
r. I i / -~T .  _ 
,r.,,.,,.) ! , /  ,,o,.o,d) 

. J i  ~1 f l , .  L L -- 

Torque 
Nm 
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The reverse-sequence characteristic is a m i r ro r  image o f  the forward-sequence character- 
istic but only the portion in the top left-hand quadrant is required. The figure shows the two 
corn/T~ curves over the required range and the load characteristic has determined the normal 
speed as 1420rev/min. It is also seen to be approximately parallel to the 'tail end' of the 
reverse characteristic and a mean value of the decelerating torque down to zero speed is 
measured as 9.5 Nm. 

~i(./)m, taking just one interval, is: 1420 X 2~/60 = 149.75 rad/s. 

Hence At = J Amm 0.05 x 149.75 = = 0.79 sec. ~-  T. 9.5 

Note: if the supply is not switched off at zero speed, the machine will run up in the reverse 
direction. This problem has illustrated plugging braking. 

Example 6.8 
A 500-V, 60-hp, 600-rev/min, d.c. shunt motor has a full-load efficiency of 90%. The field- 
circuit resistance is 2001"1 and the armature resistance is 0.2 fL Calculate the rated armature 
current and hence find the speed under each of the following conditions at which the 
machine will develop rated electromagnetic torque. 

(a) Regenerative braking; no limiting resistance; 
(b) Plugging (reverse current) b rak ing -  external limiting resistor of 5.51"1 inserted; 
(c) Dynamic braking - external limiting resistor of 2.6 fl  inserted. 

Rated field-current is maintained and armature reaction and brush drop may be 
neglected. 

The machine is to be braked from full-load motoring using the circuit configurations of (b) 
and (c). What time would it take in each case to bring the machine to rest? The inertia of 
the machine and coupled load is 4.6kg m 2 and the load, which is coulomb friction, is 
maintained. 

Using the same equation as in Example 3.6 but noting the absence of external field 
resistance: 

Speed, rev/min I 

-2 

Plugging 

Dynamic braking ~ 
_ I ._  _ O ~ , ' m  

339 

600 

~ 66 

-I\ 

I 

I 
d~m _l 

I 
. , I|_ _ 

Torque per unit 

Figure E.6.8 
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~ R  = 

60 • 746 90 
= , from which I,R = 97 A. 

500 • I ~  + (500)~/200 100 - - - - "  

Ra,:ed flux k~g = 
5 0 0 -  0.2 • 97 

600 x 2'rr/60 
= 7.65 Nm/A,  which is mainta ined constant. 

The  braking-circuit calculations are similar to those for Example 3.20 and the basic equation 
is: 

v RT, 
~ m  ~" ~ - -  

The value of  rated torque is kr R - 7.65 • 97 = 742 Nm. 

(a) For regenerat ion,  T~ = - 7 4 2 .  
500 0.2 (-742) 

co m . . . .  67.9 = 648rev /min .  
7.65 7.652 

(b, For plugging, T e = - 7 4 2 ,  

V = -500 and R = 5.5 + 0.2. r = 
-500 5.7 (-742) 

--- 6.91 --- 66 rev /min .  
7.65 7.652 

(c~ For dynamic braking T e = -742,  

V =  0 a n d R =  2 . 6 + 0 . 2 .  
2.8(-742) 

r m - -  0 - -  ~ = ,  35.5 = 339 rev/min .  
7.652 

To solve the final part  of  the question, eqn (6.11) could be used directly but instead will be 
built up from the data given. The  electromagnetic  torque T~ =/b/a  has to be balanced against 

Tn, + J doom~dr = 742 + 4.6 dmm/dt and: 

for (b): Te at any speed r m -- 
( V -  kr = 7.65 ( - 5 0 0 -  7.65om) 

R 5.5 + 0.2 

= -671 - 10.27r m, 

for (c): Te at any speed OJm = kr 
(-kr (--7.65r 

= 7.65 ---20.9r m, 
R 2.6 + 0.2 

w t e r e  the appropr ia te  values of  Vand R have been inserted. In both cases, the initial speed 
starts off from the full-load value which is 600 • 2~r/60 --- 62.8 r a d / s  = Wmo, in the solution 
given by eqn (6.2b), namely r m = gOmo + ( ~ m f -  W m o )  (1 - e-t/T-). 

For (b) the differential equat ion is t he re fo re : -671  - 10.27Wm -" 742 + 4.6 dcom/dt, 
which can be rear ranged  in standard form as: 0.448 dmm/dt +Wm -- -137.6, 
and the standard solution is: COrn = 62.8 + (--137.6-  62.8)(1 --e-t/~ 
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The question asks for the stopping time; i.e. when ca m = 0. Substituting and rearranging: 

-62.8 = ] -- e-t/0.448, 
-200.4 

et/~ = = 1.456. 
1 - 62.8/200.4 

from which t, the time to stop, is 0.448 • 0.376 -- 0.168 sec. 

For (c) the differential equation is:-20.9ca m = 742 + 4.6 dCam/dt, 

which can be rearranged in standard form as: 0.22 dram~dr + Cam = --35.5 

and the standard solution is: Cam - -  62.8 + (-35.5 - 62.8) (1 - e -t/~ 

For the stopping time, putting Cam = O: 

-62.8 
= 1 - e -t/0"22, 

-98.3 

1 
e t / ~  = = 2 . 7 6 9 ,  

I - 6 2 . 8 / 9 8 . 3  

from which the time t to stop is 0.22 X 1.018 = 0.224 sec. 

Dynamic braking gives a slower stopping time, even though the peak 
armature current is about the same in (b) and (c) (as could be checked); 
and the load torque, which in this case is a major braking force, is the same. 
A study of the figure will show why this is so. For plugging, (b), the machine 
will run up in reverse rotation after stopping unless it is switched off. 

Example 6.9 
A 250-V d.c. shunt motor has an armature resistance of 0.1511. It is permanently coupled to 
a constant-torque load of such magnitude that the motor  takes an armature current  of  120 A 
when running at rated speed of 600 rev/min.  For emergency, provision must be made to stop 
the motor from this speed in a time not greater than 0.5 seconds. The peak braking current  
must be limited to twice the rated value and dynamic braking is to be employed with the field 
excited to give rated flux. Determine the maximum permissible inertia of the motor and its 
coupled load, which will allow braking to standstill in the specified time. Calculate also the 
number  of revolutions made by the motor  from the initiation of braking, down to 

standstill. 
If after designing the drive as above, it was found that the stopping time was too long and 

had to be reduced to 0.4 seconds, determine the reduced value of resistance necessary to 
achieve this, and calculate the increased value of peak current. 

At the rated condition, e.m.f. E = 2 5 0 -  0.15 • 120 = 232V. So: . 

232 232 
t1~ R = = 

600 • 2~r/60 62.8 
= 3 .69Nm/A and TeR = 3 . 6 9  X 120 = 443Nm. 
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T h e  l imi t ing  resis tance m u s t  keep  the c u r r e n t  to 2 • 120 = 2 4 0 A  a n d  since on  dynamic  

b r a k i n g  the  c u r r e n t  is E/R  in m a g n i t u d e  = 2 3 2 / R  on  changeover ;  R = 2 3 2 / 2 4 0  = 0.9671"1, an  

exT~'a 0.967 - 0.15 = 0.817 fL: 

As in the  previous  ques t ion ,  T, = k~ - - - - - - -  
(--]t~C,0m) - 3 . 6 9 2  

R 0.967 
- ~ W m  = - - 1 4 . 1 W  m.  

Fo.~ming the  m e c h a n i c a l  ba lance  equa t ion :  Te = Tm + J dwm/dt  

--14.1Win = 443 + J dt, om/dt,, 

J dram 
and  r e a r r a n g i n g :  + tom = -31.4 .  

14.1 d t  

S t anda rd  so lu t ion  is, f r o m  e q n  (6.2b): tO m = O)mo + (OJmf -- O,)mo ) (1 - e -t/' ' ') 

- 62.8 + ( -31 .4  - 62.8) (1 - e -~ • 14.l/j) 

For  zero speed:  0 -- - 3 1 . 4  + 94.2e -7"~ 

f rom which:  e 7"~ = 
1 , 

31 .4 /94 .2  
and  J = 6.42 kgrn 2. 

Subs t i tu t ing  this value o f  J gives the  gene ra l  express ion  for  speed  u n d e r  these condi t ions :  

09 m = 62.8 + ( -31 .4  - 62.8) (1 - e - t  • 14 .1 /6 .42)  

= - 3 1 . 4  + 94.2e -2"196t. 

To f ind  the  n u m b e r  o f  revo lu t ions  t u r n e d  t h r o u g h  we r equ i r e  to in tegra te  

D 

l t e n c e  0 = tam dt  = - 3 1 . 4 t  + ~ e -2"t9~ 
- 2 . 1 9 6  0 

= [ -15 .7  - 42.9(0.3335 - 1) ] = 12.9radians .  

.. N u m b e r  o f  revolu t ions  to s top -- 12,9/2~r = 2.05. 

If the  s topp ing  t ime is to be c h a n g e d  to 0.4 seconds  a n d  R is u n k n o w n ,  

-3 .692 
Te "" ~ O)m" 

R 

T h e  m e c h a n i c a l  ba lance  e q u a t i o n  is now: 

-13 .63  

R 
w m = 443 + 6.42 d w m / d t .  
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Rearranging: 0.471R d/0va 4- o)va -- -32.5R. 
dt 

The solution is: o) m ffi 62.8 + ( - 3 2 . 5 R -  62.8) (1 - e-t/~ 

With t = 0.4 seconds:= -32.5R + (32.5R + 62.8)e -~ 

lffi 1 + - - ~ -  

An explicit solution for R is not possible, but by trying a few values of  R somewhat below the 
previous value of  0.967 fl  a solution close to the correct answer is quickly found. For R = 0.6 II 
the R.H.S. of  the equation is 1.02 so the additional series resistor must be reduced to about 
0 . 6 -  0.15 = 0.45 ft. 

The peak current on changeover would be 232/0.6 = 387 A =.3.22 
unit which is a considerable increase on the previous value of 2 per unit 
for  0.5 seconds stopping time. The machine designer would have to be 
consulted to approve this increase. 

Example 6. I0 

A small permanent  magnet, 100-V d.c. motor  drives a constant-torque load at 1000rev/min 
and requires an input of  250 watts. The armature resistance is I0 •. The motor  is to be 
reversed by a solid-state contactor which can be assumed to apply full reverse-voltage 
instantaneously. The inertia of  the motor  and drive is 0.05 kgm 2. Calculate the time: 

(a) to reach zero speed 
(b) to reach within 2% of  the final reverse speed. 

The armature inductance can be neglected, but assuming it is 1 henry, make an estimate 
of  the actual peak current  during reversal. 

I,  = P / V  = 250/100 ffi 2.5 A, 

E I 0 0 -  I0 • 2.5 
/~ ffi ffi = 0.7162 Nm/A.  

corn 1000 • 2~r/60 

Rated torque ffi/~la = 0.7162 • 2.5 = 1.79 Nm. 

(a) During the transient: 

Te =Tm +Jdwm/d tand  V = - 1 0 0  

0.7162 . . . .  1.79 + 0.05 &om/dL 
10 
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Rearranging: 0.9748 dcom/dt + ~ m  = -174.5. 

Solution is: (.0 m -- (,Orn o + ((,Omf -- gOmo ) (1 - e - t / ~ ' ) .  

Subsdtudng Wm= O: 0 = 104.7 + ( - 1 7 4 . 5 -  104.7) (1 - e  -t/0"9748) 

= -174.5 + 279.2e -t/~ 

from which: time to stop, t = 0.458 sec. 

Acceleration in the reverse direction will also be exponential  of  time-constant T m, and to 
98% of final speed, time will be 4rm = 3.9 seconds. Total time = 4.36 seconds. 

(b) If L is neglected, peak current  on changeover = 
- 1 0 0 -  75 

10 
= - 1 7 . 5  A, 

-100  
current  at zero speed = = - I 0  A, 

I0 

giving a current  waveform as shown on Figure E.6.10 over the period 0.458 seconds. 

oo l I [ T M  ~oa r .  I I - 
i \  ludin~ /- -5 

W / rev/min ,,-J"'r-11.9 " " "  
-17.5 -15"7~  13"7 /'o A 

N~lecting L 
Figure E.6.10 

Electrical time-constant re = L/R = 1/10 = 0.1 seconds which is approximately 1 /4  of 
stopping time. Dividing this part  of  the current  wave into four intervals, an estimate of the 
current  actually reached can be based on the exponential  response of  Figure 6.1. 

After 1st interval, cur rent  will be approximately 0.632 x 15.7 = 9.9 A. 

After 2nd interval, current  will be approximately 0.864 x 13.7 = 11.8A. 

After 3rd interval, current  will be approximately 0.95 x 11.9 = 11.3A. 

So the actual current  peak will be about 12A, not the 17.5 A calculated with inductance 
neglected. See Example 6.14 for equations including effect of inductance. 
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Example 6.11 

A phase-locked loop is a frequency control system and is frequently used for synchronising 
power-electronic controllers in electrical drive applications to external sources, such as a 
mains supply. Figure E.6.11 shows a typical phase-locked loop arrangement. Cai is the input 
(reference) frequency, Ca0 is the frequency delivered by the system, which is higher than Cat but 
is synchronised to it, and Car is the feedback frequency. A difference between wl and Car is 
shown by a varying phase shift which is sensed by the phase detector. The voltage-controlled 
oscillator generates the new frequency which has to be synchronised to Cai and the counter 
divides it to the same units as ca t . 

Phase Low-pass Amplifier detector filter 

I Counter 
el(P) l 1/L ~ 

Figure E.6.11 

Voltage-controlled oscillator 
. . . . . .  

- 1 7  , 

Show that the system can be described by the closed-loop transfer function 

r (p) X KdAKa Kv 
. . . . . .  where X = 
Cai(P) p2 + Ap + X N 

To have a well-damped response, the phase-locked loop should have a damping ratio [ of 0.7. 
If A = I00, determine the required value of X and estimate the phase-locked loop's settling 
time to within 5% of the final value. Also calculate the frequency of the damped 
oscillation. 

Col(p) has been deliberately defined as the output signal, as it is directly comparable with cat 
and is a measure of r The open-loop transfer function is then col(p)/{cat (P) -col (p)}, which 
can be found by multiplying the blocks of the diagram together, i.e. 

A K 1 X cot(p) = K d X X K.~ X ~ X- = = G(p) 
ca~(p) -col(p) (p + A) p N p(p + A) 

The closed-loop transfer function is: 

Car(p) G(p) X/'(p 2 + Ap) X 

r I + G(p) I + X/(p 2 + Ap) p2 + Ap + X 

WithA = I 0 0 , ~  
car(p) X 

ca~(p) p~ + 100p + X 
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Co:nparing the denominator  with the standard second-order transfer function in eqn (6.5), 

2goJ .  = 100. 

If ~ = 0.7, then o~, = 100/1.4 = 71.4. 

.'. X= t o 2  = 5102 
,, 

The decay rate = o = [w. = 0.7 x 71.4 = 50s-]. 

Heace  the settling time to within 5% of the final value is: 

3 / o  = 3/50 = 60ms 

The frequency of  damped oscillation is: 

w,~/(l - [.2) = 71.4~'(1 - 0.72) = 51 rad / s  = 8.1Hz 

Example 6.12 
Figare E.6.12 shows a control system in which the angle of a shaft is controlled in response to 
a reference voltage V~e f. The control voltage V formed by (V~ef- position feedback voltage V0 
- speed-proportional voltage k~tom), where to m is the shaft speed, is the input to a drive system 
of transfer function K/(1 + 0.02p). The torque output Tfrom the drive system is the input to 
a speed-reduction gearbox. 

I f the motor inertia is 4 • 1 0  -4 kgm 2 and the load inertia is 4 kgm ~, find the optimum gear 
ratio. 

With the gear ratio found above and K = 0.44 Nm/V, K~ = 0.8 V/ rad /s ,  show that: 

V0(p) 275 
= 

V~ (p) p(p~ + 50p + 220) 

By approximating the system to a second-order system, estimate the natural frequency and 
daraping ratio of  the system. 

The optimum gear ratio is: 

(( load iner t ia /motor  inertia) = ~:(4/4 • 10 -4) = 100 

The total inertia is then (J2 + n2Jl) = (4 + 4) = 8kgm 2. 

! +O.02p n : l  

Tachogenemtor 

] 1 . . . . .  Vo(p) 
7 p(J2 + N2-~j1 ) 1/I) 

Figure E.6.i2 
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Inserting numerical values for the inertia and gear ratio, 

(6.5) 

Win(p) n I00 

T(p) p U~ + .2j~) 8p 

With K = 0.44, 

T(p) 0.44 

V(p) 1 + O.02p 

The transfer function G(p) relating V(p) and ~(p) is: 

cam (p) T(p) Cam (p) 44 
G(p) = x ----- = = 

T(p) V(p) V(p) 8p(l + 0.02p) 

Since/~ = 0.8, V(p) = V~ (p) - 0 . 8 0 )  m (p), where V~ is the error voltage. 

�9 tam(p) = G(p){Ve(p) - 0.SWm(p)} 

Cam(p) G(p) 

Ve(p) 1 + 0.8G(p) 

and Vo (p) = cam (p ) /p  

Hence the open-loop transfer function will be: 

Factorising, - - - - -  

Vo(p) G(p) 44 / (8p  + 0.16p 2) 

Ve(p) p(l  + 0.8G(p)) p [ l  + 35.2/(8p + 0.16p2)] 

44 

p(0.16p ~ + 8p + 35.2) 

275 
z 

p(p2 + 50p + 220) 

Vo(p) 275 

V~ (p) - p(p + 44.9) (p + 4.9) 

Dividing throughout by 4.9 X 44.9, 

Vo(p) 1.25 

~(p)  p(1 + pO.O22)(I + pO.2) 

There are two time-constants, one of 0.022 seconds and one of 0.2 seconds, which is about ten 
times the previous one. The slower time-constant (0.2 seconds) will be dominant, as the 
transient of the 0.022-second time-constant will die away much more quickly. As the time- 
constants are substantially different, we can ignore the effect of the shorter one, i.e. 

Vo(p) 1.25 
. . . .  G'(p), say 

v~ (p) p(l  + pO.2) 
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The relationship between the open- and closed-loop transfer functions is the same as in 
Figure 6.2b, i.e. 

Vref(p) -- g o (p) = V~ (p) = Vo ( p ) / G ' ( p )  

�9 V ~ , f ( p )  = Vo(P)ll + 1 / G ' ( p ) }  

Hence  the closed-loop transfer function is: 

Vo (p) G '  (p) 1 .25/ (p  + 0.2p 2) 
w 

Vref(p) 1 + G '  (p) 1 + 1 .25/ (p  + 0.2p =) 

1.25 6.25 
m 

0.2p 2 + p + 1.25 p2 + 5p + 6.25 

By comparison with the s tandard form of  the second-order  transfer function in eqn (6.5), 

w.  2 = 6.25. " Wn = 2 .5rad/s .  

21~e). = 5. �9 l~ = 5 / 5  = 1. 

A damping ratio of 1 is known as 'critical damping ' ,  as a lower damping  ratio implies the 
pre.~ence of some oscillation when a step input  is applied�9 For position control  applications, 

ove ' shoot  in position is undesirable and ~ -- 1 is normally considered appropriate.  

Example 6.13 

An induction motor  with rotor  inertia 5 kgm 2 drives a fan load of inertia 500 kgm ~ via a 
2-metre steel shaft of  0.1 m diameter  and 10:1 gearbox. The motor  has a torque pulsation of 
a round 400 Hz and the fan has a pulsating load of 16 Hz. Determine the natural frequency of  
the shaft's torsional vibration and check whether  this is close to ei ther  of the system 
frec uencies. Find the torsional damping  constant  required to give a damping  ratio of  0.7. The  

steel shaft has a shear modulus  G = 8 0 G N / m  ~. 
F :ore eqn (6.9), 

, rGr 4 "IT X 8 X 101~ X (0.05) 4 
K - - = 392 700 N m / r a d i a n  

2l  4 

For a shaft in torsion without damping,  from eqn (6.8a)" 

(On = + ~  
J; 

where Jl = 5 and J2 (referred to the motor  shaft) = 500 /n  ~ = 5 

 f o 7oo + .'. 0J,, = - = 396 r ad / s  = 63 Hz 
5 

Thi.i lies between the resonance frequencies but  is almost a multiple of 16 Hz. From eqn 

(6.8b), 
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: 0 7  -- 

1.4,/(392700) 
.'. C -- -- 1387 Nm per rad/s  

,~(0.4) 

and ca = 63,/(1 - 0.7 ~) = 45 HZ, which is clear of load and motor pulsation frequencies. 

Example 6.14 
A permanent  magnet d.c. motor with ~ = 0.54 is controlled in speed by a closed-loop system, 
as shown in Figure E.6.14, including a power-electronic control amplifier which has a gain of 
100. The motor 's armature has resistance 0.71"1 and inductance 0.1 H. The armature inertia 
is 0.05 kgm ~ and frictional damping is negligible. The motor is connected through a 10:1 
gearbox to a load which has inertia 5 kgm 2 and a torque which is proportional to (speed)~; 
load torque = 0.01 • ~. 

Figure E.6.14 

Amplifier ~ i ~  Motor & load ] ncam J Tachogenerator I Vo 
'r r 'n ' l  "1 . . . . . .  I 

The motor shaft speed is sensed by a tachogenerator, which is a precision d.c. permanent- 
magnet generator; it produces 9.5 V/1000 rev/min and the 'error '  signal which is the input to 
the power-electronic amplifier is derived by subtracting the tachogenerator output from a 
reference voltage. 

By approximating the load torque characteristic about an operating point of 100rad/s, 
derive a closed-loop transfer function for the system and calculate its natural frequency and 
damping ratio. 

Load torque =Tm = 0.01 (cam) 2 

From eqn (6.3), 

dTm/dcam = 0.02cam '= AT/AtOm 

Around an operating point of cam = 100 rad/s, 

ATm/Acam = /~ = 2Nm per rad/s  

The motor inertia referred to the output shaft is 

(10) 2 • 0.05 - 5kgm 2 

The total inertia referred to the output shaft is then 10 kgm ~. 
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The motor  and load transfer function r can be found using eqn (6.14) and 
inserting system constants LJ = 1, k2L = 0.2, RJ = 7, R/~ = 1.4, k, 2 = 0.29: 

Wm(p) /~ 
V(p) p e LJ + p ( k~ L + JR) + Rk~ + ~ 2 

0.54 

p2 + 7.2p + 1.69 

The tachogenerator constant is in the units normally stated on data sheets. 

Converting, 9.5 V/1000rev /min  - 0.091V per rad/s .  

However, the tachogenerator is coupled to the motor  shaft which rotates at ten times the 
speed of the output  shaft, i.e. V0(p)/rgOm (p) - 0.091. 

Sinte the amplifier has a gain of 100, V(p)/V~ (p) = 100. 

The open-loop transfer function is 

nCOm (p) V(p) V o ( p )  _ V~ x . . . .  x 

g~(p) nWm (p) V(p) V,(p) 

0.091 • 10 • 0.54 • 100 

p2 + 7.2p + 1.69 

49.14 

p~ + 7.2p + 1.69 
= G (p), say. 

The closed-loop transfer function is 

Vo(p) G(p) 49.14 

Vret(p) 1 + G(p) p2 + 7.2p + 50.83 

Con" paring this with the coefficients of first (p) and second (p*) derivative terms in eqn (6.4), 

r = ~:(50.83) = 7 .13rad/s  

and 2/~w, = 7.2. 

Hen :e ~ = 0.5, which is a reasonable value for a speed control system. 

Example 6.15 
The motor  and load of Example 6.14 are to be used in a position control system in which a 
position sensor on the output  shaft produces an output  of  0.05 V per degree of rotation. 
Senr,:Drs are briefly discussed in Chapter 7. Find the system's closed-loop transfer function and 
sho~ that the system is unstable. Suggest a means of  providing additional damping to stabilise 
the system. 

T1-e position sensor's constant can be expressed as 2.86V/rad.  Figure E,6.15a shows the 
block diagram of this system. V0 is a voltage representing the shaft position and lira is a voltage 
representing the required shaft angle. 
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Amplifier ~V__~ Motor & load 
" 1  transfer fn. 

~m ~ Position 1 V~ 1/p -! sensor ! 

(a) 

160 

120 

8O 
l o  

" 40 
o 

. ~  

~  

o 
~. 0 

(b) 

-40 

-80 

j / \ 

/ 

/ 

L 

0.5 1.0 1.5 2.0 2.5 
Time (s) 

I 

- ~  Amplifle; H M~176 & I~ ~ V ~ ~  fn. 

! 
L 

! F 

(c) 

Figure E.6.15 (a) Block diagram (unmodified); (b) Time response 
(unmodified); (c) Block diagram (with rate feedback) 
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A 

ID 

C 
0 

0 

/-,, 2 4 -  

2O 

16 

12 

8 
- / 

0 
0 

I I I I 

0.5 1.0 1.5 2.0 2.5 
(d) Time (s) 

Figure E.6.15 (d) Ume response (with rate feedback). 

r . . - . m m ~ l m l i ~ a  

l 

"],he motor and load transfer function is the same as in Example 6.14, i.e. 

~Om (p) 0.54 
m 

V(p) p2 + 7.2p + 1.69 

For the amplifier, V(p)/V~(p) = 100. 

For the position sensor, V0 (p)/0(p)  = 2.86. 

Also, the shaft angle 0 is the integral of the shaft speed Cam, i.e. 0(p)/Cam (p) = l /p .  

Hence the open-loop transfer function is 

�9 0(p) ~Om(p) V(p) 2.86 • 1 • 0.54 • 100 i , ' o ( p )  _ V o ( p )  x - x , x _ 

V~(p) 0(p) corn (p) V(p) V~(p) p(p~ + 7.2p + 1.69) 

154.4 

p(p~ + 7.2p + 1.69) 

The closed-loop transfer function is found as in Example 6.14. 

V0(p) 154.4 
, 

V~ef(p) pS + 7.2p 2 + 1.69p + 154.4 

Th s can be factorised by trying out values of p to give: 

V0(p) 154.4 

(p2_ 1.74p + 17.27)(p + 8.94) 
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The quadratic term has a negative damping ratio, which means that the exponential 
associated with it will increase, not decrease with time. The system is therefore unstable and will 
not reach a steady-state value until limited by component saturation, etc. 

Figure E.6.15b shows the time response of this system to a step input in voltage. The resUlt 
is a response obtained by computer simulation and shows an increasing oscillation, which 
confirms that the system is unstable. 

The amount of frictional damping in this system is inadequate to create a stable system but 
addition of further mechanical friction, which is non-linear, Iossy and uncontrollable, is 
undesirable. Linear damping appears as a loss torque which is proportional to speed. A 
similar effect may be produced by using the tachogenerator to provide a voltage proportional 
to speed and subtracting that voltage from the error signal V e which controls the motor, as 
shown in Figure E.6.15c. This has the effect of providing additional damping which is 
controllable, linear and virtually lossless. Note that a block diagram generally represents the 
mathematical model of a control system, not necessarily its physical construction. The 
tachogenerator is physically coupled to the motor shaft and produces an output 0.091 x re~ 
where n is the gear ratio. When related to ra m , as shown in Figure E.6.15c, the 
tachogenerator's output is 0.91ram, since n = 10. 

From Figure E.6.15c, 

100 x 0.54 
ram(P) = {K(P) - 0.91ram (p)} 

p2 + 7.2p + 1.69 

{ 4 9 . 1 4 }  = 54V~ (p) 

ram (P) 1 + p~ + 7.2p + 1.69 p~ + 7.2p + 1.69 

w= (p) (p2 + 7.2p + 50.83) = 54K (P) 

go(P) 
. _. ._ 

K(P) 

Vo(p) 

V.,f(p) 

2.86Wm (p) 154.4 

pV~ (p) p(p2 + 7.2p + 50.83) 

154.4 

pS + 7.2p2 + 50.83p + 154.4 

This can be factorised by trying out values of p to give: 

Vo(p) 

Vref (p) 

154.4 

(p2 + 3.14p + 38.1)(p + 4.05) 

In this case, the quadratic term has positive damping. Note that the damping ratio of 0.25 
obtained by equadng 38.1 to r ~ and 3.14 to 2~;ra, is not a true measure of the stability of the 
system, as the system is of third order. However, it gives a useful guide as to the rate at which 
oscillations decay. The Closed-loop step response shown in Figure E.6.15d was generated by 
computer simulation. In this case, the time response has a moderate overshoot but is stable, 
as expected. The amount of damping is inadequate for a position control application, in 
which no overshoot would normally be desired and additional damping is obtainable by 
amplifying the tachogenerator signal prior to its subtraction from lie. 

6.6 Duty cycles and ratings 
M a n y  dr ives  a r e  r e q u i r e d  to  s u p p l y  a v a r y i n g  l oad ,  f o l l owing  a cycle w h i c h  

is r e p e a t e d  con t inua l ly .  C o r r e c d y  c h o s e n  e q u i p m e n t  w o u l d  o n l y  n e e d  to  
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have a steady (continuous) rating somewhat less than the maximum power. 
However, if this is relatively high as on a 'peaky' load, it might be the major 
factor in determining the appropriate machine rating if the overload 
(maximum/continous rating) is beyond about 2. For the continuous 
rating, it is the r.m.s, value of the machine current which must be withstood 
without excessive temperature rise, not the lesser 'average' value corre- 
sponding to the mean power and actual energy consumption. Consider the 
su'aightforward case of a d.c. machine operating at constant flux. The 
torque is proportional to current, so if the time-varying torque is 
multiplied by the maximum speed to convert to power, an r.m.s, rating 
could be obtained from the power/t ime curve. It would be equivalent to 
r.m.s, torque (proportional to r.m.s, current) times maximum speed. This 
plocedure is not strictly correct if the motor speed is varying, which in turn 
results in a different machine-loss pattern and inferior cooling capacity at 
low speeds. The situation is even less precise if considering the determina- 
ti()n of r.m.s, power for a.c. machine drives, with the additional 
complication of power factor and less simple current / torque relationships. 
V~Lrious examples to follow will illustrate some of these points and the 
general philosophy of estimating machine ratings. But in practice, each 
~?e  of drive requires specialist treatment for greater accuracy. Reference 
3 discusses the issues in more detail. 

If the approximation of using the power/t ime curve for r.m.s, power is 
employed, the power variation is often further simplified to a series of 
sta'aight-line segments and the squared areas under these as summed to 
give the r.m.s, power as: 

~ fP2t dt 

where Xt must include any times during the cycle when the process is 
stopped. Consider a section of such a power/t ime curve which in general 
will have a trapezoidal shape, Figure 6.7. The area under the squared curve 
will be: 

.. ,,." 

I s - - "  I ! 

. . . .  T , ,  , - , . 1 ~  

F i g u r e  6.7 Area under squared curve. 
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,], 
P. + (vb-  v,) T 

which integrates finally to: 

dt =  oT[ Pa 2 + 2 ( P ~ P b -  / )2 )  T 

+ (Pb 2 -  2PaPb + Pa 2) ~ dt 

T 
- -  (Pa 2 + P~Pb + P b 2 )  �9 (6.16) 
3 

The overall power/ t ime cycle can be divided into a series of such 
generalised trapezia, e.g. P, = Pb for a rectangle and P, or Pb = 0 for a 
triangle. 

As an example of a duty cycle consider a mine hoist for which speed is 
accelerated from zero to a constant value for a period and is then 
decelerated back to zero, with a rest period before the next cycle. An 
overload torque is required for acceleration, which if constant as shown, 
requires a constant-torque component .  During deceleration a similar, 
reverse torque is required and will give some regeneration. Figure 6.8 

T2 Torque 

Time 

- ' ! ' 4  ! i Tin,, 

] L ~  i P' ~ "  e2 Ts t "~ I 
I I t t , ~  I I I 
I I ! I 
, / 

Meon l 

po,~, L .  . . . . . . . . . . . . . . . . .  ~ . i  p4 , ~  ' 
" " " "  t z  . . . . .  -- '1 / " 

P S V  i \Rest PSV II period 

P6 
Figure 6.8 Hoist duty cycle. 
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shows such a cycle for a winder in which the static rope-torque is not 
balanced out, though this is more usual. The changing, unbalanced weight 
of the rope causes the slope in the torque curve. The power curve is 
approximated by straight lines as shown, though this is only strictly correct 
during the constant-speed region. The r.m.s, power can now be calculated 
by summing the three squared areas, using eqn (6.16) on each. Although 
the power starts from zero, the torque is often multiplied by the constant 
speed th roughou t -  which is the torque/time curve to another scale - to 
allow for the inferior cooling at low speeds. The mean power is obtained 
fi-om the area under the power curve as shown, part of which is negative. 
"Ilae peak power is P2, but the machine must be capable of delivering the 
peak torque 7'1 at the beginning of the cycle. Tutorial Example T6.11 refers 
to this figure, which is typical of the pattern for lift drives generally, though 
regeneration is not usually an economical proposition for lifts in low 
buildings. 

Example 6.16 
An 8-pole, 50-Hz induction motor coupled to a flywheel drives a load which requires a torque 
7~ = 110 Nm when running light. For an intermittent period of 8 seconds, a pulse load rising 
instantaneously to 550 Nm is to be supplied. What must be the combined inertia of the system 
t() ensure that the peak motor torque does not exceed 400 Nm? The motor characteristic may 
be taken as linear and giving a torque of 350 Nm at a slip of 5%. 

If the coupled inerda was to be changed to 200 kgm z, what would then be the peak motor 
t~,rque with the same duty? 

Intermittent loads of this kind are not an uncommon requirement. To 
rate the motor for the full peak would be wasteful. Instead, the stored 
energy in the inertia, �89 JC0m ~, supplemented by a flywheel if necessary, is 
pardy extracted during the pulse, by designing the motor with a steep 
enough speed-regulation to release the required amount. Figure E.6.16 
shows the duty pulse and the motor characteristic from the given data. The 
law of the motor characteristic is linearised as 

Fm= 5.5,0 Nm 

/ 
J ~ 7:. 400  d/ ....-~. ' P= 

. , . , i " "  I \  

To . /  I ,d=vm -" //' 
i I0 Nm T= t 

"q"-- fp =8 secs---~ 

Figure E.6.16 
Time 

I Speed tam S = 

--'T"- 

! 
! r. 

0 I10 350 Nm 
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(tO s --  tO m ) 
T~= k =ks.  

to  s 

Subst i tu t ing  the  po in t  given: 350 = k x 0.05 so k = 7000. 

It is n o t  essential  o f  course  that  the  m o t o r  shou ld  be o f  the  i nduc t i on  type 
a n d  the  character is t ic  is be ing  simplif ied h e r e  by assuming  it is a s t ra ight  
line. 

F r o m  the  mechan ica l  ba lance  equa t ion :  Te = Tm + J doom/dr  

subst i tu t ing for  tom a n d  T~: ks = T m  +Jdr  - s) /d t ,  

= T m - j b ,  ds[dt, 

r ea r rang ing :  
jDs ds T m 
. . . . .  + $ =  -----, 

k d t  k 

which  again  is in s t andard  fo rm and  the  s t andard  so lu t ion  o f  e q n  (6.2b) 
can  be  invoked.  

~--So + ( - - ~ - ~ ) ( 1 -  e- t tp/~. /k)) ,  

mul t ip ly  by k: ks = Te = To + ( T m -  To)(1 - e - k t p / ~ ' ) .  

T h e r e  are  five variables and  the  equa t i on  can be solved for  any o n e  o f  
them,  with all the  o thers  specified; i.e. m i n i m u m  iner t ia  (as in this 
ques t ion) ,  m a x i m u m  to rque  pulse,  m a x i m u m  pulse t ime tp, s teepness  o f  
speed  regu la t ion  k and  m o t o r  peak  t o rque  Tp (as in the  s e c ond  pa r t  o f  this 
ques t ion) .  Not ice  that  the  speed  t ime-cons tan t  I" m = J 0 ) s / k  is a d i f f e ren t  
express ion  f rom those  m e t  in ear l ier  examples  in this chapter .  

J x 2~r x 50/4 ds 550 
Substituting values: m + s = 

7000 dt 7000 

j ds 

8 9 . 1 3  d t  
------ --- + s = 0.07857. 

In the solution at time tp, motor torque = Tp = 400 = 110 + (550 - 110) (1 - e -s/r,-) 

from which: ~'m -~ 7.434 = .]/89.13 s o l  = 663kgm ~. 

WithJ = 200: Tp = 110 + (550- 110)(1-e  -~s• sg'ls)/~~176 = 538Nm, 

which is almost the same as the pulse torque because the inertia is too small. 
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Example 6.17 

A high-power d.c. magnet of  resistance 0.1 1] is pulsed occasionally with 2000 A maintained 
constant for a period of 8 seconds. A 6-pole 50-Hz induction motor  drives the supply 
generator, the speed regulation being set to give a speed of  800 rev/min at the end of  the load 
pulse. The induction-motor torque at 800 rev/min is 1500 Nm. For the purposes of estimating 
the required flywheel effect, make the following assumptions: 

(a) negligible light-load torque; 
(b) d.c. generator iffficiency 92%; 
(c) induction-motor torque proportional to slip; 
(d) the pulse is of rectangular shape having a magnitude corresponding to the generator 

coupling torque which occurs at the mean speed (900rev/min) .  

Calculate this torque and the required flywheel effect of  the motor-generator set. 
Estimate how frequently the pulse could be applied while maintaining its magnitude and 

dmadon.  

Generator input power = Magnet power/efficiency 

= f2R/q = 
20002 • 0.1 

0.92 

(:oupling torque at mean speed 

P 20003 x 0.1 

Wm 0.92 X 900 X 2,r/60 
= 4613 Nm 

F o r  the motor characteristic; at 800rev/min,  slip = (1000 - 8 0 0 ) / 1 0 0 0  = 0.2 
The peak value,. Tp ( = T~) = 1500 = ks = k x 0.2 from which k = 7500. 

Set':ing up the mechanical equation: 75005 = 4613 + J dWm/dt = 4613-J tos  ds/dt. 

Rearranging and substituting w, = 2~r X 50/3 = 104.7 rad/s:  

J • 104.7 ds 4613 
- - + 5  - 

7500 dt 7500 

J ds 

71.63 dt 
- - + s  = 0.615 = sf 

Tht'  soludon is: = To + ( T . , -  To) (1 - e - ~  "/ ' - )  

Substituting at the end of the pulse: 1500 = 0 + (4613 - 0) (1 - e -s/T-') 

fiom which: e 8/* . . . .  
1 - 1500/4613 

aad: 

hence required inertia 

rm = 20.34 = J/71.63 

= 1457 kgm2 
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After the pulse has been removed, the motor speed will rise and recharge the inertia. The 
only change in the basic mechanical equation is that the load pulse will be replaced by the 
light-load torque which in this case is taken to be zero. The factors affecting the time-constant 
are not changed. Consequently, the slip will have returned to within 2% of its no-load value 
in a time equal to four time-constants. 

Hence rest time must be at least 4rm = 4 X 20.34 = 81 seconds. 

The frequency of pulse application should not therefore exceed one every 1 [ minutes. If the 
frequency must be greater than this, then the analysis will have to be different since the 
minimum torque will no longer be To. The method used in Example 6.2 is applicable. 

Example 6.18 
A d.c. rolling-mill motor operates on a speed-reversing duty cycle. For a particular duty, the 
field current is maintained constant and the speed is reversed linearly from + 100 to -100 rev/ 
rain in a time of 3 seconds. During the constant-speed period, the first pass requires a steady 
rolling torque of 30 000 lbf ft for 6 seconds and the second reverse pass requires 25 000 Ibfft 
for 8 seconds. At the beginning and end of each pass there is a 1 second period of no load 
running at full speed. If the total inert iaJreferred to the motor shaft is 12 500 kgm ~, find the 
r.m.s, torque, r.m.s, power and peak motor power. 

, I 0 0  rev/min /,m 

! U ...... '"~176 ! 

Figure E.6.18 

sec 
41,, 

s e c  
~ 4 l b  

This example, as an introduction to the effect of duty cycles on motor ratings, is somewhat 
simplified, but sufficiently realistic to illustrate the general method used when the duty cycle 
is not an intermittent pulse as in the previous two examples. 

The figures are drawn from the data and should help to interpret these data. The torques 
are convened to Nm on multiplication by 746/550. During reversal, the inertia torque is far 
greater than any no-load torque, which has been neglected, giving: 

d ~ m  

. . . .  12500 Reversing torque = jr dt 
[100 - (-100) ] • 2,n'/60 

. = 8 7 0 0 0 N m .  

3 
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Since the motor is on fixed field current, the torque is proportional to armature current. 
Therefore if the r.m.s, value of the torque duty cycle is obtained, it will be proportional to the 
r.m.s, current  of the motor, which determines the motor rating. Since the torque/ t ime curves 
ar~, all simple rectangles, the r.m.s, value is: 

_/4.0692 x 6 + (8.72 • 3) x 2 + 3.3912 x 8 
T~, e 1 04 

24 
= 51 860 Nm. 

Hence the motor poweroradng = 

2,n'x 100 
tom Tr,m = • 51860 = 543 kW. 

60 

The motor must also be designed to withstand the peak torque and current  corresponding 
to 87 000 Nm. The peak power is 

2~ x 100 

60 
• 87000 = 911kW. 

Example 6.19 

The motor coach on a 4-car suburban train weighs 50 tonnes (1 tonne = 1000kg) and the 
relnaining coaches with passengers weigh a further 100 tonnes. All four axles are driven by 
d.c. series motors supplied through a.c./d.c, rectifiers. If the maximum coefficient of friction 
beJore wheel-slip is 0.2, calculate the maximum possible acceleration on level track and also 
up a gradient of 1 in 120. Allow an extra 10% on the weight for the stored energy of the 
machinery in rotary motion. 

For a particular duty, the train is on level track and travels under  the following 
conditions: 

:dean starting current per motor 400A, maintained by tap changing on the rectifier 
transformer to increase the voltage uniformly to 750V on each motor. Acceleration up to 
50 km/hour,  whereupon the power is shut off and coasting commences. 

Braking is imposed at the rate of 3 km/hour / s ec .  
Resistance to motion is 4 .5kgf / tonne normally but is6.5 kgf / tonne  when coasting. 

Ca tculate: 

(a) distance travelled in 2 minutes; 
(bl average speed; 
(c) energy consumption in watt hours; 
(d specific energy consumption in watt hou r s / t onne /km.  

The characteristics of each series motor are as follows, in terms of  motor  current, torque 
converted to kilogram force at the motor-coach couplings, and linear speed in kin/hour.  

Current  400 320 240 160 120 80 A 
Force per motor 2500 1860 1270 650 390 180 kgf 
Speed 29 31.5 36.9 44.6 53 72.4 k m / h  

In the case of  linear motion, the force equation is F = M d v / d t  newtons, where M is the 
mass in kg and velocity v is in metres/sec. If acceleration a is in the usual units of  k m / h  per 
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. . . . . . . . . . . . . . . . . . . . . . . . .  

second and the effective mass for both translational and rotational stored energy is Me 
tonnes: 

F =  (MeX 1000) X a x - - ~  newtons 

1 10 ~ 
in kgf: F = • - - - - -  X Mea = 28.3 M~a kgf. (6.17) 

9.81 3600 

In the example: M~ = (50 + 100) X 1.1 = 165 tonnes. 

Maximum force before slipping at the driving axles = (50 x 0.2) • 1000 = 10000kgf. 

Train resistance = (50 + I00) • 4.5 = 675 kgf. 

(504- 100) 
Downwards force due to gravity on a gradient of  1 in 120 . . . .  

120 
x 1000 = 1250 kgf. 

1~e  motor-torque-pulsations due to the rectifier supply will be neglected. 

From eqn (6.13), on level track: a = 
10000 - 675 

28.3 • 165 
= 2 km/h/se,c  (1.25 mph/sec) ;  

on gradient: a = 
10000 - 675 - 1250 

28.3 X 165 
= 1.73 km/h / sec .  

Calculation of the speed/ t ime curve will also use eqn (6.17) in the form: 

A l p  

Accelerating force - 28.3Me _m from which At = 
At 

28.3M~ x Av 

Accel. force 

The method is similar to Example 6.6 for rotary motion. 
The motor  characteristics are repeated here in terms of  the total force. 

Current  400 320 2 
Total force 10000 7440 0 
Speed v 29 31.5 
Accel. force (--675) 9325 6765 44 

Mean acc. force 9325 8045 ,385 
A v  29 2.5 5 

28.3MeAv 
At = 14.5 1.45 4 

mean force 

I 

Time t from start 14.5 15.95 [ 2( 
/ 

~0 ~06~ 120 
30 2 1560 
36.9 44.6 53 
)5 1925 885 

3165 1405 4~ 
4 7.7 8.4 1 

5 11.36 27.9 19 

,.45 31.8 69.7 

80 A 
720 kgf 
72.4 k m / h  
45 kgf 

_ . _  

i kgf 
).4 k m / h  

L8 

~64.5 s 

(a) From these results, the speed/ t ime and current / t ime curves can be plotted as on the 
figure. At 50 kin/h ,  power is shut off and coasting commences at a decelerating rate of: 
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Resistance force 6.5 .x 150 
= = 0.209 k m / h / s e c .  

28.3M, 28.3 • 165 

From a time of 2 minutes, the braking line can be drawn in at the specified rate of 3 k m /  
h / sec  to complete the speed / t ime  curve. The  distance travelled is now the area under  
this curve from v = dx/dt so x -- ~v dr. By counting squares, or any other  method,  this area 
is 4700 k m / h  x seconds and dividing by 602 gives distance as 1.306 km (0.81 mile). 

5 C  k m / h  

r peecl, kml hour 

Maximum voltage 750V 
]L j  Power OFF 

/ / . . . .  - 
e6 Coastin of 

4 0 0 A  

3 0 0 A  - 

ZOOA 

i OOA 
.1 . I i i ._ o ,~ 20 30 40 ~o 60 70 80 90 ,oo ,,o ,zo 

Time, sec 

F i g u r e  E . 6 . 1 9  

(b) Mean speed = 
1.306 

120/3600 
= 39.2 k m / h  (24.3 mph).  

750 
(c, Energy in first accelerating period is (mean voltage) • 400A • A t - - - - - -  x 400 • 14.5 

2 

and in the second period is: 750V x (mean current)  x At = 750 X 183 X ( 5 0 -  14.5). 

For the four motors, in watt hours: 

4 
energy consumed = 

3600 
(375 • 400 • 14.5 + 750 • 183 • 35.5) = 7830watt hours 

the mean current  during the second period being obtained from the area under  the 
cu r ren t / t ime  curve. 

(d) This performance figure is 
7830 

150 x 1.306 
= 40watt hou r s / t onne  km (63.4 w h / ton  mile). 
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7 Power-e lectron ic / e I ectri c a l 
m a c h i n e  drives 

Electrical machines have been controlled through power-electronic circuits 
since the early days of mercury-arc-type rectifiers. The development of 
compact power semiconductors has increased such applications enor- 
mously. Only a limited amount of power can be dissipated by such a small 
device and so it must be operated as a switch, either open - rated at 
maximum circuit voltage and virtually zero current; or closed - rated at 
maximum circuit current and the relatively small forward-voltage~rop. 
Power-electronic circuits therefore involve ON/OFF switching and wave- 
forms which are neither pure d.c. nor pure sinusoidal a.c., but the average 
d.c. voltage or the average a.c. voltage and fundamental frequency can be 
controlled as desired. It is no longer possible to calculate the complete 
performance so simply as for the ideal waveforms because of the harmonics 
introduced, but even if these are neglected the errors in the general 
electromechanical performance-calculations are not usually serious. 

An electrical drive consists of an electrical motor and control gear. In the 
case of a variable-speed application, it will usually involve power-electronic 
converter(s) and control equipment, which may include a microcomputer. 
Although many applications require only a fixed-speed motor, variable- 
speed drives are common throughout industry and in the domestic 

market.  The objective of this chapter is to introduce power-electronic 
equipment and the equipment arrangements and control schemes used in 
variable-speed drives. Both a.c. and d.c. drives are considered; a.c. drives 
form the majority of large drives currently being installed. 

The power-electronic devices briefly described below are the semi- 
conductor switches most commonly used in providing efficient and 
compact power-control of electric motors. For production of specified 
speed, position and torque, d.c. machine voltage and current require 
control; in addition, a.c. drives often require control of frequency. At high 
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power levels, efficiency-related quantifies such as harmonic content and 
power-factor must also be considered. For all drives, electromagnetic 
illterference and compatibility must now be considered more carefully. 

There are two principal reasons for employment of variable-speed 
drives: 

To drive a mechanical load at variable speed. 
To allow a motor to be accelerated in an efficient and controlled 

way. 

In addition, reversal and recovery of stored kinetic energy in the load 
during braking may be necessary for overall reduction of energy 
consumption and associated losses. 

7.1 Power-electronic devices 
Symbols for the power-electronic devices most commonly used in variable- 
speed drives are shown in Figure 7.1. 

It 4t _ _ -J 
Diode SCR GTO Bipolar MOSFET IGBT 

transistor 

Figure 7.1 Power-electronic devices. 

Fewer diodes 

F~miliarity with the semiconductor P-N junction is assumed. Important 
parameters for a diode are its blocking voltage rating, its forward current 
voltage drop (which define its thermal capability and power handling) and 
its reverse recovery time. For faster switching, removal of stored charge 
nmst be rapid, and this is achieved by gold or platinum doping. Fast 
s~tching is obtained at the penalty of greater voltage drop and higher 
leakage current. At lower voltages, the fast-recovery epitaxial diode 
(FRED) is available. Other 'fast' devices such as Schottky diodes exist but 
conduction losses prevent their use at other than low power level. 

Power bipolar transistor 

The characteristics of the NPN transistor should be familiar. However, at 
high power levels, power loss in the device prohibits its use in the linear 
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. . . . . . . . .  , ,  

amplifying region, where collector current is proportional to the control- 
ling (base) current. The device is therefore operated as a solid-state switch, 
in either cut-off or saturated condition. 

Power MOSFET 

The MOSFET (metal-oxide silicon field-effect transistor) is an attractive 
device for power use, as it has a very fast switching speed (giving minimal 
switching loss) and no second breakdown problem. As a voltage-driven 
device, its drive power is small enough to be provided by an integrated 
circuit. However, the forward voltage drop is larger than the saturation 
voltage of a bipolar transistor and MOSFETs are not available in the same 
power range as bipolar transistors. 

IGBT 

The IGBT (insulated-gate bipolar transistor) is a combination of a 
MOSFET input stage driving a bipolar output stage. IGBT ratings are 
similar to those available for bipolar transistors but driving requirements 
are those of a MOSFET. The ratings of available IGBTs are increasing and 
the devices are now popular for d.c./a.c, inverters into the MW range. 

SCR 
The SCR (silicon controlled-rectifier), commonly referred to as the 
thyristor, is only one member of the thyristor family. It is a 4-layer device 
(PNPN) and hence contains a blocking (NP) junction. This junction may 
be broken down (avalanched) by high temperature or voltage, but the 
normal method of 'firing' the SCR to initiate conduction is by injection of 
carriers from the gate. Once in avalanche, this junction cannot regain its 
blocking ability until restored to the 'off' state by removal of anode 
current, i.e. the device will not turn itself off in the presence of 
unidirectional current. 'Inverter-grade' SCRs were once common for high- 
power drives but have now been replaced by newer devices. However, the 
rugged 'rectifer-grade' SCR is still applied to the largest variable-speed 
drives. The relatively small amount of gate power can trigger a large anode 
current and blocking capability extends to several kV. To increase the gate 
power and thereby speed turn-on, larger devices use a 'pilot' SCR to trigger 
the main device. 

GTO 

The GTO (gate-turn-off thyristor) is a device which overcomes the problem 
of turning off an SCR without the use of separate circuitry to extinguish 
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the anode-cathode current. Abstraction of gate current allows the device 
to be turned off. This does, however, require a substantial quantity of 
energy to be transferred from the gate. 

Trcmsducers and sensors 
The closed-loop control schemes referred to in Chapters 6 and 7 require 
sensing of physical quantifies to generate a useable feedback signal which 
may be compared with the input reference. The control signal is often a 
__.10 volt d.c. signal or is converted to digital form if required. A few sensors 
provide direct digital output. 

Current may be measured by the voltage drop across a small resistor but 
is more commonly sensed using a Hall-effect transducer, which produces a 

Magnetic flux density B 

/ "  / ,  . .... 

@ ,, 

Constant current I 
(a) 

Figure 7.2 Sensors: (a) Hall-effect sensor; (b) Incremental encoder 
disc (courtesy of Hohner (UK) Ltd) 
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voltage proportional to the electromagnetic field (of flux density B) 
created by the current being measured (Figure 7.2a). 

Speed may be measured using a d.c. tachogenerator, as in Example 6.12, 
but digital devices are now more common. The output is a train of pulses 
produced when poles or optical lines pass a detector. The count of pulses 
or time between pulses provides a direct digital measure of shaft speed. 

A similar form of sensor is used for digital position-sensing. In an 
' incremental '  encoder, the passage of a transparent disc (such as that 

Figure 7.2 
(d) Resolver. 

(c) Absolute encoder disc (courtesy of Hohner (UK) Ltd); 
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shown in Figure 7.2b) with lines on its periphery causes a series of pulses 
to be received by an optoelectronic sensor which detects light through the 
d~tsc from an infra-red or laser source. A 'start' marker is usually provided 
on a second channel. Position from the reference is indicated by 
irmremendng a counter with the sensor output. 

An 'absolute' encoder has muldple channels, each of which reads one 
binary digit; a typical 10-line encoder disc is shown in Figure 7.2c. This will 
generate a 1 O-bit binary number (hexadecimal numbers 0000 to 3FFF) and 
one revolution will be divided into 21~ (1024) portions, each giving a 
unique code and indicating shaft position in 0.35 ~ increments. When all 
digits are 'ones' (hexadecimal 3FFF), allowance must be made by the 
digital processor to ensure that the following transition to 0000 is 
registered as only a 1-bit change. 

The same problem would be encountered in a potentiometer, which is 
tl'~e simplest device for providing an output voltage proportional to angle 
of rotation, at the point of transition from maximum to minimum voltage. 
Instrumentation potentiometers can be rotated continuously and have an 
active length of around 355 .0 . 

The resolver (Figure 7.2d) is a device which can be rotated without a 
sudden transition in output, but at the penalty of an analogue output 
which is linear only around the reference position. It is basically a high- 
frequency transformer with a rotatable reference and two stationary 
windings; a synchro is a similar device with three windings. The resolver 
provides theoretically stepless position information and linear readout of 
posidon is obtainable via a synchro-to-digital converter integrated circuit, 
which could typically offer up to 16-bit resolution. 

Motor torque is less frequently sensed, but the torque at the coupling 
c3.n be measured by load cells on the motor frame, or by the effect of shaft 
torsion. In either case, the signal requires processing or amplification 
before it can be used. 

7.2 Chopper controlled d.c. machine 

This is one of the simplest power-electronic/machine circuits. With a 
battery, it is currently the most common electric road vehicle controller; 
the 'chopper '  is also used for some d.c. rail traction applications. The 
technique is similar to that used in low-power switched amplifiers and 
isolating d.c./d.c, converters. For motoring, power is switched ON and 
OFF rapidly by a power-electronic switch (an IGBT in Figure 7.3a). For 
fixed field excitation (current or permanent  magnet) the motor speed is 
almost proportional to the modulation factor '(}', since this determines the 
average d.c. voltage applied. Its value is: 
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ton 

ton + tow 

When the IGBT receives gate drive, it appears as a low-resistance switch and 
thus the supply voltage, minus the back-e.m.f, of the motor  at that time, 
appears across the resistance and inductance of the armature. As in 

I v  

: D1 

(a) 

: ; s~ : 
: ~ : 

, . . . . .  

/ I tv : 

1 ~  ! . . . .  
(b) 

voltage V 

E ~ 

r ON ~ .OF, F 

�9 . 

Time 

Y 

Time 

/, 
~0 m 

F c~el  7" Cy~e2 T Cyc~s "I 
(c) 

F i g u r e  7.3 Chopper-fed d.c. machine: (a) MOTOF~NG (Motoring 
conventions); (b) GENERATING (Generating conventions); (c) Acceleration 
between limits. 

https://engineersreferencebookspdf.com



[7,2] Power-electronic~electrical machine drives 239 

Example 6.1, the current  rises exponentially, as shown in Figure 7.3a. At 
the end of tON, the IGBT turns off and the current  path from the supply 
is removed. As the armature inductance will produce a voltage to oppose 
the decay of current, a freewheel diode is provided across the motor  to 
clamp this voltage and prevent the breakdown voltage of the IGBT being 
exceeded. During toFr, the terminal voltage becomes that of the diode 
voltage drop, which is also equal to the machine e.m.f, plus the voltages in 
the resistance and inductance, as long as current  continues to flow. The 
voltage across the inductance will have changed sign as the current  is 
decreasing. If the current  does fall to zero at low values of 6 (i.e. 
discontinuous current),  the terminal voltage rises to that of the machine 
e.m.f, during this short part of the cycle. 

For constant flux, the e.m.f, may be assumed constant during the cycle. 
If the motor  is series excited, then the e.m.f, does vary and can be 
expressed as kf,/a where kfs is the mean slope of the magnetisation curve in 
votts per amp at the appropriate speed, and over the small current- 
pulsation range from il to/2.  

t h e  volt drops of the semiconductors can be included as constant 
voltages of say 1 V and the battery resistance P~ is in circuit during the ON 
period. The equations are: 

Rearranging: 

Solutions: 
[Eqn (6.2b) ] 

IGBT/ON 

EB = E + ( ~  + P~) /a  + 
Lp/a +1 (7.1a) 

L E B - E -  1 

R p/~ + /a = R 

= / m ~  

/'2 = il + ( / m a x -  i l )  
(1 - e -~~ 

IGBT/OFF 

0 = E + R a i a +  
Lp/a + 1 (7.1b) 

L - E -  1 
~ P i ~  + i~ = R~ 

= /min 

i~ = /~ + ( I m i n -  /~2) 
(1 - e -t~ 

Note in the above that EB is the battery e.m.f., R = (R~ + RB) and the two 
timeazonstants are different because in the OFF condition the resistance is 
just R~. 
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For the series motor, the e.m.f. = kf,/~ so the equations become: 

Rearranging: 

EB = kf ,~+  n /~+ 
Lp/a + 1 (7.2a) 

L E B - 1  
~ p / ~ + / .  = 
R+kr R+kf ,  

o = kf,/~ + P~/~ + 
Lp/, + 1 (7.2b) 

L -1 
p/~ +/~ = 

P ~ + ~ ,  & + ~ ,  

The equations are still of first order but the values are different and the 
response faster as shown by the reduced time-constant. Increase of current 
causes increase of flux. 

From the viewpoint of energy conservation, it is important to consider 
regenerative braking where possible and the chopper circuit lends itself 
simply to this. 

The circuit inductance serves as an energy store and the motor is to be 
braked by extracting mechanical energy from the load and returning it to 
the supply, but the e.m.f, is smaller than the supply voltage. Semiconductor 
switch S1 and diode D1 carry out the motoring function as outlined above 
and now shown (connected by broken lines) in the circuit of Figure 7.3b. 
When braking is to occur, $2 is turned on, short-circuiting the motor and 
causing the current to build up rapidly. When a maximum current is 
reached, $2 is turned off, forcing the current to decay, dia/dt becomes 
negative, so L dia/dt reverses to supplement the e.m.f., allowing the motor 
terminal voltage to exceed that of the supply. Generated current then flows 
via D2 to the supply until the level of braking power falls below a set limit. 
$2 is then turned on again and the cycle repeats, as shown in Figure 7.3b. 
The equations are: 

Rearranging: 

Solutions: 

IGBT ON 

o = E - P ~ -  
Lpia-  1 (7.3a) 

L E - 1  
p / a +  /a - R a  - / m a x  

/ 4 =  is + ( I m p -  6 )  
( 1 -- e -t~ 

IGBT OFF 

= E -  ( ~  + RB) /~-  
L p / ~ -  1 (7.3b) 

L E -  EB-1 
---- ---- / rain 

- R p ~ +  . R 

/3 = / 4  + ( ira . , -  /4) 
(1 - e - ~ / r )  
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,MI t h e  e q u a t i o n s  a re  first o r d e r  a n d  the  c u r r e n t  wave fo rms  will t h e r e f o r e  

be  e x p o n e n t i a l  in fo rm.  Fo r  the  ser ies  m a c h i n e  w h e n  r e g e n e r a t i n g ,  t he  

e x p o n e n t i a l  o f  the  t r a n s i e n t  t e r m  is posit ive.  Th i s  c o u l d  be  e x p e c t e d ,  s ince  
the  se l f -exci ted g e n e r a t o r  is basical ly u n s t a b l e  a n d  on ly  r e s t r a i n e d  by t he  
o n s e t  o f  s a t u r a t i o n  a n d  d e m a g n e t i s i n g  effects  o f  a r m a t u r e  m.m.f .  

Acceleration and deceleration between current limits 

T h e  o p e r a t i n g  f r e q u e n c y  o f  a c h o p p e r  may  r a n g e  f r o m  100 Hz at  h i g h  

p o w e r  levels to tens  o f  kHz  at low powers .  As the  e lec t r ica l -c i rcu i t  t ime-  

c o n s t a n t  is m u c h  less t h a n  m e c h a n i c a l  ones ,  s p e e d  c h a n g e s  l i t t le d u r i n g  

to~, o r  ton~. H e n c e  t h e  e.m.f,  will r e m a i n  c o n s t a n t  for  a s e p a r a t e l y  e x c i t e d  

o r  p e r m a n e n t - m a g n e t  m a c h i n e .  T h e  c h o p p i n g  f r e q u e n c y  m a y  be  c o n s t a n t  

o r  may  be  a r r a n g e d  such  tha t  the  'hys teres is  b a n d '  over  wh ich  the  c u r r e n t  

var ies  f r o m  m a x i m u m  to m i n i m u m  is m a i n t a i n e d ,  so l o n g  as t h e r e  is s cope  

fm f u r t h e r  a d j u s t m e n t  o f  the  m o d u l a t i o n  factor.  T h e  m e a n  t o r q u e  is t h e n  

'cc .ns tant '  a n d  the  ra te  o f  c h a n g e  o f  s p e e d  will be  cons t an t .  T h e r e a f t e r  t he  

c u r r e n t  will fall un t i l  s teady-state  s p e e d  is r e a c h e d .  F i g u r e  7.3c shows the  

in ida l  p a r t  o f  such  a c u r r e n t / t i m e ,  s p e e d / t i m e  s c h e d u l e .  

Example 7.1 
An electric train is powered by four 750-V d.c. series motors. The motor resistance and 
inductance are respectively 0.25 fl and 6 mH. A total line inductance of 10 mH and resistance 
of (I. 111 is in series with the supply. The fixed voltage from the traction supply is regulated by 
the chopper of Figure 7.3a, operating at 200 Hz. When the machine is running at 800rev/ 
mitt, the generated e.m.f, per ampere can be taken as an average value of 0.79 V/A. If the 
mt>:iulation factor t5 is 80%, calculate the maximum and minimum currents, allowing 2 V for 
semiconductor loss, and find the average torque of each motor. 

The mass of the fully loaded train is 120 tonnes and its resistance to motion on level track 
is 500 N. Each motor is geared to the wheel of the motor coach by a 3:1 ratio and the coach 
whvel tread diameter is 1.0m. Estimate the train's rate of acceleration under the above 
conditions. 

V/hen the IGBT is turned on, the 750V supply voltage is connected to the motor circuit, 
which has e.m.f. 0.79/a, total circuit resistance 0.35 D~ total circuit inductance O.O16H and 2V 
semiconductor voltage drop. 

From the equations in Example 6.1 with the e.m.f, added, or from eqns (7.2a) and (7.2b) 
in the tables above, 

V= E + Ria + L dia/dt + 2 

750 = 0.79/a + 0.35/~ + 0.016 dia/dt  + 2 

Rearranging: 656 = ia + 0.014 dia/dt  

When the current reaches a theoretical maximum, i.e. di~/dt = 0,/a = 656 A. From Example 
6.1. with If = 656, r = 0.014, 
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/" = 6 5 6 ( 1 -  e -v~176 + ile -t/~176 

where il is the current  at the start of  tON. 
At 200 Hz chopping frequency with c$ = 0.8, ton = 4 ms. 

e -0"004/0"014 - 0.751 

" i2 = 656(1 - 0 . 7 5 1 )  + 0.751i~ = 163 + 0.751i~ 

where/ 'z  is the value of /a  at the end of  toN, i.e. the start of  tort. 
During tow, the total circuit resistance and inductance are 0.25 ft  and 6 mH,  respectively, 

and the semiconductor  loss (2 V) is that of  the freewheel diode. The  supply voltage is switched 
OFF. 

�9 0 = 0.79/. + 0.25/. + 0.006 d / . / d t  + 2 

�9 -1 .92 = /a + 0.0058 dia/dt  

Assuming that  this path were connected  pe rmanen t ly , / "  would eventually decay t o - 1 . 9 2 A ,  
assuming that  the motor  mainta ined constant  speed and the diode could cont inue to 
conduct ,  even when the cur ren t  is negative. From Example 6.1 again, 

/" = - 1 . 9 2 ( 1 -  e - u ~ 1 7 6 1 7 6  + / ~ e  - t / ~ 1 7 6 1 7 6  

since i'2 is the cur rent  at the start of  tort. Assume that  the current  has gained a steady 
variation, tor t  at 200 Hz, r - 0.8, lasts for I ms, after wh ich / "  has reached il again. 

e " ~ 1 7 6 1 7 6 1 7 6 1 7 6 1 7 6  - 0 . 8 4 2  

i~ -- -1.92(1 - 0.842) + 0.842/2 - -0.303 + 0.842/2 

Eliminating il, /2 = 163 + 0.751 (-0.303 + 0.842/2) 

" /,z(l - 0.632) ffi 163 - 0.228 

�9 ~ - -  ~ 2 A  

�9 i~ = -0.303 + 0.842 • 442 = 372A 

0.79/~ • /a 
For a series motor, torque = ~ • /a - 

~0  m 

In this case, the average torque will be proportional to the average value of (/a) 2, i.e. the 
mean-square current. As the electrical L/R time constant is considerably larger than ton or 
torr, it is reasonable to assume that the graph of current against time roughly follows straight 
lines. 

From eqn (6.16), the area under the current-squared curve for ton is: 

0.004(3722 + 372 • 442 + 4422) /3  = 664.2 

and the area unde r  the current-squared curve for tort  is: 

0.001(3722 + 372 • 442 + 4422)/3  -- 166.1 
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The mean current-squared is then 
664.2 + 166.1 

0.005 
= 166 060 

0.79 x 166 060 
.'. Torque - " �9 

800 x 2~r/60 
= 1566Nm 

.'. Tractive force at wheel = 
torque x gear ratio 1566 x 3 

= = 9.4kN 
wheel radius 0.5 

Fo- four motors, total tractive force = 57.6 kN. With 500 N rolling resistance, the tractive force 
available for acceleration is 37.1 kN. The train mass is 120 tonnes. 

.'. acceleration = 37.1/120 = 0 .31m/s  2 

Example 7.2 
An electric automobile is powered by a permanent  magnet  d.c. motor rated at 72 V, 200A. 
The motor  resistance and inductance are, respectively, 0.04fl  and 6mH.  The chopper 
controller maintains the motor  current  between 200 and 220 A, as long as sufficient voltage 
is available, and k~ is 0.233 V per rad/s.  The battery resistance is 0.06 II and semiconductor 
voltage drops are 1.2 V and 1 V in the semiconductor switch and freewheel diode, respectively. 
The total mechanical load referred to the motor  shaft at a motor speed of 1000rev/min is 
24 45 Nm and the total inertia referred to the motor shaft is 1.2 kgm 2. 

Calculate the chopping frequency and modulation factor for the conditions given. 
Calculate the acceleration and deceleration rates in rad/s  2 and, assuming these rates are 
m~intained, determine the time to accelerate from zero to 1000 rev/min and to decelerate to 

zel o from 1000 rev/min.  
.t,t 1000rev/min,  104.7rad/s,  the generated e.m.f, is 104.7h~ = 24.4V. Total resistance 

when motor connected to supply = 0.1 fl. 

Acceleration: 
For the ON per iod,  with bat tery  voltage, 

V = E + Ri~ + L d i a / d t  + IGBT d rop  

.'. 72 = 24.4 + 0.1ia + 0.006 d i a / d t  + 1.2 

an d r ea r rang ing  in s tandard  form of  eqn (6.1)" 

464 = ia + 0.06 d i a / d t  

Tile m a x i m u m  c u r r e n t  which would  be reached  if the IGBT were on  
cont inuously  at this m o t o r  speed occurs when d ia /d t  = 0, i.e. If = 464A. 

The  s tandard  solut ion to this equa t ion  for an initial cu r r en t  il = 200 A is, 

f rom eqn (6.2a) or  Example  7.1: 

ia = 464(1 - e -t/~176 + 200e -t/~176 
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At the end  of  tON, the cur ren t  is 220 A 

�9 220 ffi 4 6 4 ( 1 -  e -toN/~176 + 200e-toN/0.06 

" tON = 0.00473 s e c o n d s  

During the OFF period, the resistance is only that of the a rmature  and the 
semiconductor  voltage d rop  is that  of  the freewheel diode. 

�9 0 = 24.4 + 0.04/a + 0.006 d i a / d t  + 1 

Rearranging: -635  = /~ + 0.15 d i a / d t  

From eqn (6.2a), /a = - 6 3 5 ( 1 -  e -u~ +/~e -u~ 

where /2  is the current  at the start of  tOFF, i.e. 220A. At the end  of tOFF, 
/a (t) = 2 0 0  A. 

.'. 200 = - 6 3 5 ( 1 -  e -tovF/~ + 220e -t~176 

�9 ". ton, -- 0.00355 seconds 

0.00473 
.'. 6 = = 0.571 

0.00473 + 0.00355 . . . . .  

and chopping  frequency - (0.00473 + 0.00355) -l - 120.8 Hz 

Deceleration: 

For regenerative braking, the circuit is as shown in Figure 7.3b with the 
suggestion to use a generat ing convention,  namely current  direction in the 
same sense as the machine e.m.f., giving eqns (7.3a) and (7.3b) as in the 
third table of equations. 

Hence,  for the ON per iod with the machine  short-circuited, 

0 = E - Ria - L d i a / d t  - 1.2 

= 24.4 - 0.04/~ - 0.006 d i ~ / d t -  1.2 

Rearranging: 

580 --/~ + 0.15 di~/dt 
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for  wh ich  the  so lu t i on  is: 

.'. i~ = 580(1 - e -t/~ + ise -t/~ 

/,3 is the  c u r r e n t  at  t he  s tar t  o f  toN, i.e. 200 A; / a  = /4  = 220 A at  the  e n d  o f  
tON a n d  w o u l d  have  r e a c h e d  a m a x i m u m  of  580 A eventually.  

.'. 2 2 0 - -  5 8 0 ( 1 - e  -~'N/~ + 200e -~.~/~ 

�9 ". tON = 0.00811 s e c o n d s  

W h e n  the  c u r r e n t  is d i r e c t e d  t h r o u g h  the  d i o d e  towards  the  supply  in t he  

OFF  p e r i o d ,  the  s e m i c o n d u c t o r  vol tage  d r o p  is 1 V a n d  the  supply  
res i s tance  is a d d e d  to t ha t  o f  the  a r m a t u r e .  

F r o m  e q n  (7.3b)" 

72 = 24.4 - 0.1/a - 0 .006 d ia /d t -  1 

R e a r r a n g i n g :  

- 4 8 6  = /a + 0.06 dia/dt 

for  wh ich  the  so lu t i on  is: 

/a = - 4 8 6  (1 - e -t/~176 + i4 e-t/~176 

i 4 = 220 A is the  c u r r e n t  at  the  s tar t  o f  t o w  a n d  is = 200 A at the  e n d  o f  tow.  

Subs t i tu t ing :  

.'. 200 = - 4 8 6 ( 1  - e -t~176176 + 220e -t~176176 

.'. t o w  = 0 .00172 s eco n d s  

0.00811 
.'. 6 = = 0.825 

0.00811 + 0 .00172 

ar .d c h o p p i n g  f r e q u e n c y  -- (0.0195 + 0 .003895)  -x -- 1 0 1 . 7 H z  

T h e  ave rage  va lue  o f  ia is �89 + 200) -- 2 1 0 A  

giving a ' c o n s t a n t '  m e a n  t o r q u e  T e = 210k ,  

= 210 • 0.233 = 4 8 . 9 N m  
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During acceleration, 

T ~ -  Tm 4 8 . 9 -  2 4 . 4 5  
dmm/dt = = = 2 0 . 3 8  rad/s  2 

j 

Accelerating time to 1000rev/min (104.7 rad/s) = 104.7/20.38 

- 5.14 seconds 
, ,  

During deceleration, the torque is the same magnitude but reversed. 

Constant d~m/dt = 
T ~ -  Tm - 4 8 . 9 -  2 4 . 4 5  

= = - 6 1 . 1 3  r a d / s  2 
J 1.2 

Deceleration time = 104.7/61.13 = 1.71 seconds 

7.3 Thyristor-convefler drives 

Although manufacture of d.c. motors, particularly in larger sizes, has 
declined in favour of a.c. drives, the simplicity and low cost of the d.c. 
motor controlled from a controlled rectifier retains a market share for 
such systems. Rectifiers are also required to produce d.c. sources for 
inverters used in a.c. drive systems. Both single-phase and three-phase 
rectifiers are employed. 

Single-phase rectifier 
Single-phase rectifiers for producing d.c. supplies for inverters are usually 
uncontrolled, i.e. composed of diodes only; the variation of voltage and 
frequency is carried out by the output stage, usually by pulse width 
modulation ( P W M -  see Section 7.4). However, single-phase controlled 
rectifiers are still employed as variable voltage sources for d.c. servomotors 
used in control systems. Figure 7.4a shows the circuit of a single-phase fully 
controlled bridge rectifier. The average rectifier output from Appendix B 
(with m= 2 for tingle phase) is 2Ep(cosa)/~r, where Ep is the peak a.c. line 
voltage and a is the firing-delay angle. The e.m.f, of the motor is 
considered constant and the net voltage available to drive current through 
the impedances is the rectifier output voltage shown less the e.m.f. In 
Figure 7.4b, a < 90~ it is assumed that the motor has sufficiently high 
inductance to maintain current over short intervals when the rectifier's 
output voltage is negative. In Figure 7.4c, a > 90 ~ and the average output 
voltage of the rectifier is negative. Power flow is therefore from the load to 
the supply (inversion); this condition can only be maintained if the motor 
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Er.m.ll. T 
T1 

I;o 
(a) 

x / X / 
\J \J 

(b) 

/ \ 

\ J  

I 
J 

(c) 

V \ 
J ~.J 

Figure 7.4 Fully controlled single-phase bridge rectifiec (a) Circuit; 
(b) Output voltage, a < 90 ~ (c) Output voltage, a > 90 ~ 

e.ra.f, is aiding the flow of current, i.e. generating. If inversion is not 
required, a simpler 'half-controlled' bridge formed of two SCRs and two 
diodes may be used. The waveforms in Figures. 7.4b and 7.4c assume that 
the supply current can reverse instantaneously when there is a change in 
the SCR conduction pattern. However, presence of inductance in the 
supply prevents sudden reversal and the result is that the supply voltage is 
committed for a short interval in supporting the L di /dt  in the supply 
inductance. During this 'overlap' interval, all four devices conduct (the 
load current rising from zero in one pair and decaying towards zero in the 
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. . . . . . . . . . . . . . . .  - . . . . . . . . . . .  

other pair) and the rectifier output voltage is zero. I f  the a.c. current is i 
and the d.c. current Id, 

Ep sin a~ t = L d i /  d t 

i= r, fo ~ F, �9 ---  sin oJtdt = (cosa - coswt) 
L <oL 

At angle (a +/~), say, the a.c. current has reached Id, as in Figure 7.5a. 

Ev [ c o s a  - c o s ( a  + # ) ]  

�9 c o s a  - cos(a + ~) = a)LId/F.p 

The loss of average voltage shown in Figure 7.5b due to 'overlap' is 

sin~0td~t = Ep [cosa cos(a +/~)] 
~r 

<0L/d 

This corresponds to the general expression in Appendix B, with m = 2 and 
commutating reactance Xe = 2~0L. L is the effective supply inductance 
between a.c. terminals. 

(a) 

Figure 7.5 

, \ \ , 
:,: / 

1 

\X/  / 
( b )  

ii /I 

I l l / I  
Effect of overlap: (a) Device currents; (b) Output voltage. 
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The a.c. current taken by the rectifier with a large inductance in the load 
consists of rectangular blocks of current. When a half-controlled r.ectifier 
bridge is used, the length of each block will vary with a. If the load is 
capacitive, e.g. for a constant-vohage supply for an inverter, the a.c. current 
will be in the form of large, short pulses; The level of supply harmonic- 
currents is now subject to international standards; electrical drives, which 
consume a high proportion of generated power, must have provision for 
reduction of current harmonics. At low power levels, switched mode 
methods based on standard integrated circuit controllers may be used. At 
high power levels, filtering may be used. A passive filter (Figure 7.6) adds 

1-phase filter 

E . . . . .  ] . . . . . . . . . . .  
, , . , . ,  

m t To converter 

! 
-7 

B 
3-phase filter 

C 

E ,,, 1 
.,.,.-- 
D 

I _ [' 

! 
_ - 7 " - -  

To converter 

Figure 7.6 Passive line filters. 

a.,:. energy storage which allows the harmonics to be supplied from the 
filter. Active waveshaping is a more modern technique and is suitable for 
high-power drives. Two principal methods are emerging. The first uses 
pulse-width modulation, i.e. splitting of the current conduction period 
into short blocks of unequal length defined by a modulating sine wave (see 
Section 7.4). Turn-off switches are required, either in the rectifier or in the 
d.c. output, to carry out the necessary switching. The second method uses 
a separate, active line-power-conditioner (Figure 7.7). This is more 
expensive, but can be added to an existing system. 
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Rectifier 
, , ,  converter 

Figure 7.7 Active filter. 

Three-phase rectifier 

For larger drives, the d.c. supply is derived from a three-phase a.c. system, 
generally using a fully controlled (alI-SCR) bridge. The circuit diagram for 
the 3-phase bridge configuration and the terminal-voltage waveforms are 
shown on Figure 7.8. The average 'Thevenin' e.m.f, behind the bridge 
circuit can be expressed as Eao cos a. Eao is the mean value of the bridge 
output voltage on zero current. Firing of the thyristors can be delayed by 
angle a from the point in the a.c. cycle where the circuit conditions are first 
suitable for the thyristor to conduct. For a between 0 ~ and 180 ~ switching 
over of the thyristors is simply accomplished by natural commutation, since 
circuit voltages arise naturally, in the correct direction to switch off the 
conducting thyristor at the right time. With this range of firing-angle 
control, the voltage on no load would vary between +Edo and-Edo, though 
in practice the reverse voltage cannot be as high as this, from considera- 
tions of commutation failure at large values of a. It is possible to linearise 
the transfer characteristic by suitable control in the firing circuits. The 
effect of supply and transformer-leakage inductance on the delay of 
current transfer (commutation) from thyristor to thyristor is to cause a 
voltage drop which is proportional to current, so that the d.c. terminal 
voltage can be expressed finally as V = Edo cos a - ld. See Appendix B for 
detailed explanation of these voltage relationships. 

The same terminal voltage appears across the machine, for which it can 
be expressed as V -  Em+ R/. Both of these expressions average out the 
harmonics, assume that the d.c. circuit inductance is high and that the 
current is continuous. They enable the steady-state behaviour to be 
calculated and can be represented graphically by straight lines on the two 
right-hand quadrants of a V/I, 4-quadrant diagram, (1) see Figure 7.9. 
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Figure 7.8 3-Phase thyristor converter/d.c. machine system. 
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The current in the circuit is unilateral, but the voltage polarity of either 
element can be reversed and hence cause reverse power flow. For the 
power-electronic circuit this means making a greater than 90 ~ when the 
rectifying action is changed to inverting action, from d.c. to a.c. For the 
machine, the polarity can be reversed by changeover of armature 
connections; by reversal of field current, which is rather slower, or by 
reversing rotation which is of course much slower and not usually a 
practicable proposition. The operational modes can be determined from 
the power expressions: 

RI, Rl= , j 
I T & , l  I I kll Z. I Tm~..... ' , , "2 ,  I I �9 I 
I I - - " "  : . ,, 
! ! 

I I 

I I ! ! , , \ / ,  
I I I __V___ . 

I ~ I 
, �9 " - " l - - "  

F-do COSal ' F_do COSa2: 
. . . . . . . . .  . .  . . . . .  . .  , . . , .  . . . . .  .o  

( a )  

For Converter I operating: 
Vl ----  Edo COS a , -  kl, = E m + RI 1 

For Converter 2 operating: 
V2 - - ( E |  cos a 2 -  kl2) = F_.- ~12 

- ( E ~  cos o~-  kr~) + V~ 1 

Forward Generating 

~1 ~ - ~ ,,,,, 

t2 (* ve) , 
I 

V 2 for f Reversal at 
Reverse Motoring_ ', constant current 

(a 2 < 90") 
t 

Converter 2 operating 

~ . v~ Eao c o s  a ,  - kl, 

(+ ve) E .  + RI  1 

p. . - .Edo C O S  0 2 V 1 for 
Forward Motoring (a~ > 9(Y') 

I, ( .  ve) 

~F_. (-ve) 

, - V  

f 
Converter 1 operating 

F i g u r e  7 .9  
reversal. 

(b) 

Dual converter: (a) Circuit; (b) 4-quadrant diagram showing 
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Machine motoring: F-~L +ve; 

Machine generating: E.m Ia -ve; 

Machine plugging: EmI~ -ve; 

(Edo cos  a)I, +re; 
EE. circuit rectifying. 

(Edo cos  a)l~ -ve;  
EE. circuit inverting. 

(Edo cos  a)I~ +ve; 
EE. circuit rectifying. 

To cover the usual four quadrants of machine operation without a 
switching changeover, duplication of power-electronic equipment is used, 
with one bridge for one direction of motor current and the other bridge 
in inverse parallel for the opposite direction of current. The bridge 
controls are interlocked so that they cannot operate as short  circuits on 
one another. The circuit is shown on Figure 7.9 together with an indication 
of how a speed reversal takes place. Converter 1 has its firing signals 
removed; il falls to zero and after a few milliseconds delay (dead time), 
Converter 2 is fired. 

On the circuit, positive voltages are shown by the arrowheads, though in 
the equations, these voltages may have negative values. The equations are: �9 

Converter 1 operating: 

v~ = V~o cos a l -  k/~ = Em + R/~ (7.4) 

Converter 2 operating: 

v2 = - (Edo cos  a 2 -  k/2) = V-,n- Rr2 (7.5) 

These equations are shown as straight lines on the figure, the intersection 
of the machine and converter characteristics giving the operating points. 

Typically, reversal is carried out with the control rapidly reversing 
current to maintain a constant 'mean' value and give uniform deceleration 
ar,d acceleration. Figure 7.10 shows a computer simulation of a dual 
ccnverter drive which is executing a duty cycle similar to that encountered 
in a reversing steel-mill drive. A steel billet is processed through the rolls at 
some nominally constant rolling torque and, when it emerges from the 
rolls, the torque falls to the no-load value. The rolls are then reversed as 
quickly as possible within a permissible short-time overload armature 
o:.rrent. Steel enters the rolls again after they have been adjusted to give 
the appropriate pressure on the billet for this reverse 'pass'; see also 
Example 6.18. 

The top graph records the d.c. machine terminal voltage V, the machine 
e.~n.f, e, which is proportional to speed since flux is set constant, and the 
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lSO  
lO0 

50 

0 

- 5 0  

-100 

- 150  - 
Forward _~ 

_ motodng 
Bridge 1 
operating 

x l  e x l  
O)m(Z e , /A 

V 

la 

Coasting 

< . . . .  Bridge 2 operating 

Time 

Reverse 
motodng - 

1 5 0 -  

100 - v�9 

5 0 -  

0 

- 5 0  

-150 

i c per unit x 6 0  i~<p~). ~ 

/ \ 
i . iVi 

F i g u r e  7.10 Dual (anti-parallel) thyristor bridge~d.c, machine system. 
Various operating modes. 

armature current/a which is therefore proportional to the electromagnetic 
torque T, = kr The lower graph shows the mechanically applied torque 
with the C-phase current and terminal-voltage waveforms. The notches in 
the phase-voltage waveform are caused by the 'effective' short circuit of the 
phases during overlap. The half-wave of phase current is therefore a little 
longer than 120 ~ and follows the d.c. current waveform during most of this 
period. It is far removed from the idealised square wave assumed in 
approximate analysis of rectifier circuits; see Appendix B. 
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Poin ts -  with reference to base line on Figure. 7.10 
0--1 Bridge 1 is conducting with a A = 30 ~ Tm= 1 p.u. The overlap angle 

/~ is about 20*. Bridge 2 is inhibited. Currents are plotted in per-unit 
terms. 

1 Tm reduced to 0.16 p.u. and Bridge 1 phased back to aA = 150 ~ 
1--2 Current  falls naturally to zero, a short time after terminal voltage v 

reverses, the delay being due to the d.c.-circuit inductance. 
2-3  Coasdng on no load for --- 20 ms (dead time), to ensure Bridge 1 is 

'dead'  and cannot short circuit Bridge 2 when this is fired. T~ = 0. 
The e.m.f. (and speed) rise slightly as the load is thrown off but fall 
thereafter, the terminal voltage then being the same as the e.m.f. 
since there is no current. 

3 Bridge 1 inhibited and Bridge 2 fired at an initial firing-delay angle 
aB = 150 ~ 

3--4 aB phased forward at a linear rate of 1 ~ per 4* of tot change. Current  
eventually starts to flow as the high (reversed) bridge voltage falls 
below the machine e.m.f. Regeneration commences into the a.c. 
supply as can be seen by the phase relation between/c  and Vc which 
is greater than 90 ~ With this particular rate of aB change, apart from 
the initial single-current pulse, the machine current  increases at a 
rate of approximately 160 per-unit/sec, which is typical of a d.c. fast- 
response reversing drive. 

4 Here, the mean d.c. terminal voltage is zero, so no average 
regenerated power is fed from the machine, though it is not 
consuming any power from the power-electronic system either. 

4--6 The speed is falling so the mechanical energy stored is given up to 
provide the armature losses. The fundamental  o f / c ,  though at low 
power-factor, is becoming less than 90 ~ out of phase with Vc 
fundamental,  so the a.c. system is providing power, consumed in 
transformer and thyristor losses. The system as a whole is therefore 
plugging until the speed is zero, the current  reaching a value over 3 
p.u. - approximately constant for a short time. 

5 By the time this point is reached, aB has become 30 ~ and is fixed at 
this thereafter. 

6 The time scale is changed here during the last stages of reversal. 
7 Speed is now zero and the machine changes from plugging to 

motoring in reverse~ note that the mechanical friction torque will 
reverse at this point also. 

Example 7.3 

The power amplifier which supplies the motor of Example 6.14 is a single-phase fully 
ccntrolled rectifier bridge which has a voltage drop of 2.5 V. The input to the bridge is 115 V 
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a.c . r .m.s ,  at 50 Hz and the t ransformer  has a leakage inductance of  2 mH.  Calculate the 
bridge firing-delay angle which will produce a load acceleration of  5 r a d / s  z when the load 
speed is 15 rad/s .  The load is now a frictional (constant) torque  of  30 Nm but the total inertia 
referred to the load shaft is still 10 kgm z. 

For  5 r a d / s  z, the accelerating torque is 5 x 10 = 50 Nm 

Load torque ffi 3 0 N m  

Total torque = 80 Nm 

With a 10:1 gear  ratio, the motor  must supply 8 N m  at 150rad/s .  

Motor  cur ren t  ffi T o r q u e / / 9  ffi 8 /0 .54 ffi 14.8 A 

Motor  e.m.f, at 150 r ad / s  = / ~  0) m = 0.54 x 150 = 81V 

�9 moto r  voltage = e.m.f. + IR = 81 + 14.8 • 0.7 ffi 91.37 

The  voltage loss due  to 'overlap'  is 

oJL//~r = 2~r X 50 • 0.002 • 14.8/~r = 2.96V 

Hence  the br idge output  to overcome overlap and diode voltage d rop  must  be: 

91.37 + 2.96 + 2.5 = 96.83V 

�9 96.83 = 
230~/2 cos a 

' I t  

. ' . a  = 2 0 ~  

Example 7.4 
A d.c. mo to r  is supplied from a three-phase power system at 415 V r.m.s, line-to-line via a dual 
fully control led bridge converter  system which has 4V device voltage drop.  The  moto r  
a rmature  resistance is 0.2 f l  and supply inductance may be neglected.  Find the firing angles 
and  d.c. machine  e.m.f.s for the following conditions: 

(a) Machine motor ing from converter  1 at 100A and a terminal  voltage of  500V. 
(b) Machine regenerat ing through converter  2 at 100A and the same terminal  voltage. 

(a) From eqn (7.4), V1 = Edo c o s a - / d  l = Em+ R/l 

Here,  Vl ffi 500V, F~o ffi 
3 • 415 • ~/2 

ffi 560.4V and/all  = 4V 

�9 500 = 5 6 0 . 4 c o s a - 4  

�9 cosa  ffi 504/560.4 = 0.899 �9 a - 25~ 

and F~ = 5 0 0 -  0.2 • 100 = 480V 
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(b) From eqn (?.5), V= = - ( ~ o  cos a -  ~2) = E~.- Pd~ 

�9 Here, V2 -- BOOV, ,~o = 500.4V, ~2 = 4V 

�9 500 : - (560 .4  c o s a -  4) 

�9 c o s a  = 496/( -560.4)  = - 0 . 8 8 5  �9 a = 152.3 ~ 

Em = V + R / =  5 0 0 + 2 0  = 520V 

Power-electronic/electrical machine drives 2 5 7  

E x a m p l e  7.5 

Determine,  for the following conditions, the appropriate  firing angles and d.c. machine 
e.m.f.s for a d.c. machine/ thyris tor-bridge system for which Edo = 300 V, the bridge circuits 
absorb 15 V, including overlap voltage drop  at rated motor  current  and the machine has a per- 
unit resistance of  0.05 based on its rated voltage of 250 V. 

(a) Machine motoring at rated load current  and with its terminal voltage at 250 V. 
(1:) Machine generat ing at rated load current  and with its terminal volt:age at 250V. 
(c) Machine plugging at rated load cur rent  and with its terminal  voltage at 250 V. 

0.06 0.06 . - -  + lo - I o  

. . . .  .,o ,oo  o 

- 0.95 - -  - ; ~  ' 

(o)  Motoring (b)  Regeneroting 

F i g u r e  E . 7 . 5  

o.o6.,__ .,,----I .o . za 
=_  

0 .05  

i o. 
+ 

( c )  Plugging 
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. . . . . . . . . . . . . . . . . . . . . .  

(d) For condit ion (a), what would be the torque and speed if: 
(i) flux is at rated value? 
(ii) speed is 1.5 per unit? 

(e) If the motor  load for condit ion (a) is such that the torque is propor t ional  to (speed) ~, 
what firing angle would be necessary to have the motor  runn ing  at half  speed with rated 
flux? 

Condit ions (a), (b) and (c) are shown on the figure. The  question will be worked out  in perunit 
for convenience,  but  can be worked out  in actual values and checked against the answers. (Take 
ra ted cur ren t  as 100 A say, and let this be 1 per-unit current .)  The  overall equat ions are: 

~ o  cos a -  ~r = v = ~ + Pa, - /~Om + RT~/g. (7.6) 

F~o = 300/250 = 1.2 per unit h = 15/250 = 0.06 per unit 

1 per-un/t speed = Vx/kCR = 1/1 say 1000rev/min.  

.-. ra ted speed - F ~ / / b x  = 0.95/1 = 950rev /min .  

(a) V =  1 = 1.2 c o s a - 0 . 0 6 x  1. .'. cos a = 1.06/1.2; a = 27~ 

(b) V = - I  = 1.2 c o s a - 0 . 0 6 •  1. .'. cos a = -0 .94/1 .2 ;  a = 141~ 

(c) V = -1 = 1.2 c o s a - - 0 . 0 6  x 1 + 1 • 1; �9 cosa = 0.06/1.2; a = 87~ 

Condit ion (c) requires a resistor to absorb I per-unitV, which was specified at the machine  
terminals. Plugging is not  a normal  steady-state mode  for this circuit, but  see Figure 
7.10. 

(d) V = 1 = E m  + R/a = /b"  tom + 0.05 X 1, so/bto,"  = 0.95. 

(i) For  rated flux (1 per unit), tom - -  0.95 which is rated speed and T~ is also 1 p.u. 
(ii) For 1.5 per-unit s p e e d , / b  = E/tom = 0.95/1.5 = 0.633 which is also Te. 

(e) With rated flux, current  will be (~)2 since T~ is proport ional  t o  O ) m  2 " I a = 0.25. Substitute 
in equation:  1.2 cos a = (0.06 + 0.05)0.25 + 0.95 • 0.5 from which cos a = 
0.5025/1.2 = 0.4188 a = 65.2. 

Other electronic and power-electronic circuits are used for d.c. machine 
control, especially in the many low-power applications for which d.c. 
machines are preferred. However, the discussion and examples in Sections 
7.2 and 7.3 cover a major area in which d.c. machines are applied and in 
which power regulation and control cannot be covered by a single 
integrated circuit. 

7 . 4  I n d u c t i o n  m o t o r  d r i v e s  

The simplest method of a.c. voltage control, as used mainly for single-phase 
a.c./d.c. 'universal' commutator motors in domestic appliances, is the triac 
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(or back-to-back SCR pair) in the a.c. line. This method, however, produces 
low motor efficiency and a waveform containing substantial harmonic 
content. Examples 4.9 and 4.10 illustrate also the limitations to the range 
of speed control by this method. As seen in Chapter 4, the three-phase 
induction machine, which is the most common motor installed in industry, 
can only operate at fixed flux when both voltage and frequency are 
controllable. This can be seen in Examples 4.6 and 4.11. In a commercial 
inverter, the ratio of voltage to frequency can normally be specified by 
adjustment of a user parameter in the control circuits. Where current 
regulation is required, either a current sensor and feedback or a current 
estimator may be provided for closed-loop current control. 

Voltage-source inverter 
Most a.c. variable speed drives employ three-phase 'voltage-source' 
in-erters consisting of six semiconductor power switches, as in Figure 7.11. 
The source is a constant d.c. voltage, usually obtained by rectifying single- 

A 
B 
C 

de' li 

Input rectifier 
(uncontrolled) 

Figure 7.11 

, t 

�9 J ..... _1 :t 
y Freewheel Inverter Three-phase diode output 

Voltage-source inverter. 

or three-phase a.c. and smoothing the d.c. with a large capacitance. As in 
the chopper (Section 7.2), freewheel diodes are provided in reverse 
parallel with the power switching devices of the inverter to allow energy 
stored in machine inductance to decay when the relevant power switch is 
turned off; current will circulate until the stored energy has been 
dissipated. The freewheel diodes also allow current to flow back to the 
supply during regeneration. However, the capacitance has a limited ability 
to receive energy, and the input rectifier would have to be fully controlled 
and have a large inductance to maintain current if inversion back to the 
supply system were to take place. 
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If each switch conducts for its maximum conduction period (approx- 
imately 180~ the line voltage output between inverter terminals consists 
of 'quasi-square' waveforms of 120 ~ and the phase voltage in the star- 
connected load is stepped, as shown in Figure 7.13. A small dme interval 
must be allowed for one device to fully turn off before the device in the 
same leg turns on. Varying the overall cycle time of the switching patterns 
alters the frequency of the output. Varying the conduction period will 
affect the r.m.s, voltage produced and will also vary the harmonic content 
of the voltage. Machines are fairly reactive and will have a filtering action, 
i.e. the current harmonics will generally be lower than the values imposed 
by the voltage. Harmonic reduction coupled with voltage control is 
conventionally applied by pulse width modulation (PWM), in which the 
voltage waveform is split into a number of separate pulses of pre-defined 
length and starting angle. A number of PWM methods exist, e.g. 
sinusoidal, harmonic elimination, symmetrical etc. The sinusoidal method 
shown in Figure. 7.12 gives a good overall reduction of significant 
harmonics and is well supported by integrated circuit waveform gen- 
erators. More sophisticated or custom harmonic elimination methods 
would require PWM generation by a microcontroller. PWM is implemented 
only on voltage source inverters. 

The PWM voltage waveform contains largely higher order harmonics 
which are more easily filtered by the machine impedance. As the voltage 
waveform contains harmonics, harmonic currents will exist and harmonic 
torques, additional to those caused by slot tipple and rotor imbalance, will 
be produced as rotor and stator harmonic currents interact. Additionally, 

j Triangular carder wave 

Modulating sine wave J 

B 
Figure 7.12 

Control signal to inverter switches 

Pulse-width modulation. 
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s~.turation may cause space harmonics which will lead to further torque 
p alsatians. The calculation of harmonic torques is therefore complex and 
uaique in any situation. Fortunately, there is a fair degree of cancellation 
o:~ random effects and PWM ensures that voltage harmonics remain 
modest up to higher voltages at which the need for a large r.m.s, voltage 
r~;quires longer PWM pulses, and eventually half-cycle device conduction, 
as in Figure 7.13, where the line-to-line voltage includes all odd voltage 
harmonics except those which are multiples of three. However, frequency 
will also be higher and the filtering action of machine reactances is greater 
than at low frequency. 

Figure 7.13 

~V \ 
/ ' ~ ~ ' ~ ~ ~  phase voltage 

V:: phase voltage ..___.J 

! ............ 1 __I" 

harmonic t 

O.C Link voltage= It' 

Quashsquare inverter waveforms. 

At maximum voltage, as shown in Figure 7.13, the fundamental and 
harmonic components of the line voltage may be found by using Fourier 
s~;ries. If the origin of the waveform is set at the commencement of the 
fundamental of the line voltage in Figure 7.13, the analysis will contain 
only sine components and odd harmonics, i.e. the Fourier components a0 
and bn are zero. The remaining Fourier coefficients are: 

an = ~ V s i n  nco  t d ~ o  t = -cos no~ 
11" J~r/6 I"1" ~v/6 

where V is the voltage of the d.c. input to the inverter. 

https://engineersreferencebookspdf.com



262 Electrical Machines and Drive Systems 

2V 2V 
al = [cos ~ r / 6 -  cos 51r/6] = - - -  (~/3/2 + ~/3/2) = 

,ff 11. 

243v 

(7.4) 

2V 2V 
as = ---- [cos 3 ~ r / 6 -  cos 15~r/6] = - - -  (cos ~ r / 2 -  cos ~r/2) = 0 

3'tr 3"rr 

i.e. the waveform contains no third, ninth etc. harmonic components.  

2V 2V 
an = _---- [cos 5 ~ / 6 -  cos 25~r/6] = _'z'-" (- , /3/2 - ,/3/2) = 

5,n 511" 

-24Bv 

5~ 

2V 2V -2~/3V 
[cos 7 , t r /6 -  cos 35"rr/6] = - ~  ( -~ /3 /2 -  ~/3/2) = 7~ 

e.g. if al = 2~/3 V/It, the fundamental  component  = 
2d3Vsin ~0t 

11. 

For example, if the input voltage Vof the d.c. link between the rectifier and 
the inverter was 600V, the fundamental component  of the inverter's 
maximum output  line voltage would be 661 sin ~0 t, i.e. 468 V r.m.s. The 5th 
harmonic  would be 132 sin mt and the 7th harmonic would be 95 sin mr. 
Steady-state harmonic currents may be found by dividing the harmonic 
voltage by the harmonic impedance, i.e. the impedance at frequency n0~. 

We can now make an estimate of the torque pulsation for the inverter- 
fed induction motor  working at full voltage. It will be convenient to recall 
eqn (5.15) for the purposes of calculation, i.e. 

T~ = 3M'  ImI 2' sin ( ~ m  -- ~O2) X pole pairs (7.7) 

If the machine windings are connected in star, the phase-voltage wave- 
forms are quite different from the line voltage, as indicated on Figure 7.13 
for phases A and C. These are subtracted to give VAC, which is the quasi- 
square line-voltage waveform of Figure 7.4. For all waveforms, 3rd and 
triplen harmonics are not  present, but  the other harmonics combine to 
give the usual 30 ~ shift between phase and line waves. When this is allowed 
for, on the harmonic scale, the expression for the phase voltage waveform 
can be deduced as: 

1 2~/3 ( sin5~0t sin7~ot ) 
---- X-- - - -  X V s i n m t +  + - ~ - - . . .  
V3 Ir 5 7 

sin 5~t  sin 7(0t 
= V2V1 sin~0t+ + ~ - . . . ) ,  

5 7 
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where V1 = 42 W'rr is the r.m.s, value of the fundamental  component  of the 
piaase voltage. The 5th harmonic waveform is sketched in on Figure 7.5 
to, show why the harmonic signs have changed from the line-voltage 
expression. 

Considering each voltage harmonic separately, applied to its own 
equivalent circuit with appropriate correction for frequency-increased 
reactances, and voltages reduced to V1 /n ,  we could calculate the harmonic 
currents and sum them to get the primary, secondary and magnetising- 
cllrrent waveforms. Each rotor (secondary) harmonic current  will react 
with its own harmonic magnetising-current to produce a steady-com- 
ponent  of torque. It will react with all the other harmonic magnetising 
currents to produce a component  of the pulsating torque. In fact, only the 
interaction of the 5th and 7th harmonic rotor currents, 1~ and I~ say, with 
the fundamental  magnetising current  Ira1 will be of great significance. The 
phase sequences of the 5th and 7th harmonics are opposite in sense, so 
their steady-torque components  tend to cancel. These approximations will 
be justified later. At this stage we will make one further approximation, 
namely: that the fundamental  harmonic magnetising current  Ira1 is given 
b'r (V1/Xm) /--90 ~ from the approximate circuit, though the exact 
calculation of Iml is not  very much more difficult. 

For the rotor currents, we require the slip, and if this is s for the 
fimdamental,  it will be 6 -  s for the 5th harmonic producing a backwards 
r~)tating field at 5w~, and 6 + s for the 7th harmonic producing a forwards 
rotating field at speed 7tos (see Figure 7.14a). Hence, taking V1 as 
reference: and using the approximate circuits: 

VI 1 

5 R1 + R ~ / ( 6 - s )  +j5(xl + x~) 

V1 1 

I~z = ~ Ra + R~/(6 + s) +j7(xl + x~) 

a n d  i~ = 42I~ sin (5to t - ~o5), 

and i~ = ,j2I~ s in(7tot-  ~P7). 

Consider the instant of time, to t = 0, when the fundamental  and harmonic 
voltages are momentarily zero and initially are all increasing positively as t 
increases. Note this means that the 5th harmonic, of reverse phase- 
sequence, must be shown in antiphase with V1 and V7 as on Figure 7.14b, 
z hich is the phasor diagram for this instant. Now when the fundamental  
rotor-current I~ reacts with its own magnetising current  lml, its phasor 
leads the Ira1 phasor if producing forwards motoring-torque. Hence, I(~ 
reacting with Iml at the instant shown is producing a positive torque and 
the angle between these phasors, taking tot = 0 as reference is: 

(-%07 + 7tot) - (-90 + tot) = 6tot + ( 9 0 -  'P7). 
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The angle of I~ (lagging V~ of reverse phase-sequence) leads Iml by: 

(180 + ~o5 - 5cat) - (-90 + cat) = 270 + ~05 - 6wt 

= -[fxot + (90 - ~os) 1. 

Thus, the total torque due to 5th and 7th harmonic rotor-currents reacting 
with the fundamental magnetising current  is, from eqn (7.9): 

3M' 
Vl 

[ -  I [  sin(6wt + 90 - ~0s) + I~ sin(6wt + 90 - ~07) ] 
(7.8) 

• pole pairs. 

The expression shows that 5th and 7th harmonics combine to give a 
pulsating torque at 6 times fundamental  frequency. In Section 8.2, as an 

( 0 ) Hormonic slip 

(6 -$ )  ~ 7n#-ll-s)n~ 
�9 ( 6 + s ) n ,  

vs/~~ k ,,,t 
_ . . _ ~ V 7  V l  

A,e,  i 

i ! " I ~  
I; ~ w# 

,: 

F i g u r e  7 . 1 4  Pulsating-torque calculations: (a) Harmonic slip; 
(b) Harmonic phasors at t = O. 

illustration of a.c. machine simulation, the computed results from an 
'exact' solution, including all the harmonics, show that this 6th harmonic  
pulsation is almost completely dominant  (Figure 8.4, see also T7.5). If 
the motor  had been current  fed, the division of 5th and 7th harmonic 
currents into magnetising and rotor  currents would have had to invoke 
the standard parallel-circuit relationships, as in Section 4.3, Examples 
4.12-4.16. 
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(;urrent-source inverter 
(:urrent-source inverters, in which a large choke in the d.c. input forces an 
almost constant d.c. input current  and hence square wave a.c. output  
currents, find use in very high power drives, for which the ratings of 
available 'turn-off' devices, such as bipolar transistors and GTOs, would be 
inadequate. Rugged rectifier-grade SCRs of very high rating can be used, 
provided that 'forced commutat ion '  is used to remove the current  from 
each device in turn to allow it to turn off. Figure 7.15 shows a current  

~-2 

Input rectifier 
(controlled) 

A ~  

B ~ 
C '  " 

F i g u r e  7 . 1 5  

d.c. link 
choke .7 

Z- 
X 

Commutating "I  
capacitor 

i __ . 

z _; 
I : - - t ,  

X 

t ' J 
] ,, , ii I 

Inverter Three-phase 
output 

Current-source inverter. 

source inverter. Commutat ion of current  from one SCR to the next occurs 
when the second one turns on, causing reverse bias to the previous device 
and diversion of its current  through the capacitor network. As one device 
t auses its predecessor to turn off, the conduction interval is approximately 
]20 ~ per SCR and PWM cannot be applied. Voltage control is carded  out 
in the controlled rectifier. The presence of the large d.c. line inductance 
and a fully controlled rectifier bridge allow straightforward regenerat ion of 
energy back to the supply. 

Cycloconverter 

A cycloconverter provides direct a.c./a.c, conversion, at the price of a 
larger number  of power devices and poorer  output  waveforms. The 
frequency range is restricted to half of mains frequency to maintain 
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tolerable waveshapes. However, the cycloconverter has certain features 
which make it superior to inverters for large, slow-speed drives. It allows 
energy to be transferred in either direction, and the large number of 
devices is no handicap when load currents are so large that parallel devices 
would have to be used in an inverter. The a.c. input waveform is used as the 
commutating medium by arranging that a device is turned on when it is 
the most forward-biased. It therefore takes over the current in that phase 
from the preceding device. Cycloconverters may have varying numbers of 
devices, from 18 upwards. An improvement on the waveforms shown for 
the 3-pulse cycloconverter in Figure 7.16 is provided by the 36-SCR 6-pulse 
design, which has two 3-phase bridges (analogous to the dual bridge 
converter of Figure 7.9), one in each direction, per phase, and avoids 
certain low harmonics found with the 3-pulse circuit. 

Regeneration from the induction motor to the supply may be attained by 
operation in the super-synchronous range at negative slip, as in Figure 4.1. 
The inverter or cycloconverter is operated at a frequency below that 
corresponding to mechanical rotation. For a voltage-source inverter, the 

A . . . . . . . . .  

B . . . .  [ 
C 

(a) Three-phase 
output 

m 

(b) 

Figure 7.16 Cycloconverter: (a) Circuit; (b) Output waveform. 
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average current through the freewheel diodes will be greater than that 
t.krough the power switches. The regenerated energy must either be 
absorbed by a resistor across the d.c. link capacitor, or returned to the 
sttpply via a rectifier operating in the inversion mode. 

Induction motor control 

If the stator resistance in eqn (4.5) is considered to be small enough to be 
neglected in comparison with other impedances, 

T e = X 
~.~ x f / p  

1712 R2 ' 
. . . .  X . . . . .  

(R~ / s )  2 + (xl + x~) 2 s 

-- /t tos -- tom tosi 
2 ~ f / p  = co,, s . . . .  , say, 

tos tos 

3 V~ 2 R~w,/~,~ (~ , l )  2 
then T~ - x x 

to, (R~to,/w,1) 2 + {w,(L l  +/_ ,)p}2 (to,l)2 

31112 R~to,I 
- X (7.9) 

to2 (R~) 2 + {to,~(L1 + L-z')p} 2 

In eqn (7.9), the relationship between slip frequency to,t and T~ is 
approximately constant if the ratio of supply voltage V1 to supply frequency 
t0, is constant. It approaches the condition shown by the speed/torque 
curves ofFigui'e E.4.11, where the flux level (0c E / t o s )  is actually maintained 
constant over the constant-torque region. Figure 7.I7 shows a family of 

Torque 
Constant flux 

. . . . .  ,.==. - .= .  , ~  

1.0 

Flux weakening 

p.u. speed 

F igure  7.17 
frequency. 

Induction motor torque~speed curves at variable 
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torque/speed curves foi a range of frequencies from a few Hz up to the 
point at which maximum inverter output voltage is reached. At low voltage 
and frequency, additional voltage is necessary to allow for the voltage drop in 
the stator resistance, which was neglected above. This voltage drop is 
significant at low frequency when reactance voltage drops are small. Note 
that control of harmonics is only feasible with a voltage source inverter. 

Beyond the point of maximum voltage, only ca, can be increased. 
The input impedance neglecting stator resistance is 

R2 ' ~ s  
+ jco.(La +/-2')P - + ja),(L1 +/-~ ' )p  

$ ~0sl 

= o~,{R2'/co~l +j(L1 +/--2')P} 

If, in this region, with voltage fixed at maximum, the frequency is increased 
under  current control in such a manner  that 11 is maintained constant, 
then the above impedance must also be constant. There will therefore be 
a constant-power range (V/1 constant) but with reducing flux (approx- 
imately 0c V/J) and torque in a similar manner  to the d.c. machine. Ii can 
be maintained constant so long as the slip frequency can increase, keeping 
the impedance constant, and operation is stable. Beyond this limit, II will 
have to decrease with consequent additional reductions in flux and torque. 
This is summarised later in Figure 7.24. 

Examole 7.6 

Example  4.11 showed an induc t ion  moto r  being driven at 60% of  supply voltage and  
frequency, as is typically the case for cons tant  vol t s /Hz control  using a PWM voltage source 
inverter. 

For  the same machine  as in Example 4.11, find the start ing torque  and  cu r ren t  if normal  
voltage and  f requency  were directly applied.  Find the starting torque  at 5 Hz (10% of  rated 
frequency)  and  14% of  normal  voltage. 

T h e  expression for starting to rque  is 
S 12'2/h ' 

r s $ 

With s = 1 and  the expression for. /2 '  inserted: 

3 v * R~ 
T e (start) --- ~ X X 

2~ • f / p  (RI + t~ ' )  ~ + (xl + ~ ' ) ~  1 

3 (440) 2 • 0.18 104544 
~" -------  x -- - 670 Nm 

104.7 (0.38) ~ + (1.16) ~ 156 

and I~' = 152.9A 

https://engineersreferencebookspdf.com



[7.5] Power-electronic~electrical machine drives 269 

At r educed  voltage and  frequency, 

3 
Te(start) = - - - - - - -  X 

10.47 

(440 x 0.14) ~ x 0.18 2049 

(0.38) ~ + (1.16 X 0.1) 2 1.65 

= 1240 Nm 

a n d l  2' = 155A 

Note that the starting torque is almost doubled at approximately the same 
current, the reason being the improved power factor following the 
reduction of reactance. The voltage has been decreased by a smaller 
percentage than the frequency to allow for the proportionately greater 
effect of resistance at the lower frequency. If the voltage had been reduced 
to 10% of the rated value, a current of only 110 A would be present. 

Electromagnetic interference 
The frequencies encountered in pulse-width-modulated switching of 
power semiconductors range up to 50 kHz in quite ordinary applications. 
Each square pulse at this frequency has high d V/dt, representing higher 
harmonics, and very high frequency oscillations are common in driver 
circuits and power devices due to parasitic effects. These lead to 
electromagnetic interference (EMI), which can pose problems with 
modern low-power integrated devices. EMI may be conducted or radiated, 
m~d also occurs from natural sources. Modern electronic devic& are 
available with rise times which both create EMI and reduce EMC 
(electromagnetic compatibility), which is defined as the ability of a circuit 
to operate satisfactorily in the presence of EMI, without itself producing 
excessive EMI. Improvement of EMC in the presence of radiated or 
conducted EMI may be achieved by screening, filtering, decoupling and 
path layout. However, internal sources of EMI can be reduced by the use of 
devices which operate at the speed required by the circuit specification, 
rather than at the highest speed available. Note that the problem may be 
less significant with analogue components, which have limited bandwidth, 
and with large scale integration, such as microcomputers. 

7.5 Vector (field-oriented) control 

~hi le  many induction motor drives employ current or speed control, fast 
torque response is improved if, under transient conditions, flux is kept 
constant and torque is developed by a separate component of excitation. In 
separately excited d.c. and synchronous machines, the field is largely 
'decoupled' from the controlled winding, but the squirrel-cage induction 
motor is singly excited and the stator input is the only source of excitation. 
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We must therefore find a means of expressing the induction machine 
currents in such a way that they may be manipulated by a control system 
to produce a situation similar to the d.c. machine, whereby the air-gap 
flux is 'decoupled' from (i.e. at fight angles to) the m.m.f, axis of the 
rotor torque-producing current. In this section, the transformation of 
induction-motor input currents into equivalent d.c. components will be 
explained. A simple mathematical model will be developed which is 
adequate for estimating torque and flux and is thus suitable for use in 
closed-loop control. Finally, it will be explained how rapid changes of 
current are obtained, as necessary to achieve a fast torque response. A 
clear, non-mathematical description of field-oriented control is provided 
in Reference 9. 

Resolving the three stator-phase m.m.f.s, represented by the currents, 
along the two orthogonal (at fight-angles) axes of two 'replacement' stator- 
phases a and 13, with phase a coincident with phase A, as in Figure 7.18a, 
the equations are: 

A 
\ ~ ,6 phase \ 

/ A phase 
C phase ~ ,  

/ 
/ / (a) 

a phase 

Fp ~ ~ b  Fa 

F, o) 

' ,- F .  
Fp- 0 Fa F,. - 0 Arbitrary time 

(b) 

Figure 7.18 3-phase/2-phase transformation: (a) Phase axes; 
(b) M.M.F. components FA and F. at maximum when t = O. 
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i a = i A + i B COS 1 2 0  ~ + ir c o s  2 4 0  ~ 

- i A -  0.5iB - 0.5ir ( 7 . 1 0 a )  

and i~ = iB COS 30 ~ + ic COS 150 ~ 

, /3 .  ,/3 
= - - -  I S -  ic ( 7 . 1 0 b )  

2 T 

The resultant  m.m.f, wave is now due to the two or thogonal  compo- 
nen t  m.m.f.s of i~ and i~ instead of the three componen t s  due to iA, iB and 
i c,  but  with the same magni tude  and the same angular  shift f rom the same 
stator reference point.  Figure 7.18b shows the individual stator-phase 
m.m.f.s at various different  instants, varying sinusoidally in time and 
assumed to be sinusoidally distr ibuted in space, so that  they can be 
combined  in the m a n n e r  of vectors. 

lln the simpler two-phase equivalent, the resultant  m.m.f, can be 
expressed as: 

Fa = Fa + jF~ 

Since the m.m.f.s are propor t ional  to currents,  the stator m.m.f. F a can 
therefore be defined by, say: 

i~ = i a +jil3 

We now make a fur ther  t ransformation,  which again gives the same 
resultant  m.m.f, wave, but  as viewed from an observer moving at synchro- 
nous speed. The  a and [3 componen ts  are resolved along two or thogonal  
axes, d and q, which are in a reference frame moving in synchronism with 
the m.m.f, wave. Figure 7.19 shows the instant at which the d-axis is at an 
angle p to the a-axis, p is changing at the same rate as tot but is not  
necessarily equal to c0t. For the stator currents,  therefore: 

along the d-axis: ids  = i a COS/9 + it3 sin p (7.1 la) 

along the q-axis: iqs = -ia sin p + i 0 cos p (7.1 lb)  

In a steady-state operat ing condit ion,  these t ransformed (d,q) currents  are 
steady d.c. values (as demons t ra ted  in the table on Figure 7.19), which 
provide magnet isat ion on an axis moving at synchronous  speed and 
combine to produce  the same m.m.f  as the actual currents  in the original 
three-phase system. 
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The resultant statorm.m.f,  will be obtained in the same way as F a was 
represented by is = ia + ji~, but  now it is made up of the two or thogonal  
components  ias and jiqs. Substituting the values of these in terms of  ia, io" 

id. + jiq, = ia cos p + i~ sin p -  jia sin p + jir cos p 

= (ia + jia) (cos p - j sin p) 

= is e-J0 

The 'vector'  ise-JO represents the resultant stator m.m.f, t ransformed 
through angle p to be stationary with respect to the chosen synchronous 
axes. The  transformations may be computed  practically by using a 
commercial  vector-rotation integrated circuit. 

The  term e -j0 is a vector operator  which has t ransformed the currents 
expressed in axes at rest with respect to the stator, to synchronous axes, 
beiaind which the stator a-axis (or A-axis) lags by angle p. A similar 
t ransformation will be used later to transform between other  axes 
displaced in angle, e.g. from rotor axes to synchronous axes or vice versa, 
to have stator and rotor  currents in the same reference frame so that they 
can be combined.  The  rotor axes will lag by some angle ~ behind the 
synchronous axes when motoring,  with positive slip, so the vector operator  
will be e -jr to move from the rotor  axes to the synchronous axes. The 
inverse operator  eiV will be needed  to rotate, backwards, the synchronous- 
axis stator currents id~ and iq~ to the rotor  axes to give id, r and iq~r, for use 
in eqns (7.12). 

The  table in Figure 7.19 shows the progression of the various m.m.Es 
as the space angle p rotates synchronously with the time angle cot. 
Arbitrarily, the al ignment  of the d-axis with the A-axis is chosen to occur 
at a time angle tot = 120 ~ The combinat ion of the a- and 13-m.m.Es and 
that of the ids and iqs componen tm.m.Es  calculated from eqn (7.11) are 
both shown in the table. It can be seen that the resultant is the same for 
the two methods,  since the directions of  is (calculated from ids, iqs) and 
F a are the same in each column. The  values of  ids and iqs are constant  
(d.c.) throughout ,  but  move with the synchronous axes: the a and {3 
components  vary in magnitude,  but  are constant in directional sense 
alc,ng their axes. 

"['he usefulness of  the double transformation from measurable three- 
phase quantifies to two-phase equivalents and then to two-phase quantifies 
but  viewed from a rotating reference frame appears when we r emember  
that, if we move round  with the flux wave (a synchronously rotating 
reterence frame at constant  speed), the vectors appear  stationary. This 
corresponds to the situation in a d.c. or brushless d.c. machine.  
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In a similar way, the resultant rotor m.m.f, may be expressed in 
equivalent fashion to give a rotor 'vector' iv, relative to the rotor reference 
frame, i.e. 

ir = idrr + jiqrr 

We can now consider how, by manipulating the equations between axes, we 
can derive control signals sensitive to torque and to flux so that these can 
feed back information through their two control loops, by means of which 
orthogonality of the machine's flux and armature m.m.f, axes (as in a d.c. 
machine) can be achieved during transient conditions, giving the required 
fast response. 

The voltage in a circuit carrying current  i which is magnetically coupled 
with a circuit carrying current  i' can be described by: 

v = M d i ' / d t  + iR + L d i / d t  

where M is the mutual inductance between the circuits. 
As the rotor of a squirrel-cage induction machine is a short circuit, there 

is no voltage source other  than that induced by mutual transformer action 
from the stator. Thus, v = O. 

In Laplace form, 

0 = M p i ' +  (R + p L ) i  

In a rotor reference frame, there will be corresponding equations for each 
axis: 

For the rotor d-axis: 0 = Mpids r + (Pt 2 + p L 2 ) i d r  r 

For the rotor q-axis: 0 = Mpiqs r + (R 2 + pL,2)iqr r 

(7.12a) 

(7.12b) 

where idsr and iq,  r a r e  ia, and'Jq, referred to the rotor reference frame, idr r 
and iq~r are the cor respondingro tor  currents with the same reference and 
p is the Laplace operator ( -  d /dr ) .  

Similar equations can be written down for each stator-axis, referred here 
to the synchronously rotating reference frame and including the voltages 
applied to the stator terminals: 

For the stator d-axis: Vd, = Mpiar, + (R1 + pLl ) |ds  (7.12c) 

For the stator q-axis: Vq, = Mpiqr s + (R1 + pLl)iq, (7.12d) 

where idr s and iq~, are ia~ and iqr referred to the synchronously rotating 
reference frame. Vd~ and Vqs are the corresponding stator applied voltages 
with the same reference. Eqns (7.12c) and (7.12d) will be employed later. 
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Combining eqn (7.12a) and j • eqn (7.12b)" 

.'. 0 = Mp(ids r + jiqsr) + (R 2 + pL 2) (idrr + jiqr r) 

Also (except at synchronous speed, when no torque is developed) the rotor 
is moving relatively to the rout ing flux, displaced by instantaneous angle ~/ 

F i g u r e  7 . 2 0  

fl axis 
I 
I 
I 
I 
I ! 
I ! 

Vector relationships. 

Irr. 

a axis 

(see Figure 7.20, which has been supplemented and extracted from Figure 
7.19). To refer the stator currents from synchronous- to rotor-axes, we 
apply the vector operator e j~ as mentioned earlier: 

idsr + jiqsr = iseJv 

.'. 0 = R2ir + p(L2i~ + Mi~e j~) (7.13) 

which, after rearranging, becomes 

/"2 ire-Jr 0 = P~ir + p(i s + M )MeJ~ (7.14) 

The term in brackets represents the combination of the stator m.m.f. (is) 
and the rotor m.m.f., since ire-J'~ is ir transformed to the same synchronous 
axes as is. The term will be given the symbol ims since it represents the 
resultant m.m.f, referred to synchronous axes; neglecting the iron-loss 
component,  it will be in phase with the flux, i.e. along the d-axis. 

L'z ir e_jV ires = i s + - ~  
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Rearranging: 

imse j'v - ise d't + - - -  ir 
M 

which is back to the rotor  reference frame and therefore 

M 
ir = _--- ( i m , -  is)e Ft 

/_~ 

We are now in a position to el iminate the rotor  current ,  which is 
no t  accessible for measurement .  After substituting this expression and 
rearranging,  eqn (7.14) now becomes: 

~_~ ( im,-  i,),~v + Mil im,d ~ 

Performing the differentiation of  the last term: 

M/h 
0 = . . . . . .  (ims - is) e j~ + Me Ptpim, + Me~imsjp~/ 

P~I - d ~ l / d t  is w,i, the slip speed, which is propor t ional  to j~, the slip 
frequency. 

Dividing th roughout  by Mei~ and expressing i, as id, + jiq,, 

0 = P12 (ims--ids - jiq,) + pims + jwaim. 

Separating into real and imaginary parts, 

Re' 0 = -"2" ( i res -  iris ) +pims 
- -  z ,  

.'. id, - ira,(1 + p / -~ /R i )  

id, 
.'. ims - ( 7 . 1 6 )  

The term including p is a transient component ;  once this has died away, 
the steady-state value of ims is equal to id,. 
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1131' 0_P~ ( - j iqs )  + jto,,,ims 

P~iqs 
�9 ". tOsl = "-----  (7.16) 

L2ims 

The quantity ims found from eqn (7.15) is used to represent flux and can 
be controlled by a closed-loop system, as described later. L2/P  ~ must be 
known; ia, may be calculated from the three-phase currents via the two 
transformations in eqns (7.10) and (7.11), provided that the angle ~0t 
required for the transformations is known instantaneously. Referring back 
to Figure 7.19, the time in the cycle when the synchronously rotating d-axis 
was in line with the a-phase axis was chosen arbitrarily for illustration 
purposes. But d p / d t  is nevertheless the same as the synchronous speed ro 
= dO/dt. So, to detect the angle for control purposes, we can integrate c0, 
i.e. ~oJ dt = tot + constant and, since the synchronous axes are not attached 
tc any physical member, (2) we can choose p to be zero when t = 0, in which 
came p = cot. To measure this angle, we can combine tom + r = ro and 
integrate this (see Figure 7.22a). Since the equation for ~Osl eqn (7.16) 
includes ims, the process of control proceeds by updadng each in turn. 

The e.m.f, produced by a field system is proportional to (flux • speed) 
a11d the flux in this case is taken to be proportional to the magnetising 
current ims. 

i.e. E = /~  X speed x ims 

The torque produced is the vector product of e.m.f, and current 
intersecting the flux, divided by speed, i.e. 

T e = Kr x ires X i s 

The vector ('cross') product of ires and is involves the vector products ires X 
iq~ and im~ • ias. The latter term is zero, as, referring again to Figure 7.20, 
id, is in line with ires. 

.'. T e = Kcimsiqs ( 7 . 1 7 )  

Hence torque may be controlled by iqs via eqn (7.16) using the latest values 
of ims and ~Osl. If ires and t0sl are constant, T~ oc iqs. A change in iqs is reflected 
ir  the rotor, due to the coupling between stator and rotor windings. 

Equations (7.15) to (7.17) represent a simple control model which may 
be used to estimate flux and torque for providing feedback signals. Note 
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that the equations do not represent an analysis of normal  machine 
operation. Numerical scaling factors may be necessary in implementat ion 
of the model  in a digital control system. 

Implementation 

The achievement of fast torque response in a field-oriented, or vector, 
control scheme thus depends on obtaining almost instantaneous current  
response (see eqn (7.17)). To see how this occurs, consider the equations 
for the two coupled coil systems from eqns (7.12). The rotor is short- 
circuited and a step voltage is applied to the stator. 

Combining eqn (7.12c) and j x eqn (7.12d): 

�9 ". Yd, + jVqs = Mp(idr, + jiqr~) + (R1 + pLt) (id, + jiq,) 

Using the same process as for eqns (7.12a) and (7.12b), the referred rotor 
current  components  are transformed to the synchronous coordinates by 
the vector operator  e -j~. 

idr. +jiqr~ = ire -yv 

id, +jiq, = i,. 

Similarly, let va. + jVq, = v.. 

v. = Rlis + Llpis + Mpir e'j'v 

Divide eqn (7.13) by eJ~: 

0 = /~ir e '~  + p(/~ir  e-j~ + Mis) 

For simplicity, define the referred rotor current  ir e-~ as i r '  

.'. v, = (R~ + L~p)i~ + Mpi r '  (7.18a) 

and 0 = (R2 + pL2)i~' + Mpi~ (7.18b) 

From eqn (7.18b), ir' (/r + pL2) = -Mpi~ 

-Mp  

/h  + pLz 
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Substituting for i r' in eqn (7.18a)" 

vs = is Rl + p L 1 -  R2 + p L2/  

= i~[ RIRe+P(LIR2+L2RI)R2+PL2+P2(LIL2-M2)] 
This is a second-order function. However, for coils with perfect coupling, 
M 2 = L1 ~ ,  which would mean that the leakage flux was zero. 

Assuming perfect coupling: 

i, P,e + p /a  

v, RIR,2 + p(L1R,2 +/aR1) 

If rl = LI/RI and r2 = / a / P ~ ,  

i, 1 + pr2 
- -  = (7.19a) 
vs R1[1 + p(rl  + r2)] 

This is first-order transfer function. If vs is a step input, the response of i, 
will be of the form of curve (a) in Figure 7.21. A boosted voltage would be 
necessary to offset the initial drop below the steady-state value of is. 

- Response of i, to a step change in v= l __ 1 . . . . . . .  1 
" 1  I 

., 

~/ /  t /~ / (C) Response of in~ to a step change in v. 
1 . . . .  ~ r  

" 

~ ! . . . . . . . . . . . .  

X - ~ . ~  F~ ib) .... Response of ,.' to a step cl~ange in Ys 

" , i , 
Note: 
Solid lines represent perfect coil coupling (a coupling factor of 1.0) 
Dotted lines represent a coupling factor of 0.8 

F igure  7.21 Transient response for coupled coils. 
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Similarly, from eqn (7.18b), 

[7.5) 

- ( / h  + pL,z)/,.' 

mp 

Eliminating is in eqn (7.18a)" 

[ - (RI  + pLy) (P~z + pL,z) 
v, L Mp 

] +Mp it' 

= [p2(M2 --L!L2) - p(LI ~- "+ L2RI) - R1R2] 

Again assuming perfect coupling, M 2 = LI I-2 

i r # - = a M p  

v, R]P~[1 + p(L] /h  + 1.2R])/R]R2] 
-Mp 

& &[1 + p(r] + r2)] 
(7.19b) 

The 'p' term in the numerator of this transfer function indicates that there 
is no steady-state value once the transient has died away. The transfer 
function is also negative, indicating that the second coil opposes the effect 
produced by vs. The response of ir' to a step change in v, is shown as curve 
(b) in Figure 7.21. 

The variable which was used to represent flux was: 

/'.2 ire_J. Y ims = is + - ~  

i.e. ires = is + M i r '  

Summing eqns (7.19a) and (7.19b) X L2/M, 
ires is + L2ir ' /M 1 + P~2 - L~p///2 

.m .,-. 

v, v, RI[1 + p(rl + r2)] 

RI[1 + p(rl + r2)] 
(7.20) 

The response of ims, which represents the shape of the response of the 
combined m.m.f., is shown as curve (c) in Figure 7.21. Note the presence 
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of the sum of the time-constants (~'1 + "t'2) when the response to a step 
change in voltage is shown. In the motor model (see eqn (7.15)), we 
considered only the response of magnetising current ires to stator current 
ids. assuming that ids would respond instantaneously to a change in voltage 
vs. Curve (a) in Figure 7.21 shows this to be roughly the case if the 
willdings are closely coupled. If im~/Vs in eqn (7.20) is divided by is/vs from 
eqn (7.19a), the result is: 

inls 1 

is 1 + pr2 

which is the same as eqn (7.15), except that is includesjiqs. However, iqs has 
no effect on ires, as the 'vectors' are at fight-angles to each other. Hence, 
if a large voltage change is available to drive the change in is, the flux will 
respond approximately with the rotor time-constant. 

If the coil-coupling is ideal, a step change in vs will give an instantaneous 
change in i s (Figure 7.21, curve (a)), but not to the final value, and hence 
a step change in torque response, according to eqn (7.17). 

Thus a desired current can be injected rapidly into the short-circuited 
winding of a squirrel-cage rotor, while the air-gap flux, which has a 
relatively.long time-constant, will be virtually unchanged until the next 
stator current impulse is applied; if no further impulse is applied, then the 
rol:or current  will decay and revert to normal operation. 

If the coupling between stator and rotor coils is not perfect, the rise of 
i, is not instantaneous. In this case, 

i, 1 + pr2 

Vs RI[1 + p(r:  + r2) + p 2 ( r l r 2 -  M~/Rlt~)] 

ir t - - m p  
and----  = 

Vs RIRe[1 + P(~I + r2) + p2(z l r2-  M2/R1R~)] 

For the case of a coupling factor M~ ~:(L1Le) having a typical value of 0.8, 
the step responses are shown dotted in Figure 7.21. Again, presence of a 
high driving voltage will enhance the response of is, and hence the 
torque. 

Figure 7.22a shows how the model based on eqns (7.15) to (7.17) may be 
incorporated into a typical vector-control system using a flux control loop. 
The model is employed as an estimator for flux and torque control loops 
in the system shown in Figure 7.22b. Note that, neglecting the calculation 
time of the processor and response time of the inverter and transducers, all 
loops appear as instantaneous with the exception of the 'flux' signal output 
frc,m the signal id.,. This has a time-constant/-2/R2. There is an analogy to 
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the transfer function for a d.c. drive, as men t ioned  in Chapter  6. The  
vector-controlled induct ion mo to r  has separate torque (as in armature  
current)  and flux (as in field current)  control  inputs. The flux control  loop 
has a substantial electrical t ime-constant /_,2///2 which must  be known 
accurately or estimated by the control  processor. Reference 10 provides 
coverage of alternative configurations. 

The simplified analysis given above is f rom the control viewpoint, the 
object being to realise a closed-loop control  system with calculable 
quantifies representing flux and torque for use in the feedback loops. As 
explained on p. 277, when the flux (ims) is constant,  torque is propor t ional  
to f~ (the slip frequency), and hence  to t0sl. Alternative treatments of 
vector-control can be found in References 10 and 11. Note that  the vector- 
control led induction motor  operates unde r  cur ren t  control  and corre- 
sponds to the current-driven condit ions of Examples 4.11-4.15. Though  
the vector-controlled induct ion moto r  will have a much  faster torque 
response than an induction moto r  control led by a constant  vol ts /Hz 
system, vector control only affects transient performance.  The  transient 
pe r formance  of d.c. and synchronous machines,  in which the flux is largely 
de te rmined  by separate inputs, will generally have an even faster response 
to changes in torque demand.  The  torque d e m a n d  will be genera ted  by the 
' e r ror '  signal of an external  control  loop, as in Figure E.7.7. Beyond full 
voltage, the flux reference can be control led to enhance  the speed range, 
as for a d.c. machine. 

Exomple 7.7 
A vector-controlled induction motor (see Figure 7.22b) is used in a speed control system 
requiring rapid response. The control system is shown in Figure E.7.7 and a PI controller with 
gain K = 8 is included to give a torque reference when the speed error is zero. Delays or lags 
due to vector rotation, processing or current transients may be neglected. The load inertia 
seen at the motor shaft is 4kgm 2. The speed detector produces a binary value of 417 per rad/ 
s. The torque produced by the motor is 3 • 10 -s Nm per binary unit output from the digital 

PI controller 

p,,'  (3 x lo -s) 

Digital torque-demand 
control signal 

Speed det. C(p) 
,, , (417) 

Figure E.7.7 
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PI controller. Considering only the change in speed produced by a change in input reference 
(i...-. neglecting steady-state load torque), find the value of the integral constant ri which will 
give the system adamping factor of 0.4. Find the setding time to within 5% of the final value 
and the damped frequency of oscillation. 

Figure E.7.7 shows the system's block diagram, on which the transfer functions of the 
vaa'ious blocks have been identified from the data. From the diagram, 

and 

C(p) 417 

-- 4p 

Te(p) 8(1 + pri) x 3 x 10 -s 

E(p) pit i 

The open-loop transfer function is obtained by multiplying the above expressions: 

C(p) 10(1 + prl) 
�9 = = G ( p )  

E(p) 4rip ~ 

C(p) G(p) 10(1 + pri) 
_ - - .  . _  

R(p) 1 + G(p) 4rip2 + 10pti + 10 

2.5/ri + p /4  

p~ + 2.5p + 2.5/ri 

Cc~mparing the denominator with that of eqn (6.5), 

2go, = 2.5 and w, 2 = 2.5/ri. 

If ~ = 0.4, r = 2.5/0.8 = 3.125. 

.'. o~,*= (3.125) ~= 9.77 = 2.5/ri 

�9 ". ri = 2.5/9.77 = 0.255 

Tile decay rate is ~0, -- 1.25 seconds "q 

ar d the setding time to 5% is 3/1.25 = 2.4 seconds 

Tile damped frequency of oscillation is: 

~ (1 -  g2)oJn = 4(1-0 .16)  • 3.125 = 2.86rad/s 

Slip-power recovery 

In  S e c t i o n  4.5, this  m e t h o d  o f  i n d u c t i o n  m o t o r  s p e e d  c o n t r o l  was 

i l . u s t r a t e d  by e x a m p l e s  wh ich  a s s u m e d  t h a t  a u x i l i a r y  m a c h i n e s  w e r e  

ava i lab le  w h i c h  o p e r a t e d  at  slip f r e q u e n c y .  E x a m p l e  4.23 s h o w e d  tha t ,  fo r  

p a r t i c u l a r  types  o f  l o a d  w h e r e  t o r q u e  falls a p p r e c i a b l y  wi th  s p e e d ,  t he  

a u x i l i a r y - m a c h i n e  r a t i n g  is re la t ive ly  smal l ,  e v e n  w h e n  a wide  r a n g e  o f  

s p e e d  c o n t r o l  is r e q u i r e d .  Access  to  t h e  r o t o r  c i r cu i t  m e a n s  t h a t  the  m o r e  

https://engineersreferencebookspdf.com



286 Electrical Machines and Drive Systems [7.5] 

expensive slip-ring motor design is needed but nevertheless this type of 
system is economical for certain large-power drives. It is much more 
conveniently implemented by using power-electronic circuits. 

Two main methods are used. Figure 7.23 shows the Static-Kramer system 
in which the rotor currents are rectified and then inverted to the supply, 
using a fully controlled rectifier working in the inversion mode. Slip power 
is extracted from the rotor to give sub-synchronous speeds. A large line 

Slip-ring induction motor 

\.._J 

. _7 

P q . . 

" A 

Figure 7.23 

Uncontrolled Controlled rectifier 
rectifier (inverting) 

Static-Kramer slip energy recovery system. 

inductor is required. In the Static-Scherbius system, the twin rectifier 
arrangement  is replaced by a cycloconverter which performs the frequency 
conversion and the power flow can be reversed to give both sub- and super- 
synchronous speeds. As long as the frequency ratio is large, the 
cycloconverter waveforms are acceptable. 

Example 7.8 
The 3-phase, 440-V, star-connected, slip-ring induction motor of Example 4.22, with 
equivalent circuit parameters per phase of: 

R~ = 0.2 fl; Xl = 0.81"}; R,z = 0.061"1; x2 = 0.251~ 

and stator/rotor turns ratio of 2:1, is connected in a Static-Kramer system. Using the answers 
of Example 4.22 where necessary, determine the firing delay-angle required to achieve the 
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stone speed reduction as in part (a) of that example, namely 25% slip, while still developing 
fu.l-load torque. 

From part (a) of Example 4.22, the injected voltage Vs required for 25% slip at full-load 
torque is 

16.2 V per phase = 28.06 line V. 

The mean output voltage of the 3-phase rectifier bridge, neglecting internal voltage drops 
is: 

3 x ~/2 x 28.06 
= 37.89 V 

Hence the controlled rectifier bridge must invert from a d.c. voltage of-37.89 V to an a.c. line 
voltage of 440 V. 

The output voltage of the full), controlled bridge must therefore be: 

3x v'2x440Xcosa 
= -37.89 

.'. cosa = -0.0638 . ' .a  = 93~ 

7,,6 Synchronous, brushless and reluctance drives 
Synchronous machine drives 
A synchronous machine under steady-state operation will maintain the 
constant speed set by the stator supply frequency. Control schemes using 
s~nchronous motors and power-electronic converters are most common in 
large drives in which the excitation of the motor may be controlled, often 
b,1 rotor angle measurement, to produce a leading power factor. This 
allows rectifier-grade SCRs to be used as switching devices, as the current 
will commutate naturally from one device to another, due to the favourable 
current/voltage phase relationships at such power factors. At low speeds, 
when the commutating e.m.f, is inadequate, inverter device turn-off may 
be achieved, albeit slowly, by turning off the devices in the controlled 
rectifier which supplies d.c. to the inverter until the d.c. current falls to 
zero, before restoring rectifier conduction. Examples 5.14 and 5.15 
illustrate calculations for variable voltage and frequency control of 
s~nchronous motors and earlier Examples 5.9-5.13 cover the effects on 
performance, e.g. maximum torque, of varying different parameters. 

Under transient conditions, the rate of frequency increase must be 
limited to prevent the load angle falling beyond 90 ~ as the rotor attempts to 
keep up with the rotating field. As a margin should be allowed, maximum 
torque would not be attainable. Closed-loop control, using detection or 
estimation of rotor position to determine torque angle, will allow the 
margins to be reduced and transient performance to be improved. 
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Section 5.5 dealt with constant-current operation of the synchronous 
machine. If the angle ~Pm~ between I m and I a in Figure 5.2b ~s controlled to 
be a constant 90 ~ then I~ would be at unity power factor. If Im is at its rated 
value, 1 per unit, and Ia is controlled to be 2 per unit, the torque will be 2 per 
unit until rated voltage is reached. To complete the right-angled triangle, 
the field m.m.f, would have to be ~/5 per unit. Beyond the point where 
maximum voltage is reached, increasing frequency will bring about a 
reduction of I m and flux (~ 0c E/f-- V/J). If I a c a n  be maintained, there is 
constant power until the increase of leakage reactance voltage drop due to 
increasing frequency becomes significant. It is also likely that field current 
will eventually have to be reduced if (Pma is tO be maintained at 90 ~ 

In the synchronous machine, an alternative control strategy would be to 
take the flux into saturation, as described in Section 5.5 and would give 
improved performance over a limited speed range where the excess flux 
would not lead to unacceptable iron losses. If, for example, Im was 1.5 per 
unit, giving a flux of about 1.25 per unit, allowing for saturation, as in 
Example 5.15(j), equal currents Ia = I~ of about 1.75 per unit would give a 
torque of 2 per unit with a better torque per ampere than described 
previously, i.e. 2/3.5 as against 2 / (2  + ~/5) = 2/4.2, though not quite as 
good as the d.c. machine at 2 / (2  + 1) = 2/3. 

The synchronous machine will motor or generate, depending on 
whether mechanical power at the coupling is being extracted or injected, 
so it can regenerate easily to the supply, provided that the power-electronic 
converter can handle the reverse power effectively. 

Comparison of main machine types 

The above remarks about synchronous-machine torque capacity are of 
special importance for variable-speed drives where, in addition, rapid 
speed response is often required. With such features in mind, comparisons 
of different machine types are informative and are summarised in Figure 
7.24. Electromagnetic torque-overload-capacity governs the maximum 
acceleration (and deceleration) rates. A unique feature of the d.c. machine 
is its overload capacity; e.g. a doubling of armature current would virtually 
double the torque for any particular value of field current. This doesno t  
follow for a.c. machines because the torque angle between stator and 
rotbr m.m.f.s is not fixed but depends on the load, and the machine could 
pull out of step. Thus, if a short-term overload of 2 per unit, or even more, 
is required, as in some steel-mill and traction drives, an a.c. machine might 
have to be derated to meet it, i.e. made larger, so that, at full load, it is 
under-used in terms of its continuous rating. The d.c. machine does not 
usually have to be derated but, if supplied from an SCR converter, the 
mains power factor falls as d.c. voltage is reduced, because the firing-delay 
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angle has to be increased for this purpose. This problem is often overcome 
by using multiple bridge rectifiers in series. 

In Figure 7.24a, an overload torque of 2 per unit is chosen up to 1 per unit 
(base) speed. This means an armature current of 2 per unit in this constant- 
torque region. After reaching full voltage, further increase beyond base 
speed requires field weakening, which, at constant armature current, 
would cause torque capacity to fall inversely with flux reduction. The 
torque • speed product would be constant in this constant-power region. 
Beyond 2 per unit speed, the armature current might have to be reduced 
because of commutation and stability limitations, but field weakening 
r:mges of up to 4/1 or more have been used in certain industrial drives. 
Speed control by field weakening, in its simplicity of application, has always 
been an attractive feature. Nevertheless, as d.c. machines carry a heavy 
burden of maintenance, because of the commutator and brushes, large- 
power drives have virtually been taken over by a.c. machines, for which 
many present-day control schemes are of relatively recent origin, following 
rapid developments in power-electronic and microelectronic technology. 

Figure 7.24b for the induction machine is based on the work done in 
Secdon 4.3 and Examples 4.11-4.16 and assumes an overload capacity the 
same as for the d.c. machine at 2 per unit, though it would require about 3 
per unit current, based on full-load current (see Example 4.13). The slip 
frequency is assumed to be adjusted to bring about a constant flux per pole 
which in turn occurs with a constant E/frado. The current would have to 
be maintained at the overload value needed to give 2 per unit torque at 
starring. As for the d.c. machine, further increase of speed when maximum 
xoltage is reached requires flux weakening which occurs as frequency is 
reduced at the same, maintained current-overload. This is the constant- 
power region. As frequency increases, the torque for a particular slip is less 
(eqn (4.5)), and larger slip is required to get a large enough rotor current, 
so the speed regulation curve becomes steeper, as indicated. With vector 
control, a better management of the torque angle can be achieved during 
transient changes and, since this can be obtained with the simpler and 
cheaper squirrel-cage motor, the d.c. machine has to yield another 
advantage in terms of its rapid response to torque demand. On medium- to 
low-power drives however, it may still be able to compete on price. 

Synchronous machine capabilities have already been discussed and the 
availability of field control makes it possible to operate at higher power- 
factors and lower currents than induction motors. Figure 7.24c shows a 
close comparison with the d.c. machine. Nevertheless, for these short-term 
~verloads, the synchronous machine must be designed and rated for 
$,rreater increases in field and /o r  armature current than for the d.c. 
machine, because the torque per ampere is lower, as explained earlier. 

For power-electronic drives generally, although the waveforms are far 
iu pure d.c. or sinusoidal a.c., the performance may be calculated with 
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Figure 7.24 Comparison of maximum speed~torque characteristics. 
(a) d.c. machine; (b) induction machine; (c) synchronous machine. 
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reasonable accuracy by averaging out the harmonics and assuming that the 
change of mean (r.m.s.) voltage is the only consideration. The methods 
used in Chapters 3, 4 and 5, when variation of voltage a n d / o r  frequency 
were involved, did not specify the power source, which today would 
commonly be a power-electronic circuit. Although neglecting the har- 
monics means neglecting the extra machine losses, commutation problems 
and the presence of torque pulsations, this would not usually lead to 
significant err.ors in speed/mean-torque calculations. The worked exam- 
pies in this present chapter follow this procedure, though, for the chopper 
circuit, the current waveforms were calculated and, subsequently, mean- 
torque values were worked out. 

it is perhaps worth pointing out that, even with sinusoidal supplies, 
certain assumptions have been made in the performance calculations. For 
example, during the starting of an induction motor, the peak currents and 
torques can far exceed those calculated from voltage divided by equivalent- 
circuit impedance. In Chapter 8, this is illustrated by computer simulations 
of starting and synchronising transients for which the a.c. machine 
equations are developed from first principles and the organisation of the 
computer program explained. 

Brushless motor drives 

These motors attempt to copy electronically the action of brushes and 
commutator on a d.c. machine. This arrangement ensures that the 
armature-coil currents are reversed (commutated) when the coils rotate 
frc.m under the influence of one field polarity to the opposite polarity. 
Thus the total force and torque produced maintain the same directional 
se1~se. The commutator and brushes in a d.c. machine act as a shaft- 
position sensor. The armature and field m.m.f.s are at a fixed angular 
displacement 6, sometimes called the torque angle (~0fa), which is shown 
schematically in Figure 7.25a, where the armature is assumed to be so 
wound that its total m.m.f, is in the same direction as the current flow into 
the brush. 

}for a totally brushless machine, for which the field would have to be a 
permanent magnet, the armature coils are wound on the stationary 
(outside) member (Figure 7.25b) and are connected through semi- 
conductor switches which are activated from shaft position (Figure 7.25c), 
so that their currents are similarly reversed to match the polarity of the 
rotating field pole. The frequency of switching is thus automatically in 
syr~chronism with the shaft speed, as for a conventional d.c. motor. At 
6 :: 90 ~ the torque is proportional to Fa X Ff and, at any other angle, 
assuming sinusoidal m.m.f, distributions, the torque is proportional to FaFf 
sin 6. As the rotor moves, 6 goes from 0 ~ to 180~ the supply is then 
switched to return 6 to zero again and the cycle repeats. The torque will 
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thus pulsate like a single-phase rectified sine wave (Figure 7.25d). This 
arrangement  is equivalent to a d.c. machine with only two commutator 
segments, and has a minimum torque value of zero. Commonly there are 
at least three tappings from a three-phase type of winding, in turn supplied 
from a three-phase bridge inverter. This is triggered under the control of 
the position detector so that its output frequency is automatically governed 
by the shaft speed. The torque pulsations would now be similar to the 

6 
F, F, 

(a) (b) 

Reversing , 
circuit 

\ 

+ 

! 

,, 
I 
I 

/ 
/ 

I . . . . . . .  . . ,  =., . , . . . ,  ,= I 

Shaft position 
sensor 

(c) 

~ T a Ff F= sin 6 

to 

0 ~ 180 ~ 360 ~ 
Switch Switch Switch 

(d) 
F i g u r e  7.25 Brushless d.c. motor. (a) Normal d.c. machine; 
(b) armature on stator; (c) main-circuit control scheme; (d) torque. 

output waveform of a three-phase bridge rectifier; as there is no torque 
zero, starting torque is always available. Profiling of the magnet pole-face 
further improves the smoothness of the torque over a complete cycle. The 
instants of switching can easily be changed to give effects similar to brush- 
axis shifting, which is sometimes used in moderate measure on conven- 
tional d.c. machines. See Example 3.1. The speed/load characteristic of 
the brushless machine is similar to a d.c. machine with fixed excitation, i.e. 
the speed falls a small amount as the torque increases. 
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Brushless d.c. drives are in common use for position-controlled 
applications in the industrial control area. As the length of the cycle 
depends on rotor movement, PWM is not normally applied to these 
drives. The rotor flux is established by permanent  magnets on the rotor, 
providing a trapezoidal m.m.f. A variant with shaped magnets to produce 
a sinusoidal m.m.f, is known as 'brushless a.c.'. A brushless machine is 
normally supplied by a three-phase inverter and regeneration is again 
straightforward if a suitable power-electronic-converter arrangement is 
provided. Although considerable research effort has been expended on 
irtLproving the response speed of, or removing the need for expensive 
sensors on brushless d.c. motors, most industrial controllers use simple 
Hall-effect shaft sensors and fixed conduction angles, with variable d.c. 
link voltage. Commercial units frequently include PI or PID controllers 
(p. 197). 

Switched reluctance motor drives 

A further variant in the family of synchronous machines is the reluctance 
motor, as outlined in Section 5.8. Switched reluctance motors step the 
stator supply voltages in response to rotor position in the same way as 
brushless machines. The characteristics are similar to those of a series d.c. 
motor or stepper motor (Figure 5.5) if a constant angle criterion is used for 
triggering the stator power electronic switches. In some cases, fewer 
s~itches can be used than in an inverter. The switched reluctance drive is 
most commonly used in medium-power variable speed applications. It is 
al:~o a competitor, along with other brushless machines, for the coming 
lucrative market in drives for electric and hybrid road vehicles. This was 
formerly the province of the d.c. machine, which is currently being 
cPallenged by induction motor drives. (13) 

Conclusion 

In summary, the basic d.c. machine provides the best acceleration 
performance and simplest control characteristics and the basic induction 
machine the poorest. This reflects the physical complexity of one relative 
to the other; the cage-rotor induction machine is cheaper, more rugged 
ar,d virtually maintenance-free. The d.c. machine possesses commutation 
limits and, with the slip-ring synchronous and induction motors, requires 
brushgear maintenance. With the addidon of power-electronic con- 
vei-ter(s) and microelectronic controllers, any machine can be controlled 
to provide, at certain cost, similar characteristics. Advances in high-power, 
fa:~t-switching semiconductors such as the IGBT have offered improved 
PWM and other waveshaping techniques to reduce harmonic losses to low 
levels. Although d.c. machines remain popular for smaller precision drives, 
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294 Electrical Machines and Drive Systems (7.6) 

some manufacturers have ceased production of d.c. drives. The vector- 
controlled induction motor has substantially increased its market share 
and traction drives, for long a traditional market for large d.c. series 
motors, are now largely supplied with three-phase induction motors; the 
induction motor, starting with low stator frequency, avoids the com- 
mutator-burning or excessive rating of a single semiconductor associated 
with a stalled d.c. or brushless d.c. motor respectively. Although the 
presence of a sophisticated microelectronic controller adds cost, it is 
possible to standardise the converter and customise the drive to a 
particular machine or set of characteristics by user input to the software 
and incorporate additional condition-monitoring or control loops without 
the expense of a custom-designed system. 
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8 Mathematical and computer 
simulation of machine drives 

Machine-drive systems have become more complex in recent years, 
especially with the proliferation of power-electronic circuits and their 
ccmsequential introduction of substantial harmonic content in the 
waveforms. Most of the text has been devoted to illustrations of behaviour 
with pure d.c .  or pure sinusoidal supplies and, even with harmonics 
present, these methods still give a good idea of the overall electro- 
mechanical performance. However, for the keen student, the specialist and 
for post-graduate studies, it is important to indicate how a more accurate 
sc.lut.ion of a system may be obtained. This inevitably involves the use of 
cc}mputational aids and commercial software packages which can be 
applied to simulations of various power-electronic and other circuits are 
available. It may be useful, however, in this final chapter to provide enough 
information, in terms of methods and equations, for individual project 
stadents to develop their own solutions, assuming a knowledge of 
ct}mputer programming. Particular emphasis is given to the equations for 
polyphase machines expressed in terms of phase parameters (real-axis 
simulation), which need make no assumptions about sinusoidal m.m.f. 
distributions as in d - q  simulations. However, for comparison, for reference 
purposes and as an alternative method, the d - q  matrices are given in 
Appendix C. 

A simple e:~ample of a single-phase, thyristor bridge/d.c.-machine 
system is included as an illusu:adon of the allowance for the effects of 
power-electronic switching in such circuits. If machine equations are 
organised in such a manner as to allow for this, or other non-linearities 
stLch as saturation, the possibility of a general solution is usually lost. 

v (4) However, iterati e and step-by-step numerical solutions can be used and 
a~ they proceed, any change in the system condition or configuration can 
be included. 
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8. I Orgafllsatlon of step-by-step solutions 

C8.1) 

Figure 8.1 shows a flow diagram for a section of a computer program 
calculating the electromechanical performance following some system 
change, e.g. acceleration from zero speed; or a transient following a load 
change or a voltage/frequency change. Following the specification of the 

It , 

eod machin'e and system data 
oil variables to initial values 

pecify time increment 'h' 
pecify fm==; time ordinate for final calculations 
.,et.,time f=O an d specify switching instant 

l 
, , =  v ii i 

. . . . . . . . . . .  l . . . .  

Examine circuit to determine by logic check 
the conducting state in the previous time 
increment, and the condition of the magnetic 
geometry and saturation in order to select ROUTINE 
the appropriate impedance matrix 

�9 , 

t 
! -I~termine the machine terminal voltages i VOLTAGE ,., ROUTINE ! 
[ Tran,'s.~rm voltages iO d 'q  axes if requital ! 

t . . . .  

Form --~..f('/; iO calculate currents by 
numerical integration .... 

t, 
I Calculate electromagnetic torque ollowingfor I saturation as F ( i )  if necessary I 
1 

~T. . . . . . .  

Determine rm if flspeed) and pert.arm numerical 
integration to calculate speed 0, and shaft 
angle 0 

. . . . .  

t 0 and 
[''"PrintdisplayOUi resultsif required, and- store, points.., for graphical 1 .  

| 

IMPEDANCE 

INTEGRATION 

INTEGRATION 

Next system change 
and program routine. 

Figure 8.1 General flow diagram for digital-computer numerical 
solutions of electromechanical performance. 

data, the time limits of the calculation and the system change being 
investigated, the machine and circuits are scanned to determine the 
appropriate equations. If power semiconductors are involved, then this will 
require a logic check, at each time increment, to find the conducting state 
of every circuit branch including such switching devices. For a fairly simple 
representation: 
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A diode will conduct  if the forward voltage drop across it is equal to 
or greater than 1 V (say). 

For a GTO, IGBT or power transistor, a firing pulse must be 
present for conduction, AND the forward voltage drop must be 
greater than 1 V. 

For a thyristor in a naturally commutated system, conduction will 
continue if it was conducting in the previous time increment,  with a 
current  greater than the holding value - say 100 mA; OR it will 
conduct  if the forward voltage drop is greater than 1 V, AND a firing 
pulse is present. 

For a thyristor in a forced-commutated system, a GTO or a power 
transistor, the switch-off time can be specified. 

If a no-conduction condition is detected, it may be necessary to calculate 
the voltage across such an element arising from the rest of the circuit and 
apply this to the element in the simulation, so that its current  will calculate 
zero. It may be possible, with certain types of simulation, to set this 
semiconductor impedance to several thousand ohms say, and solve the 
circuit without mathematical instabilities. 

With the conducting paths known, the equations can now be set up, 
nlaking allowance for the semiconductor voltage drops if these are of 
relative significance. The machine terminal-voltages and the impedance 
nmtrices may be affected by the nature of the conducting paths so these 
nmst now be determined. If a d - q  simulation is being used, transformation 
of these voltages to d - q  axes must be performed. For a current-fed system, 
the determination of any unknown currents is usually fairly simple. In any 
case an expression for di/dt i s r equ i red in  terms of the circuit parameters. 
From the circuit equation: 

v = R/l + Lla dia ~dr + L12 di2/dt . . .  +f(speed,  currents, inductances), 

tile general form: 
I !  

dil v -  R/1 - f  (speed, currents, inductances) - Z Ll,di,,/dt 
2 

m 

dt L~I 

is obtained. Numerical integration methods predict the change of i during 
the time increment, from the initial value and the rate of change. This is 
done for all the conducting paths, using matrix techniques if there are 
several of these. The electromagnetic torque can then be calculated. 

The next step is to calculate the speed 0 and the shaft angle 0 if this is 
required, e.g. to allow for change of inductances with shaft orientation. 8 
bill normally be an electrical angle. Referring to the earlier equations for 
the mechanical system: 
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dto m Te-Tm 

d t  J 

(8.2) 

and hence: 

d0 T~-T. 
- - -  = X pole pairs 
dt J 

(in electrical rad/s  ~) (8.1) 

and: 

dO 
- -  = 0 (8.2) 
dt 

are the two relevant first-order equations required for numerical solution. 
If the mechanical load is a function of speed, it can be continually 

updated throughout the solution at each incremental step. In a similar 
manner, inductances can be changed if there is a variation with position or 
with current value. 

The time increment is now added, the new circuit conduction condition 
checked and the new driving function (voltage or current) at this new time, 
is inserted to repeat the calculation procedure, until tm~, is reached. 

8.2 Simulations for polyphase a.c. machines 

These simulations are usually more complex than for d.c. machines. For 
steady-state (constant-speed) calculations, equivalent-circuit methods can 
be used of course, as already demonstrated. The equivalent-circuit model 
is based on a viewpoint which notes that for a uniform air-gap machine, or 
along an axis fixed with respect to a salient pole, e.g along the field-coil 
(d-) axis or the interpole (q-) axis, the magnetic permeance does not 
change with flux-wave position, so inductances are not time dependent.  
The induced voltages shown on the circuit take account of the flux-wave 
movement and are usually expressed in terms of the winding carrying the 
line-frequency current. It must be remembered that inductance variation is 
the source of the motional e.m.f.s (~,i. dL/dt), see p. 5, but these can be 
replaced by terms which are a function of a fixed inductance, a current and 
the rotational speed (O). 

A formal transformation to d - q  axes, which must be stationary with 
respect to the flux wave for the salient-pole machine, but need not 
necessarily be so for the uniform air-gap machine, permits much greater 
flexibility in the analytical solution of both steady and transient states. Time 
dependence of inductances can be removed by the transformation. This 

(2) can be achieved providing certain conditions are fulfilled ; e.g. sinusoidal 
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distribution of d-axis and q-axis flux and any winding imbalance confined 
to one side of the air gap. Analytical transient solutions at a particular 
speed for current and torque say, are then possible. For an electro- 
mechanical transient, including speed as a variable, a numerical solution 
would be necessary. Even then, the d - q  simulation permits the greatest 
economy in computation time because the equations are so concise and 
the inductances are constant. However, if the necessary conditions are not 
fu trilled, the transformation will not lead to time-independent inductances 
and it may then be convenient to use a real-axis simulation (A-B-C, a-b-c, 
fo:" 3-phase), sometimes known as the method of phase coordinates. No 
extensive additional knowledge is required to follow the development and 
setting out of the equations. They are preferably in matrix form since this 
is the way they are manipulated in the computer program. The method is 
explained in sufficient detail to enable such a program to be written using 
standard inversion, multiplication and integration procedures. 

Development of equations 
The circuit equations for all the phase windings of a machine can be 
expressed very simply and concisely in matrix form as: 

v = Ri + p(Li) (8.3) 

It will be noticed that time changes in both the currents and the 
inductances must be allowed for. For a 3-phase, wound-rotor machine 
which is going to be used to illustrate the method, the inductance matrix 
will be 6 • 6 since there are 6 coupled windings, stator A-B-C and rotor a-b- 
e. Each winding has a self inductance and 5 mutual inductance terms, e.g. 
for the A-phase winding: 

VA = RAiA + p(LAAiA) + p(LAB/B) + p(LAc/c) 
+ p(LAa/a) + p(LAb/b) + p(LAcic) (8.3a) 

The other winding equations can be written down in the same straight- 
forward fashion. 

I 'he A-phase axis will be taken as the reference position and the rotor 
a-phase will be at some electrical angle O to the stator A phase, Figure 8.2. 
0 x aries with rotation and time so that the stator/rotor mutual inductances 
vary through a complete cycle for every pole-pair pitch of movement. With 
a uniform air-gap machine, all the self inductances will be unaffected by 
rotor position. This applies also to the mutuals between stator phases and 
between the rotor phases. 

"When parameter tests are conducted, they yield an equivalent-circuit 
stator inductance ~ = (xl + Xm ) /w which is 50% higher than the stator-phase 
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Figure 8.2 

\ '  B- phase \ '\ 

__AA - l~ha_._~ axis 

/ 

,/C-0hase 
/ 

Phase axes for uniform air-gap wound rotor machine. 

self-inductance LAA, (t) because the other two phases are excited and 
contribute this extra flux. So: 

LAA = LBB = Lcc = /~ X 2/3.  

The mutual inductance between stator phases is half of this because they 
are displaced by 120 ~ and cos 120 ~ = ~ .  A similar situation exists for the 
rotor phases which in referred terms are often taken to be the same as the 
stator inductance, i.e. L'~a = L~,. The actual rotor parameters can be used 
in which case the voltages and currents for the rotor will be those for the 
winding itself. The mutual inductance derived from equivalent circuit 
referred to the stator, will be Xm/(w. Nstator/Nrotor). If this is designated M, 
then, for the same reason as in the case of self inductance, the maximum 
value between the A-phase and the a-phase when these are in alignment 
physically and additive magnetically will be M X 2/3.  For any angle 0: 

LA~ = (2/3) M cos 0. 

The other stator/rotor mutual inductances vary similarly but with a phase 
displacement in accordance with the L~r matrix to be given. This can be 
checked from Figure 8.2 by considering when a particular pair of stator 
and rotor phases are in alignment and give maximum mutual inductance 
(2/3) M. It can also be verified on studying Figure 8.2 at different angular 
positions, that L' ,  is the same as I~ .  This is a consequence of the choice of 
axes as shown, and recommended in Reference 2 where it is explained that 
several advantages arise in the manipulation of the equations and the 
application to different .machine types. In displaying the matrices, it is 
convenient (~2) to delineate the stator and rotor sections, eqn (8.3b), so that 
the four quarters of the inductance matrix can be shown separately. If all 
parameters are referred to the stator, only two quarters need be given in 

F detail if L~ = L'~ (referred). In this case also, the value of M in Lr, L,r 
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must now be the referred value, i.e. Xm/to. The equations described can be 
su.mmarised as: 

Vstator 

V = 

Vrotor  

R~ + p Ls, 

pL~ 

pI~r 

I 

Rr + pLrr 

i lstator 

x (8.ab) 
I rotor  

where: 

2 
I.,,.,, = - X 

3 

A 

A B C 

L, -L~/2 -L~/2 

-/.,12 L~ 

-&/2  -L~/2 
. .  

-&/2 

& 
. . . . . .  

---- L i r  ( s a y )  

and 

b c 

L,r = L~ 

2 
= --" X 

3 

A 

C 

M cos 0 

M c o s ( 0 -  2ax/3) 

M cos(0 - 4~r/3) 

M cos (0  - 2"rr/3) 

M cos (0  - 4~r/3)  

. .  

M cos0 

M c o s ( 0  - 4ax/3)  

M cos 0 

M c o s ( 0  - 2"rr/3) 

The assumption in the above equations is that the flux distribution is 
sinusoidal but this is not an essential condition. Any known flux 
distribution can be allowed for providing this is reflected in the expressions 
for inductance variation. Harmonic terms could be added, or, since the 
equations are to be solved numerically, a non-analytical relationship of 
inductance variation with angle could be referred to at every incremental 
step, for the appropriate inductance and its angular rate of change. If one 
member is salient for example, the other member will have self- as well as 
m utual-inductance variation. 
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Organisatton of computed solution 

(8.2] 

In solving the equations for current, given the voltages, the impedance 
matrix has to be inverted; i = Z -] �9 v, and it would appear that for the system 
described, a 6 • 6 inversion is necessary. However, this would ignore the fact 
that for a 3-line, 3-phase circuit, the sum of the three currents is zero and 
hence one current  can be expressed in terms of the other two. Indeed, an 
at tempt to invert the 6 • 6 impedance matrix would result in failure because 
there i s redundan t  information. Substituting the conditions that: 

/c = -(iA + h )  and ir = -(ia + ~) 

and using line voltage across two loops, will reduce the equations f rom 6 to 
4, giving much shortening of computer  time. Actually, it is much more 
convenient to reduce the equations to 4, by employing routine matrix 
techniques as will be shown in main outline. The stator phase voltages: 

vA ~ s i n  cot, va = ~ s i n ( c o t -  120  ~ a n d  vc = ~s in (cot  + 120~  

will come out  in the transformation as two line voltages. A similar 
t reatment  can be accorded to the rotor voltages though this winding will 
here be assumed short circuited so vr = 0. 

Figure 8.3 
"o-o0 o o-" 

/. ---JO0000~'~ 
----'-o-o-o-oO-'---~--i 

We require a connection matrix C, relating the six old currents iA, iB, ic, 
* t  *P * 

/~, /b and ir to the four new currents zA, i~, ~a an d  z~, say. With this we 
proceed to find the corresponding transformations for voltage and 
impedance using standard techniques. Figure 8.3 shows the physical 
relationship of the currents as chosen, for star-connected windings. 

From the figure: 

�9 " r  ia=,k / ,=z.  

iB = i~ /b = i~, 

/C = --( ik + i~) ic = --(ia + i~,) 
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In mat r ix  form:  

~ 

~ m  

h 

~ 

r 

. 

~ m  

A 
I 

B 
P 

-1 -1  

a I D 
P 

-1  -1  

il, 

" t  

~B 

" l  

~a 

or; i = C .  i '  (8.4) 

This  is the  t r ans fo rma t ion  for  cur rents .  For  voltages a n d  i m p e d a n c e ,  
m a i n t a i n i n g  cons tan t  power  t h r o u g h  the t r ans fo rmat ion ,  (i t �9 v = i~. v ' )  the  
c o r r e s p o n d i n g  equa t ions  are (3): 

V' = C t ' v a n d Z '  = C t ' Z - C  

where  C t is the  t r anspose  o f  C. Apply ing  these  a nd  assuming  a short-  
I ci rcui ted  ro to r  so that  Vr -- Vr = O: 

V t . ~  

1 --1 

1 --1 

1 --1 

1 --1 

VA 

VB 

VC 

0 

0 

VA--VC 

v B - v c  

F 

l]  A 

t 

t/B 

F 
~V a 

v~, �84 

(8.5) 

https://engineersreferencebookspdf.com



304 Electrical Machines and Drive Systems (8.2) 

These are the line voltages to the common line C, for which the current 
has been eliminated from the equations. The phase (and line)" voltages 
could have any time variation specified in the problem. 

For the impedance, the 6 x 6 matrix will have to be assembled in detail. 
It will be convenient to make the substitutions: 

a l  = 0, a2 = ( 0 -  2,r/3) and as = (0 + 2~r/3) = ( 0 -  4~r/3). 

In the matrix multiplicationS, certain expressions will arise for which the 
following further substitutions will simplify the intermediate equations: 

X = c o s  a I - c o s  G~2; Y = cos a l  - cos as  and Z = cos a2 - cos as 

and because of the 120 ~ relationship between the angles, the combinations 
of X, Y and Z which arise can, by trigonometric manipulation, be simplified 
as follows: 

(X+Y)  = 3cosa l ;  ( Z - X )  = 3 c o s a  2 a n d ( Y + Z )  = - 3 c o s a s .  

Hence, performing first the operation Z- C on the whole matrix expanded 
from eqn (8.3b), including the R terms: 

1 
Z - C - - - .  

3 

3P., + 2pL~ 

-p/~ 

-pL, 

2pM cos a t  
, , 

2pM cos as 
, ~ ,  

2pM cos as 

-p~  

3/~ + 2pL, 

-pZ~ 

2pM cos az 

2pM cos as  

2pM cos a l  

-p/~ 

-p/~ 

3R, + 2pL, 

2pM cos as 

2pM cos a l 

2pM cos a~ 

2pM cos a l 

2pM cos a2 

2pM cos as 

s g  + 2p4 

-p4  

-p4  

2pM cos a2 

2pM cos a s 

2pM cos a l 

-P4 

sg  + 2pL~ 

-ps 

2pM cos as 

2pM cos al  

2pM cos a2 

-pZ~ 

-p~ 

-1 -1 

-1 

1 

-1 
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To complete the transformation Z' = C t �9 Z" C" 

1 -1  

Z t ---_ 

1 -1  

1 -1  

1 -1  

�9 X 

1 
- - . , , .  

3 

3(R~ + pLs) 

--s(& + pq) 

2pM(Y) 

2pM(-X) 

2pM(-Z) 

2pM(Y) 

s(/~ + p&) 2pM (-X) 

2pM(-Z) -3(P~ + pLy) 

2pM(Z) 

2pM(-Y) 

2pM(X) 

s(P~ + p/~) 

-3(P~ + pLr) 

2pM(Z) 

2pM (-Y) 

2pM(X) 
. . . . . . . .  

s(P~ + pq) 
. . . . .  

-3 (Rr + p/-,) 

giv~ ng finally: 

A t B f a '  b t 

i t - .  

A t 

B t 

a '  

b 
P 

2(R~ + pLy) 
. 

&+pL~ 

-2pM cos as 

2pM cos a2 

/~ + pL~ 

2(R~ + pLy) 

2pM cos a2 

-2pM cos al 
. . . . . . . .  

-2pM cos as 

2pM cos a2 

2(P~ + P/w) 

R~ + pLr 

2pM cos a~ 

-2pM cos a l 

/~ + pLr 
. . .  

2(P~ + pLr) 

(8.6) 
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For numerical integration, an expression for d i / d t  is required. Rearrang- 
ing the matrix voltage equation (8.3) in terms of the motional and 
transformer components: 

v -- R .  i + i .  dL/dt  + L .  d i / d t  

dL dO 
= R . i + i  . . . .  + L . d i / d t  

dO dt  

from which: 

[ (V )] di L_1• R +  0 0 i 
dt 

(8.7) 

It is seen that the speed 0, in electrical radians per second, comes into 
the motional voltage term and also the variation of inductance with angle 
must be known in order to obtain dL/d0. In the present case, 
differentiating the inductive terms of Z' is very simple because/~ a n d / ,  
are constant and the mutual terms involving 0 vary sinusoidally with 
angular position. Performing this differentiation and combining the R 
terms gives: 

d L  �9 

R + - - -  0 = 
dO 

2R. 
. ,  

& 

2MO sin as 

-2M0 sin a2 

& 

2~ 

2M~ sin as 

-2M0 sin a2 

-2M0 sin a2 

2 ~  sin a l 
. . . . . . . . . .  

2~ 

P~ 

- 2 2 ~  sin a2 

2MO sin a l 

g 

2g 

(8.7a) 

This expression is now multiplied by the transformed i' matrix, then 
subtracted from the transformed v' matrix corresponding to the particular 
instant, the whole being multiplied by the inverse of the inductance matrix, 
i.e. Z'-I omitting the p's and the R terms. This gives the d i / d t  matrix from 
which numerical integration by any appropriate method, e.g. Runge Kutta 
or even Modified Euler, will yield the new currents i'. for the end of'the 
integration interval. These are now ready for the next incremental step to 
repeat the above procedure. The actual winding currents are readily 
obtained since for example: iA = i~, and/c  =-(i~, + i~), eqn (8.4). 
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The electromagnetic torque is obtained at each integration step from 
the calculated currents using the matrix expression(2): 

1 dL 
Te = ~ i t  d0 i • pole pairs or, with a less concise formulation 

of the equations: 

1 d 
I s t a t o r  l r o t o r  " _"[-['_ 

2 dO 
L 

f 
rs 

t s r  i~,~tor 

i'otor 

• pole pairs (8.8) 

The'differential of the inductance matrix is the same as eqn (8.7a) except 
that the R terms and 0 are omitted. The actual machine winding currents 
and the original 6 • 6 inductance matrix differentiated could be used to 
cal.culate Te without much additional work since no inversion is needed. 

For the mechanical system, the two lst-order equations required to 
obtain numerical solutions for speed and angle have already been given in 
terms of electrical radians as: 

dO T e - T m dO 
= • pole pairs and . . . . .  0 (8.1) (8.2) 

dt J dt 

[f the machine is supplied through semiconductor switching circuits, 
these may occasion phase connections to be broken during part of the 
cycle so that during certain periods, not all phases are in circuit. The 
equations would require reformulation to cover all connection modes, 
determined by a logic check of conduction conditions during the course 
of the program, as indicated on p. 297 and illustrated for a simple case 
in Example 8.1. The program could be modified to allow for saturation 
in a similar manner to the provision made on Figure 8.1 to read in a 
functional relationship of T m with speed. Such refinements are part of 
the usefulness of numerical solutions, where constant monitoring of the 
system condition can be made. Figure 8.1 shows the steps in the 
computed solution. The machine terminal voltages are the line voltages 
of eqn (8.5), no assumption about the potential of the neutral connec- 
tion having to be made. Eqn (8.7) requires the multiplication of eqn 
(87a) by the previous calculation of i' - o r  the initial value. This is 
deducted from eqn (8.5) and the whole multiplied by the inverse of eqn 
(8.6) omitting the p's and the R terms, to get di/dt. Solutions for i, T~, 
0 and O follow as indicated on the figure. 
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, 

Equations in per-unit terms 

(8.2] 

Sections 3.3, 5.3 and Example 4.2 have dealt with the steady-state per-unit 
equations. To cover the dynamic state, more information is required to deal 
with inertia, inductance and terms involving shaft angle. For the first 
quantity, the inertia torque is divided by Tb~, to produce the per-unitvalue: 

d r m 
(Wm(base))2 j .  - -  

J.  dmm/dt dt (,Om(base) 

Powerba~ tom (base) Powerba~ 

(,Ore (base) O)m(hse) 

j .  (~Om(base)) 2 d0J m (per unit) 
Powerba~ dt 

(8.9) 

So if ~Om is in per-unit, the corresponding expression for per-unit inertia is 
the first term, which is twice the stored energy at base speed, divided by 
rated VA, i.e. twice the stored-energy constant. 

For the second quantity, the inductive voltage is divided by Vba~ tO 
produce the per-unit value: 

L. di/dt Ibm L di / Ib~ L di (per unit) 
. . . . .  (8.10) 

Vb~, Ib~r  Vb~/ Ib~  dt Zb~ dt 

Both per-unitJ and L are not dimensionless but the associated torque and 
voltage terms become so, on multiplication by per-unit rate of change of 
speed and current respectively. 

Solution of eqn (8.1) using per-unit inertia and per-unit torque will give 
as a fraction of base speed, i.e. in per unit. Base speed is usually taken as the 
synchronous value, namely r ) = O ? s  - 2qtf/pole pairs. Consequently to 
find the angle 0 in electrical radians, 0 in eqn (8.2) must be multiplied by 
r0 = 2~rfwhen integrating, if 6J is in per unit. 

For a 3-phase machine, rated voltage per phase VR is usually taken as 
Vb~,, and either rated VA or rated current may be chosen as the third base 
value from the expression: Pb~  = 3 .  Vba~" Ib~e- For the induction motor, 
the rated output power PR is usually taken as Pbas, and this gives/base = PR/ 
3 VR which is not equal to IR because of power factor and efficiency. The 
torque base would then follow from the above choices as: 

m , - .  

O) m (base) (0 s fl) s 

https://engineersreferencebookspdf.com



[8.2] Mathematical and computer simulation 309 

To express electromagnetic torque in per-unit, referring back to eqn (8.8): 

dL 
�89 i t . . . . .  i .  pole pairs 

T~ dO 

to$ Ibas e 

1 dL(p.,,o to 
. . . .  i(p.u.) �9 (8.11) it(p'u') dO 

to = tos • pole pairs and could be regarded as converting 0, which is in 
radians, to a per-unit measure on division by to. The number 3 arises 
because phase voltage and currents have been taken as base values. L(p.,,.) 
is the inductance divided by base impedance Vb~e/Ibase. Note that 
al'ahough 0 is in per unit in the relevant equations, dL(p.u.)/dO must be the 
variation of per-unit inductance with electrical angle in radians, as obtained 
b) integrating dO~dr = 0(I,.1,.) • to. 

All the equations are now available to incorporate in a computer program, 
to be expressed either in actual or per-unit terms. They refer specifically to 
the 3-phase, uniform air-gap machine but can be applied to any POlyphase 
machine with appropriate modifications. The only significant difficulty is in 
defining the inductance/angle function from which dL/d0 is deduced. This 
is a matter for either design calculations or actual measurements. The usual 
assumptions made when obtaining the d - q  equations yield analytical 
expressions of the inductance variation, (2) but if further refinement is 
sought, some extra complication is only to be expected. The method is in a 
sense generalised, not being restricted by winding unbalance or asymmetry, 
nc)r by the magnetic geometry such as the presence of saliency on both sides 
of" the air gap or even allowance for rotor and stator slots. For a simple, 
uniform air-gap machine one can compare the computer time required to 
achieve comparable accuracy. Based on the time for the more economical 
d--q simulation, where the constant inductance matrix does not have to be 
inverted at every integration interval, the real-axis simulation is two to ten 
dines longer, depending on the voltage waveform. Such a difference, 
though becoming less important as computers continue to improve, would 
nc)t be justified. But if the situation is such that the d - q  transformation does 
n~)t yield constant inductances, then a lengthy computation time is endemic 
in the problem and a real-axis simulation may be the most convenient. For 
single-phase machines, unlike the model for analytical solutions, the real- 
a~:is equations are simpler than for 3-phase machines because there are 
fewer of them. 

The next two figures use the simulation just described to illustrate some 
instructive electromechanical transients. Figure 8.4 is for an inverter-fed 
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Figure 8.4 Acceleration and steady-state waveforms of inverter-fed 
induction motor. (D.C. link voltage set to give fundamental V1 = rated 
value) 

induction motor, accelerated from zero speed up to the steady-state speed 
where the slip is about 6%, full-load mechanical torque being coupled 
throughout. The bottom figures show the quasi-square-wave line-voltage 
which is applied at full value and frequency. In practice, such a source 
would be applied at reduced voltage and frequency, but is computed as 
shown to illustrate the nature of current and torque transients for direct- 
on-line start. A sine-wave supply would have given similar peak values but 
without the 6-pulse tipple. The torque peaks reach nearly 7 per unit and the 
first six torque cycles are shown. The computer graph plot is then stopped 
until the steady-state is reached and then the expanded waveforms for one 
cycle are plotted. The speed is then constant but the torque pulsations are 
considerable at about • per unit. The dominant frequency is 6th 
harmonic as deduced from Figure 7.14a and eqn (7.8). But the waveform 
shows a flight even-harmonic asymmetry, and this will be due to the small 
effect of l lth and 13th rotor harmonic currents giving a 12th-harmonic 
component of torque. The top diagrams show the phase-voltage waveform, 
deduced from the calculated currents and file sum of the impedance drops 
in accordance with eqn (8.3a). It is the same shape as already found in 
Figure 7.13. The stator-phase current reaches starting peaks of over 7 per 
unit and on steady state is rich in 5th and 7th harmonic components. The 
peak currents reached on steady state are somewhat higher than those 

https://engineersreferencebookspdf.com



(8.2) Mathematical  and computer simulation 311 

occurring with a sinusoidal-voltage supply which would give a current sine 
wave running through the distorted wave shown here. The remaining 
waveform is for the flux, neglecting saturation and deduced by combining 
the stator A-phase current with the referred and transformed a-phase rotor 
current; namely the waveform of lm. Because of the parameters of this 
particular machine, 1 per-unit lm corresponds to about normal peak flux 
and the diagram shows that the peak flux on steady state is a few per cent 
hi~;her than the normal value for a sine-wave supply. More interesting is 
that in spite of the violent iA fluctuations, the induced rotor-current acts to 
damp these out as shown by the nearly sinusoidal flux-waveform. The rotor 
current in fact has a pronounced 6th harmonic component  superimposed 
on its slip-frequency sine-wave variation. This ripple, which is only to be 
expected since there are six switching changes per cycle, is similar to the 
tot que pulsation. This is also to be expected since it is the reaction between 
the: nearly sinusoidal flux wave and the rotor current which produces the 
to~ que. On observing the flux transient, it is seen that this dies out from a 
high peak in a few cycles, the value then being about half the normal rated 
value for a short time, due to the high voltage drop across the primary 
impedance during starting. It is also seen that the flux wave is approx- 
imately 90 ~ lagging on the phase-voltage wave. 

]~igure 8.5 is for the same machine, this time running at rated torque as 
an induction motor from a 50-Hz sinusoidal-voltage supply. The top 
diz~gram shows that the phase current lags the voltage by about 45 ~ initially 

Figure 8.5 3-phase wound-rotor, a.c. machine. First loaded as an 
induction motor, then synchronised, then overloaded to pull-out. 

https://engineersreferencebookspdf.com



312 Electrical Machines and Drive Systems [8.2] 

and the rotor current can be seen oscillating at the very much lower slip 
frequency of about 3 Hz. At time 0.14 sec from the beginning of the plot, 
the rotor is supplied with a d.c. voltage, sufficient to cause it to pull into 
step as a synchronous motor. This takes about 0.5 sec, during which time 
the stator and rotor currents exceed their rated values quite considerably. 
When synchronisation is successfully achieved, at time 0.6 sec from the 
beginning of the plot, the mechanical torque Tm is increased linearly up to 
2 per unit. It is appropriate now to look at the bottom diagram and see the 
electromagnetic torque T~ initially in balance with Tm, the speed being 
about 0.94 times the synchronous value. The electromagnetic-torque- 
transient is quite violent Outing synchronising and the speed dips, then 
overshoots and at 0.6 second, it is virtually synchronous, with Te again 
almost in balance with Tin. The mechanical oscillations are somewhat 
exaggerated because the inertia was lowered artificially below its true value, 
for the computation of Figures 8.4 and 8.5, to demonstrate the torque and 
speed changes in a short computation time. The increase of Tm is then 
slowly followed by Te as the load angle increases and speed falls. However, 
the load angle must have increased well beyond 90 ~ and the torque 
commences another violent oscillation which is sufficient to pull the 
machine out of synchronism. The armature current and rotor current 
again rise to excessive values, but the combination of induction torque 
produced by the induced rotor-currents reacting with the stator currents, 
and the pulsating torque produced by the reaction of the d.c. component 
of rotor current reacting with the stator currents, is still sufficient to hold 
the load torque though with an appreciable speed oscillation. Actually, the 
pull-out torque in the induction mode is 3.2 per-unit, see Tutorial Example 
T7.5, and in the mode shown, Tm would have to approach nearly 3 per unit 
to completely stall the machine. To restore synchronism (apart from 
reducing the load to about 1.5 per unit), it would be necessary to increase 
the excitation by about 5.0%. 

8.3 Simulations for Thydstor bridge/d.c, machine ddves 

Calculations of thyristor bridge-circuits, as in Examples 7.3-7.5, have used 
expressions for average voltages and currents and though these give a good 
estimate of the electromechanical performance, they yield no information 
about the effect of harmonics. This omission is more serious on the single- 
phase bridge with its large pulsation tipple. The next example develops the 
equations for this circuit, from which a relatively simple digital simulation 
can be implemented, though in fact an analytical solution is possible, with 
some restrictions. (s) The procedure for determining the conduction 
condition is illustrated by a logic-check diagram on Figure E.8.1 and 
another such exercise is provided by Tutorial Example T8.2. 
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Example 8.1 

Set up the equations for the single-phase thyristor bridge/d.c,  motor circuit and explain how 
the conducting conditions can be determined and a computer  simulation implemented. 
All(,w for all circuit resistances and inductances. 

"[he first figure shows the circuit; currents and voltages being indicated. The transformer 
is represented by its secondary e.m.f, e~c behind the leakage and supply impedances referred 
to t me secondary, r +/p, where p represents d/dt. This is a naturally commutated circuit since 
the a.c. voltage developed across the thyristors vf reverses every half cycle and reduces the 
thyfistor current  to zero naturally. There is a period of 'overlap ' ,  however, when. the incoming 
thyfistors share the total load current  until the outgoing thyristors have their currents 
eventually reduced to zero. For the single-phase bridge, this means that the d.c. terminals are 
short circuited through the thyristors so that the terminal voltage is zero during overlap. If the 
equations are set up for this case when all thyristors are conducting, it is merely a question of 
setting the appropriate terms to zero, if a current  falls to zero. 

Consider a path through thyristors 1 and 3, when all thyristors are conducting: 

eac = r(il - h) +/P(i t  - / ~ )  + 1 V + LLp/a + /~/a + em+ 1 V. 

from which: 

ea,:- R/~ - R ' / 2 -  em-  2 V L' 
pi, = L - - ~  Ph 

where R = RL + r; R ' =  R L -  r; L =/4.  + l; L '  = L L -  I and i, = il + i'2. 
For a path through thyristors 2 and 4 for the same condition: 

-e~c = 1V + LLp/~ + RL/~ +em + 1 V - / p ( i t -  h)  - r ( i~- /2)  

from which: 

- e a c -  R/~-  R' il - em- 2 V L'  
P/~ = L - ~ pil. 

pi is thus available for each current  to perform the numerical integration as required. 
3'o determine the conducting condition, the voltages developed by the circuit across each 

thFistor  must be monitored whilst it is switched off, since when the gate firing pulse is 
applied, conduction will not start unless vf is greater than the normal forward volt drop, taken 
to be 1 V. It is assumed that Vn is the same for thyristors 1 and 3 and vf~ is the same for 
th):istors 2 and 4. 

For a path through thyristors 1 and 3 when they are not conducting: 

vn = - e r a -  Rt./,z- L L p h -  vn + / P h  + ~ + e~c 

from which: 

2Vn = -em + e~,: - R'/2 - L'p/,z. 

Similarly: 

2vf2 = -era - eac - R' il - L 'p i  1 . 
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Tht. phase-delay angle a (or ,r + a for thyristors 2 and 4) and the value of flux k# must be 
specified in the data. il and/2, to,. and e~ will be known from the previous time increment and 
sohttion and e~r will be known from its time-function expression. The pattern of logical checks 
is shown, by means of which, working through the various questions, each thyristor path is 
checked for previous conduction (i > I L, the latching or holding value) and the possibility of 
staffing conduction. 

The normal condition is for il or/,2 to be conducting so these questions are asked first since 
if the answer is YES the remaining questions are unnecessary. If the answer is NO, for either 
or both currents, then the phase delay of the firing pulses is checked against the progression 
of angle 0 = to t, measured from the beginning of the cycle, to see if a firing pulse is present. 
If  n at, then that thyristor will be non-conducting in the next increment. If the answer is YES, 
the forward voltage across that thyristor must be checked to see if it is greater than 1V (say). 
There are four possible answers to the overall question pattern. Either circuit can be 
conducting, both can be conducting (overlap), or both currents can be zero (a discontinuous- 
current condition). With these conditions known, the appropriate equations can be formed 
and il and/or/2 can be determined by numerical integration. The solution thereafter follows 
the pattern of the general flow diagram of Figure 8.1. 

Again the time-constants of the electrical system are usually very much shorter than for the 
mechanical system and it may be sufficient to study the circuit for a particular speed, flux and 
constant e.m.f. Natural commutation may take more than 1 millisecond and full-scale 
simulations may be necessary however to check that this aspect of circuit operation is working 
correctly; it is liable to break down under certain conditions. 

3-phase converter bridge 

T h  Ls is o n e  o f  the  m o s t  versat i le  p o w e r - e l e c t r o n i c  circuits ,  e m p l o y e d  u p  to 
h igh  p o w e r  levels a n d  f r e q u e n t l y  u s ing  a dua l  conver t e r ,  as de sc r i bed  in 
Sec t ion  7.3. It  f o r m s  a l ink b e t w e e n  a.c. a n d  d.c.  systems with p o w e r  flow in 
e i t h e r  d i r ec t ion .  It  is u s e d  in H.V.D.C.  t r ansmis s ion  systems with a 

cor tver te r  at  e a c h  e n d  o f  the  d.c. t r a n s m i s s i o n  l ine.  Fo r  drives,  it p rov ides  
a c o n t r o l l e d  d.c. vo l tage  supply  for  c u r r e n t - s o u r c e  inver t e r s  a n d  also for  
la rge  s y n c h r o n o u s  m a c h i n e s ,  ex c i t ed  for  l e a d i n g  p o w e r  fac to r  a n d  with 
the i r  i nve r t e r  f r e q u e n c i e s  c o n t r o l l e d  by shaf t -pos i t ion  swi tching so tha t  
s p e e d  varies with vol tage,  as in a d.c. m a c h i n e .  T h e  c y c l o c o n v e r t e r  is really 
an(~ther e x a m p l e ,  s ince  it has  effect ively o n e  dua l  c o n v e r t e r  p e r  phase ,  this 
t ime  f o r m i n g  a d i r ec t  a . c . / a . c ,  l ink b e t w e e n  systems o f  d i f f e r e n t  f requency .  
All these  app l i ca t i ons  sha re  the  c o m m o n  f ea tu re s  o f  p r o v i d i n g  f o r w a r d  a n d  
rev,.~rse p o w e r  flow a n d  e m p l o y i n g  n a t u r a l  c o m m u t a t i o n  which  p e r m i t s  the  
use o f  SCRs, as p o i n t e d  o u t  in Sec t ion  7.6. 

T h e  s i m u l a t i o n  o f  such  systems is r a t h e r  m o r e  c o m p l e x  t han  for  the  
c i rcui t  o f  F igu re  E.8.1, t h o u g h ,  for  the  d.c. dr ive,  i l lus t ra ted  on  F igure  7.10, 

thi.,, s i m u l a t i o n  was ach i ev ed  t h r o u g h  solving several  s imple  e q u a t i o n s  o f  

the  fo rm:  Vx = f ( /~ ,Lx , / , , ) ,  fo l lowing  a logic c h e c k  t h r o u g h  near ly  100 
poss ib le  c i rcui t  c o n f i g u r a t i o n s  a r i s ing  f r o m  the  ac t ion  o f  the  swi tching 

e l e m e n t s .  A m o r e  soph i s t i ca t ed  s i m u l a t i o n  is g iven in R e f e r e n c e  14. 

Ho~vever, this f igure  covers  m a n y  prac t ica l  aspec ts  o f  c o n v e r t e r  o p e r a t i o n  
a n d  is m e a n t  to i l lus t ra te  the  var ious  m a c h i n e / c o n v e r t e r  m o d e s  as an aid 
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to understanding since, because of the waveforms, the operation is not very 
easy to explain satisfactorily to the keen student without such a simulation. 
The one shown is for a non-circulating current scheme with all the 
thyristors controlled, logic monitoring to ensure that only one bridge can 
be fired at any one time and requiting a short 'dead' time between bridge 
changeover. There are other schemes where, to avoid the 'dead' time, the 
bridges are fired together but with the firing delay angles a l and ct~ 
summing to 180 ~ so that the average bridge voltages are the same, to 
prevent any d.c. current circulating between them. Due to the waveforms, 
the instantaneous voltages are not equal, so there is an a.c. circulating 
current which must be limited by additional inductors. There are simpler 
schemes using fewer controlled rectifiers and more complicated schemes 
using twice as many thyristors and giving a 12-pulse output voltage to 
reduce the harmonics on H.V.D.C. systems. 

The choice of schemes and of the machine type for a particular drive is 
largely governed by economic considerations but, technically, with the 
availability of so many high-performance electronic switches and micro- 
electronic control elements, any desirable drive characteristic can be 
designed. 
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Appendix A 
Table of Laplace transforms 

F(p) 

1 

1/p  

n] 
p.+l 

1 

(13 + a) 

1 

( p  + a)  n 

p[p+ a) 
a 2 

p [ p +  a) 2 

1 

(p + a) (p + b) 

p + a  

(p + a)(p  + b) 

ab 

p ( p + a ) ( p +  b) 

f(t), t_>O 

6 (to), unit impulse at t = to 

1, unit step, or constant for t>O 

- a t  e 

t~ , - l e -a t  

( n -  1)1 

1 - e -at 

1 - e - a t -  ate -at 

e - a t  _ e - b t  

( b -  a) 

( a -  a)e - a t -  ( a -  b)e -bt 

1+  

(b-  a) 

a e - b t  _ / ~ - a t  

( b -  a) 
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1 e - a t  e - b t  

F 
(p + a) (p  + b)(p + c) 

p + a  
_ _ , 

(p + a) (p + b) (p + c) 

ab(p + a) 

p (p + a) (p  + b) 

( b -  a ) ( c -  a) ( c -  a) (a - b) 

( a -  a)e -~' ( a -  b)e -bt 

( b -  a ) ( c -  a) ( c -  b) ( a -  b) 

b ( a -  a)e -~t + a ( a -  b)e -bt 
0 ~ -  

( b -  a) 

e-Ct 

( a  - c) ( b  - c) 

( a  - c ) e  - r  

(a - c) ( b -  c) 

p2 + m2 
sin ~ot 

p2 + ~2 cos w t 

r 

(p + a) 2 + aP 
e -a t  sin ~ot 

p + a  

(p + a)2 + v2 

2 

p(p2 + 2[a~.p + w. 2) 

e -a t  c o s  Cot 

exp(-gO~nt) sin[a~n 4(1 -/~2) t + cos -1 g} 
1 -  

~J(1 _ [ 2 )  
(for ~<1) 
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Appendix B 
Voltage/current/power 
relationships for bridge-rectifier 
circuits 

The 3-phase bridge circuit is shown on Figure B. 1 together with the voltage 
a:ad current waveforms for the 'ideal' assumptions of high d.c. circuit- 
inductance (so that Id is of constant magnitude) and instantaneous transfer 
(commutation) of currents from semiconductor element to element in 
sequence, without voltage loss. Elements A+ and C_ conduct in period 1 
and it can be checked that across all other elements, the voltage is negative, 
e.g. VBA across B+ and Vca across B_. At the end of this period - instant 2 
- VBA becomes positive and B+ takes over (commutating naturally) from A+ 
across which appears VAa which is negative. Similar voltage changes in 
sequence give rise to the d.c. voltage waveform pulsating 6 times per 
fimdamental cycle, at values following the maximum forward line- 
voltage. 

The secondary-current waveforms are square sections of 120 ~ duration 
and referring to the development of eqn (6.16) give an r.m.s, value of: 

2 ( 1 + 1  + 1 + 1 )  2 
+ 1 + 1 + 1 + 1 Id 0.8161d 

The primary phase current will be of the same shape - neglecting 
magnetising cu r r en t -  and with a delta connection, the line current will be 
nearer to a sine wave as shown. 

The 'ideal' no-load voltage deduced from the waveform will have an 
average value designated as Edo, being the 'Thevenin' e.m.f, behind the 
d.c. terminals and internal impedance. Its value is deduced on Figure B.2a 
for m = 6 pulses per cycle, the general expression being: 
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. . . . . . .  , ,  , , ,  

m qT 
--- sin --- X Peak line voltage, (B.1) 
'i1' m 

e.g. for a single-phase bridge with m = 2, 

2 qT 
E a o  = - -  sin - -  E p  = 0.637Ep. 

~r 2 

With controlled rectifiers, 'firing' can be delayed, by a ~ say, from the 
natural point  of current transfer. Figure B.2b shows how this reduces Edo to 
Edo cos a, eqn (B.2), if Id is a smooth current. 

~ 

M o o n  v a l u e  
o f  d . c .  

Current 
wovefoelew 
- a s s u m l ~  
very high 
inductance In  
d . c .  side 

I 

I I p . , ~  Jl . - -  E, ( ~ k )  �9 ~ : E .  �9 

V ' , .  L , ' . ' " ,  ..... / -  

/ Im  

Primary A current nunnmmimuunmminuJmmmnm 
' u m m i i l i ' i n l n n i n n m m m u n u m m m m  I J J J J l l J J J J I I l i  

, ' - ' , ! : -  _.C--,--~ ' . . . .  - ; 
:: . . . .  i -  - . . . . . . .  

- h I I I  
Line-current for delta (2"A-/d 

F igure  B . 1  3-phase bridge circuit and waveforms. 

A further reduction in voltage occurs due to the time taken to 
commutate  the c u r r e n t -  the overlap period, for an angle g - the delay 
being d u e t o  the inductance on the a.c. side, mostly due to transformer 
leakage. If this is I per phase for a star connection, between terminals the 
commutat ing inductance will be 21 and the corresponding reactance is X~. 
From the waveforms and circuit of Figure B.2c, the voltage loss is 
proport ional  to the shaded area averaged out over 1/6  of a cycle, i.e. 
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. . . . . . . . . . . . . . . . . . . . . .  

(a) Mean d.c. voltage Edo (with zero current )  

+'i1" 

2 ,01 f; Edo - E p .  cos  0 

6 

6 "rr 
= Ep .  - -  sin - -  

6 

since Ep = ~/2. E x ~/3; Edo = 2.34E. 

e_C- 

(b) Effect of finng-delay-angle (a) (with zero cur ren t )  

Average d.c. voltage 

2"fl' 

1 6 

- 2"rr/6 E p .  cos 0 -  

- .F_~ sin + a - - -  - s i n  c z -  0--o a 
6 6 -- a 

6 
= Ep.  ---- sin - - .  cos a - in genera l  = ~ (B.2) 

~r 6 

,:c) Effect of overlap angle # dunng commutation 

. . . . .  _- .... .11, 

eo- ~. d--~. dt I 6 

Figure B.2 Mean values of bridge voltages. 

fo 60  (u /a ,  dib 1 u e b -  ea.  d(cot) = l 

2~r/6 2 " ~  J0 dt  
�9 d t  

d~a �9 d h "  d/a d/b 
(since ea -  l ~ = eb-  l "--~ and  . . . .  w h e n / a  + ~, = Id is constant )  

dt  d t  d t  d t  

= ~  d ~ =  
2~r 4~r 
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, - -  , , ,  

For any bridge circuit of m pulses per cycle, the general expression for the 
'mean'  value of the voltage loss due to overlap is: 

mX~ 
- - - - - -  Id ( B . 3 )  

4at 

which is directly proportional to the d.c. current value. An alternative 
integration based on the instantaneous expressions for ea and eb gives the 
loss as Edo sin 2 g / 2 ,  see Tutorial Example T.7.3. There is a further voltage 
loss due to the transformer resistance which can be referred to the d.c. side 
as: Transformer copper IosS/Id. A voltage loss of 1 V for each side of the 
bridge is a typical allowance for the approximately constant forward 
voltage drop of a semiconductor. 

From all these relationships, the output from a bridge rectifier can be 
represented by the equation for average voltage as V = Eao cos a - k id  - 2,  

but the idealisadons above should be compared with the computed graph 
of Figure 8.10. 

On the a.c. side, the secondary VA is: 

Edo ~ 
3 X E X Irms = 3 • ~/2~/3'- • 3/~r Id = --3 X d.c. power. 

This means that even without a phase shift of current due to firing delay or 
overlap, the power factor is 3/~r - 0.955 as a maximum. Actually, the 
control of voltage by a variation is brought about by delaying the phase of 
the current so that on the a.c. side, the harmonic component  (distortion 
factor) of the power-factor as above is supplemented by a phase-shift 
component  (displacement factor) and the a.c. kVA rating must be 
increased in accordance with the combined effect. Various methods have 
been devised for offsetting this disadvantage of phase-shift control, e.g. on 
some traction schemes, the d.c. voltage is supplied by two bridges in series, 
one of them uncontrolled. Only the other bridge has phase shift applied, 
thus limiting the phase control to only half the voltage. But by adding or 
subtracting this from the diode bridge producing V/2, the total voltage 
variation is still 0 -  V. 
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Appendix C 
Summary of 
simulations 

equations for d-q 

T~e effect of the d -q  transformation is to replace the angular rate of 
inductance variation dL/d0 in eqns (8.3) and (8.7) by fixed inductances G, 
similarly associated with the angular speed 0 and defining the rotational 
voltages. Eqn (8.3) becomes: 

v = R . i + G . 0 . i + L .  d i /d t  

and from this, the equation corresponding to (8.7) is: 

di 
--- = L -1 x [ v - ( R + G . 0 ) . i ]  
dt 

The electromagnetic torque T~ - i t �9 G.  i X pole pairs which compares with 
eqn (8.8). 

"['he transformations for voltages and currents do not have such an 
obvious physical relationship as those of eqns (8.4) and (8.5) and they 
depend on the reference frame to which the d -q  axes are fixed and along 
which the phase axes are resolved to produce the transformation; see 
Figure C.1. For the uniform-air-gap machine, this is usually, though not 
necessarily, the stator, on which the line-connected winding is placed. For 
the salient-pole machine, the d - q  axes must be fixed to the salient-pole 
member (for the transformations to result in simpler equations), and this 
is asually the rotor for the synchronous machine. The transformed, 
tra:asient impedance-matrix can be filled in by a standard technique, t2) the 
main diagonal taking the self impedance of the corresponding axis, using 
the same resistances and inductances as eqn (8.6). Windings on a common 
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. . . . . . . . . . . . . . . . . .  

Oq oxis 

B (stotor) 

\ 
o (rotor) 

c (rotor) \ 

/|. . Dd oxis 
/ /  ~ o  

/ t b (rotor) 
C (stotor) i 

Stotor reference frome 

8 

\ 
\ 

\ 

Od o:is 

�9 A 
/ / / 

/ 
Cp/ b' 

Oq o:is 
Rotor reference frome 

F i g u r e  C .1  Machine axes. 

axis have mutual inductance which must be entered. The rotational voltage 
terms appear only in the windings which are rotadng with respect to the 
reference frame, the inductance being taken from the d to q axis with a 
negative sign and from q to d axis with posidve sign. Consider the stator 
reference frame and let the symbol 'dss' mean the d axis of the stator referred 
to the stator; 'qrs' mean the q axis of the rotor referred to the stator; the 
remaining symbols 'qss' and 'drs' following the same code. The voltage 
equation is: 

in detail: 

V = Z i 

v• D 

VClSS Q 

vdrs 

D Q d q 

P~+L~p 

Mp P~ +/_,.p 

-40 
. . . .  

Mp 

P~+Lrp 

/dss 

zqss 

/dr$ 

zqrs 

for a uniform air-gap machine referred to the stator reference frame. The 
C matrix consists only of the terms associated with 0 on the d and q rows. 
The L matrix has all the remaining inductive terms, as deduced directly 
from the normal, steady-state equivalent circuit. 
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In this equation, the transformation of voltages from the three, phase-to- 
neutral voltages of stator and rotor is given by resolving ABC abc axes along 
direct and quadrature axes fixed to the stator, Dd and Qq: 

vdss D 

",Jqss ~ (2 
n - ,  

~rdrs d 

vqrs 

A B C a b c 

1 -�89 -~ 

0 ~ / 2  %~/2 

cos 0 cos(0-  2ax/3) 
L 

sin 0 s in(0-  2ax/3) 
. . 

cos(0-  4ax/3) 

sin(0-- 4~r/3) 
. . . .  

VA 

VB 

VC 

Va 

vb 

v~ 

The backward transformation, which would be needed to get the phase 
currents from the solution for d -q  currents, is: 

';A A 

.~ B 

,c ~f~ C 

a 

.i, b 

c 

D Q d q 

' ~ 3 / 2  

-�89 -~/2  
, 

cos 0 

cos(0-  2~r/3) 
. , ,  

cos(0-  4w/3) 
. . . . . . . .  

sin 0 

sin (0 - 2~r/3) 
, , ,  

sin (0 - 4"tr/3) 
. . . . . .  

idss 

iqss 

idrs 

iqrs 
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It will be noticed that the inverse transformation is the same as the 
transp0se, one of the advantages of this particular arrangement, t2) The 
x/(2/3) factor is associated With maintaining constant power throughout 
the transformation. The solution is organised in a similar manner  as that 
for real axes and in accordance with Figure 8.1. The mechanical equations 
remain as in eqns (8.1) and (8.2) and the per-unit system may be used if 
desired. 

Extracting G from the transient impedance matrix and abbreviating 
stator current  symbols to i , ,  /Q; rotor current symbols to ia, i a, the 
electromagnetic torque is: 

D 

Q 

D Q d q 

- M  

M / .  
/Q[ X pole pairs 

,I 
which when multiplied out gives: 

( id MiQ + id Lr iq - iq MiD - /q Lr /a ) • pole pairs 

T~ = M(id/Q - / q  iD) • pole pairs. 

If per-unit quantifies are used, the term c0/3 replaces pole pairs in the above 
expression, as for eqn (8.11). 

The rotor reference frome 

It is possible of course to solve the uniform air-gap machine using d - q  axes 
fixed to the rotor instead of the stator, but this reference frame will be used 
now, primarily to introduce saliency and a rotor d-axis field winding, so that 
the equations will have an immediate connection with the salient-pole 
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synchronous machine. The rotor d and q windings will represent the 
dampers. The difference between the permeances on d and q axes is 
reflected in a difference between the mutual inductances MD and MQ say, 
~hich may be in the ratio 'r '  as high as 4:1 on reluctance machines. 
Referring all inductances to one winding, the direct and quadrature axis 
values will be. 

stator, D axis leakage + mutual = LD-  MD + Mr) = LD 

MD 
stator, Q axis = L D - M D + 

r 
: + ( ! _  

rotor, d axis 

rotor, q axis = t d - M D + - - - - -  
r 

=/-a-Ms+Ms =G 

rotor field winding L f -  Mtd + Mfd =/~ 

Note: the mutual between field and stator D winding # Mfa but = M m. 
The voltage equation can be written down as before, with an exu'a row 

a:ad column to accommodate the field winding and noting that rotational 
w~ltages now appear in the stator winding which is rotating with respect to 
tile ro torreference  frame. 

.Jdsr i 

")q$1c 

: ,drr 

Jqrr : 

vp 

D Q d q f 

RD+LDp 

MDp 

Mmp 

P~+LQp 

MQP 

MDp 

-MoO 

Ra + Lap 

Mfap 

Mo.p 

Mmp 

-mfoO 

Mfdp 

l~ + t~p 

idsr 

iqsr 

idrr 

iqrr 

ifr 
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Resolving the axes along rotor d and q gives: 

vdsr 

vqsr 

vdrr = ~ 3  

vqrr 

A B C 

cos 0 

sin 0 

cos(0- 2~/5) 

sin(O - 4~r/3) 
, 

cos(0 - 4~/3) 
. . . .  

s in(0-  4~/3) 

a b c f 

, , , ,  = 

1 -�89 -~ 

~ / 2  - , ~ / 2  

vB 

vc 

v, 

Vb 

Vc 

The backwards transformation is the transpose of the above, as for the 
stator reference frame. 

It will be noted that the parameters can be defined in terms of the D and 
d axes together with the ratio r, i.e. MQ = MD/r so the effect of different r 
ratios can be conveniently tried out. Usually, RD = / ~  = R~, the stator 
resistance per phase but Rd would not normally be the same as P~ (the 
direct and quadrature damper-winding resistances). However, if for 
example the rotor reference frame was used for solution of an induction 
motor, then these two would be equal to the rotor resistance per phase P~. 
The field winding row and column would be omitted. The parameters are 
usually referred to one particular winding though this is not essential 
providing there is consistency in the use of voltages and currents. A 4 x 4 

mat r ix  would also apply to the reluctance machine, with d and q 
representing the start ing/damping winding in the salient poles. 

Extracting the G matrix from the top two rows and multiplying out to get 
itGi, will give the following expressions for instantaneous electromagnetic 
torque: 

Salient-pole machine: 

T e = [-(L D - LQ)(/QiD) + MQ(iqiD) - MD(id/Q) - Mm(/f/Q)] X pole 
pairs 
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Reluctance machine: 

T~ = [ - (LD-  LQ) (/QiD) + MQ(/qiD) - MD(id/Q)] X pole pairs 

Induction machine with 

LD = LQand Mb = MQ= M 

T~ = M(q ib - /d/Q) • pole pairs 

It is sometimes useful to express the equations in terms of the flux linkage 
t k - Nq~ = Li)  on direct and quadrature axes, e.g. if saturation of 
parameters had to be allowed for. The voltage equations for the excited 
salient-pole machine would become, using the abbreviated notation: 

VD = RDiD + d(kD)/dt  + kQ0 

VQ = RQ/Q+ d ( k Q ) / d t -  ~,b0 

Vd = PMid + d (kd) /d t  

Vq = Rqiq + d(kq) /d t  

vf = Rf/f + d ( k 0 / d t  

where: 

XD = LDiD + MDi~ + Mm/f 

XQ - ~ / Q  + 2V~q 

~'d = MD iD + Ld id + Mfd if 

Xq = MQ6. + Z~i~ 

kf = Mm 6 + Mfd id + Lf/f 

The electromagnetic torque is given by: 

T~ = (kqiD-  kb/Q) • pole pairs 

It can be seen that all the torque equations reduce to one simple form, 
since the common-axis terms have been grouped together, expressed as 
the total flux linkage on each axis. 

Stator and rotor reference frames are the most commonly used though 
for certain purposes, e.g. study of oscillatory conditions, some simpli- 
fication follows if the reference frame is fixed to the rotating field 
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(synchronous axes), even though either stator or rotor may not be 
stationary with respect to this reference. ~ This reference frame has also 
been used in Section 7.5 when developing the equations for vector (field 
orientation) control. Where such control is achieved by relying entirely on 
the mathematical model of the machine, the d - q  equations lend 
themselves to an economical solution. 
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Appendix D 
Tutorial examples with answers 

The following examples are provided so that there is opportunity to check 
understanding of the various problems encountered in the main text. Most 
of them are at least slighdy different from these, but the necessary 
background has been covered for all. Chapter 1 on basic theory should be 
thoroughly understood and the recommendation to incorporate the 
quesdon data on a simple diagram should be followed. This is especially 
important when dealing with 3-phase circuits so that mistakes of 
interpretation are avoided when extracting phase voltages, currents and 
impedances from the data given. Note that the 'rating' refers to the total 
power or VA, the line voltage and the line current. Chapter 2 on 
Transformers revises all these points and the practice of declaring the no- 
load voltage ratio is followed, so that this is also the turns ratio when 
reduced to phase values. Answers, and some part answers, are given to all 
numerical problems, together with an indication in some cases of 
theoretical points which are raised. Accuracy is generally to three figures, 
though sometimes more, where appropriate. Although much care has 
been taken, there may be a few errors and the authors would be very 
g.'ateful to be informed about any which are discovered. 

Chapter I. Introduction 

No examples are set for this revisory chapter but two convention problems 
were raised therein. On p. 6 the motor convention equation always has a 
positive sign and the generator convention equation always has a negative 
sign. 

Referring to the question on p. 9 concerning Figure 1.5 for the 
generator phasor diagrams; with a motor convention, the current phasor 
irt Figures 1.5a and 1.5b would be in the lower half of the diagrams. E 
would still be V - j X I  - / i l ,  but because of the lower position of the current 
p~asor, E would now lead V in both cases. For a generator convention, the 
I phasor would be reversed, together with the sign in the above equation 
but the phasor diagrams would be otherwise unchanged in shape, the new 
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current phasor being in the upper half of the diagram, with the power- 
factor angle less than 90 ~ . 

C h a p t e r  2. Transformers ~ 

In the following examples, the approximate equivalent-circuit can be used 
and in some cases, the magnetising impedance may be omitted altogether. 
For determination of turns ratio and for 3-winding transformers, all 
impedances of the transformer are neglected. 

T2.1. A 3-phase, 50-Hz, 6600/400-V, star/zigzag transformer has a core 
cross-sectional area of 0.04 m 2. Calculate the number  of turns required for 
each coil of primary- and secondary-winding sections, if the maximum flux 
density is not to exceed 1.1 T. Note, each secondary phase is made up of 
two equal sections, taken from neighbouring phases and connected in 
opposition so that the phase voltage is the phasor difference of the two 
sections; i.e. phase voltage = d3 • secondary-section voltage. 

T2.2. A 3-phase, 3-winding, 1000-kVA, 50-Hz transformer is required to 
meet the following specification. 

Primary 66kV (line) star connected. 
Secondary 6.6kV (line) delta connected. 
Tertiary 440V (line) star connected. 

The maximum flux is not to exceed 0.1 Wb. 

(a) Determine the required number  of turns per phase on each 
winding. 

(b) Taking the magnetising current as 5% of the rated current and the 
iron loss as 10 kW total, determine the input current, power factor, 
kVA and kW when the secondary is loaded at 600 kVA, 0.9 pf lagging 
and the tertiary is loaded at 400 kVA, 0.8 pf lagging. 

T2.3. In a certain transformer, the winding leakage reactances are six times 
the winding resistances. Estimate the power factor at which the voltage 
regulation is zero. If the leakage reactance is 10%, what is the maximum 
regulation in per unit for a current of 1 per unit? 

T2.4. A single-phase, 50-Hz, 500-kVA, 33 000/3300-V transformer has the 
following parameters: R1 = 8.6 f~, P~ = 0.08 fl, xl = 52 fl, x2 = 0.46 s 

On no load, the h.v. current at 33 kV is 0.3A and the power input is 
3.5 kW. Calculate: 
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(a) The regulation at rated current and power factors of: 0.866 lag, u.p.f. 
and 0.866 lead. 

(b) The efficiencies at the same load current and power factors (neglect 
regulation). 

(c) The maximum efficiency. 
(d) The in-phase and quadrature components of the no-load current. 
(e) The primary current and power factor and the secondary current 

when the secondary power-factor is 0.8 lagging and the efficiency is at 
its maximum for this power factor. 

I'2.5. A 3-phase, 50-Hz, 300-kVA, 11 000/660-V, star/delta transformer gave 
the following line-input readings during light-load tests: 

Open circuit 660 V, 8 A, 2.4 kW 
Short circuit 500 V, 15 A, 4.1 kW 

(:alculate and show on a per-phase equivalent circuit the parameters 
deduced from these tests, referred to the h.v. side. Also show all currents, 
input power-factor and secondary terminal voltage when the secondary 
is supplying rated current at 0.8p.f. lagging. Allow for the voltage 
regulation. 

I'2.6. An 800-kVA transformer at normal voltage and frequency requires an 
input of 8 kW on open circuit. The input on short circuit at rated current 
is 15 kW. The transformer has to operate on the following duty cycle: 

6 h at 450 kW, 0.8 p.f. 
4 h at 650 kW, 0.9 p.f. 
5 h at 250 kW, 0.95 p.f. 
Remainder of 24-h day on no load. 

(:alculate the all-day efficiency defined as: output in kWh/(output  in kWh 
§ losses in kWh). What is the efficiency at a constant load of 800 kVA at 
0.8 p.f.? 

T2.7. Two single-phase transformers A and B operate in parallel. EA = 200 V 
and EB = 203V, ZA = ZB = 0.01 + j0.1 f~, all data referred to the secondary 
side. Calculate IA in terms of IB (magnitude and phase), when the load 
impedance has the following values: 

(a) Z = 1 0 + j l ~ .  
(b) Z = 0.1 + j112. 

Ia what mode is transformer A operating in case (a)? Phasor diagrams 
would be informative. 
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T2.8. The following data refer to two 3-phase, delta/star connected 
transformers: 

Transformer kVA rating Line voltage Short-circuit test 
at rated current 

A 600 2300/398 160V, 4.2 kW 
B 900 2300/390 100V, 5.1 kW 

Calculate the total current supplied by the two transformers connected in 
parallel to a star-connected load of 0.132 t2 per phase and of power factor 
0.8 lagging. 

If the load is disconnected, what will be the secondary circulating 
current and the change in secondary terminal-voltage from the loaded 
condition? 

T2.9. A single-phase transformer supplies a full-load secondary current of 
300 A at 0.8 p.f. lagging when the load voltage is 600 V. The transformer is 
rated at 6600/600V on no load and is provided with tappings on the h.v. 
side to reduce this ratio. It is supplied from a feeder for which the sending- 
end voltage is maintained at 6.6 kV. The impedances are as follows: 

Feeder (total) = 1 + j4f~ 
Transformer primary = 1.4 + j5.2 f~ 
Transformer secondary = 0.012 + j0.047 f~ 

To what value must the turns ratio be adjusted if the secondary terminal 
voltage is to be 600V under the full-load condition? Neglect the 
magnetising current and the effect of the changed turns-ratio on the 
referred impedance. 

Chapter 3. D.C. machines 

In the following questions, the brush voltage-drop, the magnetising effects 
of armature reaction and the mechanical losses may be neglected unless 
specifically stated otherwise. 

T3.1. A 25-hp, 500-rev/min d.c. shunt-wound motor operates from a 
constant supply voltage of 500V. The full-load armature current is 42 A. 
The field resistance is 500f~ and the armature resistance is 0.6s The 
magnetisadon characteristic was taken at 400 rev/min as follows: 

Field current 0.4 0.6 0.8 1.0 1.2 A 
Generated e.m.f. 236 300 356 400 432A 
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Calculate the mechanical loss torque using the full-load data (1 hp = 
746 W), and assume it is constant in the following calculations. 

(at Calculate the field current  and the external field resistance for 
operation at rated load and speed. 

(b) What is the speed when the load is removed, leaving just the loss 
torque? 

(cJ With the excitation of part (a), at what speed must the machine be 
driven to regenerate at rated current? 

(d) What extra field-circuit resistance is necessary to cause the machine to 
run on no load at 600rev/min? 

(e~ What extra armature-circuit resistance is needed to cause the machine 
to develop half its rated electromagnetic torque at a speed of 300 rev/ 
min with field current  as in (a)? What would be the output  power at 
the coupling? 

T3.2. A 500-V, d.c. separately excited generator at its normal rating gives 
an output  of 50kW at 1000rev/min.  The armature-circuit resistance is 
0 .4~.  

r h e  machine is to be run as a motor, but with the voltage reduced to 
200 V. At what speed will it run if set at rated flux and taking rated armature 
current? 

What reduction of flux will be necessary to run at 1000 rev/min with the 
same armature current  and how will the electromagnetic torque differ 
from that developed as a generator at normal rating? 

T3.3. A 500-V d.c. shunt motor  has a rated output at the coupling of 40 kW 
when running  at 500rev/min,  the efficiency then being 90%. The 
armature- and field-circuit resistances are 0.23fl and 400 ~ respectively. 
Tke following magnetisation curve was taken when running as an open- 
circuited generator at 600 rev/min: 

Field current  0.25 0.5 0.75 1.0 1.25 1.5 A 
Generated e.m.f. 170 330 460 531 572 595 V 

Determine, at the rated condition: 

(all the armature current; 
(b) the electromagnetic torque; 
(cl, the loss torque. 

Fiord also the additional field-circuit resistance necessary to give a speed of 
1290rev/min,  the armature current  and loss torque being assumed 
co astant and rated voltage being applied. What will be the output  power at 
this condition? 
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T3.4. Derive the speed/ torque expression for a d.c. machine. Hence 
explain the various methods of controlling the speed of such a motor, 
commenting on their advantageous and disadvantageous features. 

A d.c. generator at its normal rating gives an output of 100 kW at 500V 
when driven at 500 rev/min. It is to be run as a motor from a 500-V supply 
at a speed of 750 rev/min, the additional cooling at this speed permitting 
an armature-current increase of 10% above the rated value. Calculate the 
electromagnetic torque the motor will develop under this condition. What 
value of flux is necessary and what total mechanical power will the motor 
produce? Express this flux, torque and power as fractions of rated flux, 
torque and power. The armature resistance is 0.15f~. 

T3.5. A d.c. motor has a full-load armature rating of 7.5 kW, 200 V, 45 A at 
800rev/min.  The armature resistance is 0.5 f~. Determine the mechanical 
loss torque and assume this is constant, independent of speed. The 
mechanical load torque has a characteristic such that beyond 800 rev/min, 
it falls off inversely as speed; i.e. a constant-power law. Determine the 
percentage of rated flux required to increase the speed to 2400rev/min, 
and the corresponding value of armature current. 

T3.6. Derive expressions for armature current and flux for operation of a 
d.c. motor at any specified voltage, speed, electromagnetic torque and 
armature-circuit resistance. 

A 500-V d.c. motor at rated load runs at 1500rev/min and takes an 
armature current of 50 A. The armature resistance is 0.5 fl and the shunt- 
field resistance is 200 ~ The mechanical loss torque is 5 Nm. Determine: 

(a) The electromagnetic torque, the mechanical output and the 
efficiency. 

(b) The electromagnetic torque when the flux is weakened to give a speed 
of 2000 rev/min with armature current allowed to increase by 25%. 

(c) The armature current and per-unit flux (/~/l~rated~) required to 
sustain operation at 1000rev/min with terminal voltage halved and 
armature-circuit resistance doubled. Assume the total mechanical 
torque is proportional to (speed) 2. 

T3.7. A d.c. generator has P~ = 1 fl and Rf = 480 t2. Its o.c. characteristic is 
as follows: 

Field current 0.1 0.2 0.4 0.6A 
Generated e.m.f. 85 160 233 264 V 

The machine is to be run as a motor from 230 V with an armature current 
of 30 A. Find: 
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(a~ The additional resistance in the field circuit to give a speed of 750 rev/  
min. 

(b ) 'The  additional resistance in the armature circuit to give a speed of 
300rev /min  when the field winding is connected directly across the 
230-V supply. 

(c~ Thc resistance in parallel with the armature terminals, but otherwise 
as in condition (b), to give a speed of 200 rev/min.  What will then be 
the supply current? 

N.B. This is the potential-divider connection. 

T$.8. A d.c. series motor  was run at constant speed of 1500 rev/min,  with 
va;:ying voltage and load to give the following points: 

Terminal voltage 61 71 81 93 102.5 110V 
Current  1.39 1.68 1.98 2.42 2.87 3.22A 

If the motor  is supplied at 110 V, calculate the speed / to rque  curve: 

(a) with the natural armature-circuit resistance of 7.4 s 
(b) with an additional series resistor of value 30 f~. 

What is the torque at 1500 rev/min in each case and what is the operating 
mode when the speed goes negative in case (b)? 

T3.9. A d.c. series motor  was run at 500rev /min  when the following 
magnetisation characteristic was taken: 

Field current  5 10 15 20 25 30A 
Generated e.m.f. 192 276 322 356 384 406 V 

Tl~e armature and field resistances are each 1 ft. The motor  is connected 
in series with a resistor of 20f~ across a 420-V d.c. supply. Across the 
armature terminals is a further diverter resistor of 21 fl. Calculate the 
speed/ torque  curve with this connection and show the currents and 
voltages at the various points in the circuit when the field current  is 20 A. 
For what purpose would this characteristic be useful? 

T3.10. A d.c. series motor  of resistance 0.12 fl has a magnetisation curve at 
750rev /min  as follows: 

Field current  50 100 150 200 250 300 A 
Generated e.m.f. 110 220 300 360 400 420 V 

Tile motor is controlling a hoist in the dynamic-braking connection. 
Determine the resistance to be connected across the machine terminals so 
that when the overhauling torque is 1017Nm, the speed is limited to 
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500 rev/min. How much extra resistance will be required to maintain this 
speed when the total torque falls to 271 Nm? 

If the drive is now changed to hoisting with this last resistor in circuit and 
a supply voltage of 400 V, what will be the operating speed for a motoring 
torque of 271 Nm? 

T$.II.  The d.c. series motor of T3.8 is to be braked from the full-load 
motoring condition (110V, 1500 rev/min). If the initial braking current is 
to be limited to twice the full-load value of 3.22 A, what resistor would have 
to be inserted in series with the armature: 

(a) for rheostatic (dynamic) braking; 
(b) for plugging (reverse-current) braking? 

At what speed, in each case, would the braking torque be equal to the fulb 
load value? 

T$.12. Illustrate on a 4-quadrant diagram, the various methods of electrical 
braking using the following data for a separately excited d.c. machine. 

Rating: 500 V, 50 A, 500 rev/min 
Armature resistance 0.5 fl 
Rated flux maintained throughout. 

Calculate the speed/torque equations for: 

(a) regenerative braking into rated voltage supply; 
(b) reverse-current braking with the same supply and an additional 10f~ 

limiting resistor; 
(c) rheostatic braking with a 5-f~ external limiting resistor. 

At what speed in each case will full-load torque be developed? Comment 
on the special features of each mode, pointing out the advantages and 
limitations. See also the second part of Tutorial Example T6.6. 

T3.13. A 500-V, separately excited d.c. motor takes an armature current of 
100 A when driving its mechanical load at rated speed of 600 rev/min. The 
total mechanical torque as a function of speed is given by the following 
expression: 

Tm = k[1 + (r + (r 2] Nm, 

where o) m is the speed in rad/s. The armature-circuit resistance is 0.4 fl. 
Calculate the torque at rated speed and the value of k. 
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If the speed is increased to 700rev/min by field weakening, what 
percentage change of flux and of armature current would be required? 
Comment  on the suitability of this method of speed control for this 
particular load. 

T3.14. A d.c. separately excited motor  has a per-unitresistance of 0.05 based 
on rated armature voltage and current. For the 3rd base quantity in the per- 
unit system, take rated flux, which gives rated torque at rated armature 
current. In the following, per-unit quantities are being referred to 
throughout.  

~t rated flux and rated torque, what is the rated speed, i.e. when rated 
voltage is applied? 

The motor  drives a load which requires a torque of 0.3 at starting and 
thereafter increases linearly with speed reaching 1.0 at rated speed. What 
is 'abe expression for this mechanical torque as a function of speed? 

.~suming the magnetisation characteristic can be expressed by the 
following relationship: 

f 

0.6  
1 -0.4~ 

where ~ is the flux, calculate flux, field current and armature current for 
the following conditions: 

(a~ Voltage = 0.5, speed = 0.5. 
(b~ Voltage = 1.0, speed = 1.2. 
(c~ Voltage = 0.5, speed = 0.4 and total armature-circuit resistance = 

0.15. 

T3.15. A separately excited d.c. motor  is permanently coupled to a 
mechanical load with a total characteristic given by Tm = 0.24 + 0.8tOm per 
unit. T m is unity at rated speed where rated flux and armature current  are 
required to produce the corresponding T~ at rated voltage. Per-unit P~ 
ba:~ed on the rated terminal voltage and armature current  is 0.05. Per- unit 
speeds are based on the speed at rated voltage and flux with zero torque. 
The required portion of the magnetisafion curve of per-unit flux against per- 
unit field current  may be taken as a straight line passing through ~ = 0.6, 
Ir = 0 and ~ = 1.0, Ir = 1.0. Calculate the per-unit field and armature currents 
to sustain operation at: 

(a) half rated voltage and speed; 
(b', rated voltage and speed of: 

(i) 0.75 per unit, 
(ii) 1.25 per unit. 
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(If per-unit ideas are insecure, take rated Vas 100 V, rated I~ as 100 A (i.e. P~ 
= 0.051l), rated speed as 100rad/s (955 rev/min) and hence k~t~t,d) = 
(100-  100 X 0 .05) /100-  0.95Nm/A.) 

Chapter 4. Induction machines 

For this chapter, the approximate equivalent circuit will normally be used 
unless specifically stated otherwise. The magnetising branch may be 
omitted if no data is given. Also, mechanical loss will be neglected unless 
the data include this. 

1"4.1. The primary leakage-impedance per phase of a 3-phase, 440-V, 
50-Hz, 4-pole, star-connected induction machine is identical with the 
referred seondary impedance and is equivalent to a 1-1l resistor in series 
with a 10 mH inductor. The magnetising impedance may be considered as 
connected across the primary terminals and consists of a 300-s resistor in 
parallel with a 200mH inductor. Calculate, for a slip of 0.05: 

(a) the input current and power factor; 
(b) the electromagnetic torque; 
(c) the mechanical output-power if the mechanical loss-torque is 1 Nm; 
(d) the efficiency. 

If the mechanical load-torque were to be increased from this figure, at what 
speed would the motor begin to stall? 

T4.2. A 3-phase, 440-V, 50-Hz, 4-pole, star-connected induction machine 
gave the following line-input readings during parameter tests: 

Locked rotor (short circuit) 
No-load (running uncoupled) 

120 V 25 A 2.0 kW 
440 V 8 A 1.5 kW 

Separate tests determined the friction and windage loss as 600 W. 
Using the approximation that the magnetising branch is connected 

across the terminals, deduce the value of the equivalent-circuit parameters, 
dividing the leakage impedance equally to give identical stator and 
(referred) rotor values. Note that the mechanical loss must be deducted 
from the no-load input before calculating Rm and Xm. 

(a) At the fulbload slip of 4% determine the input current and power 
factor, the rotor (referred) current, electromagnetic torque, output 
power and efficiency. 

(b) What is the starting torque at full voltage and the ratio of starting 
current to full-load current? 
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T4.3. Using the data for the machine of the last question, calculate at a 
speed of 1560 rev/min: 

(al. the stator current and power factor; 
(bl the rotor current; 
(c] the electromagnetic torque; 
(dl the mechanical coupling-power; 
(e~ the efficiency. 

Repeat the calculations using the same parameters in the 'exact' circuit 
and draw a power-flow diagram similar to that of Example 4.8 to illustrate 
this operating mode. 

From the 'exact' circuit calculate the self-inductance of the stator and 
rotor and the mutual inductance, all referred to the stator winding, for the 
condition with all three phases excited with balanced currents. 

T4.4. A 50-Hz, 6-pole, wound-rotor inducdon motor has a star-connected 
stator and a delta-connected rotor. The effective stator/rotor turns-ratio 
per phase is 2/1. The rotor leakage impedance at standstill is 0.36 +jl .5 t), 
the corresponding figure for the stator being 1.4 + j7 f~ per phase. 

If the impressed stator voltage is 220V/phase, calculate: 

(aJ the actual rotor current at starring; 
(b) the actual rotor current when running at 960rev/min; 
(el the initial rotor current when, from condition (b), the stator supply 

sequence (and hence the rotating field) is suddenly reversed; 
(d) the electrical input power for condition (c) and the mode of 

operation; 
(e) the required resistance in series with the slip tings, to give maximum 

torque at starring. 

N~te: for convenience, refer all quantities to the rotor winding. 

"1"4.5. Determine the value of the starting torque and the maximum torque 
(ill terms of the full-load torque) for an induction motor with a full-load 
slip of 4%. The primary and secondary leakage reactances are identical 
when referred to the same winding and the leakage reactance is five times 
the resistance. Note: use 122p~/s ratios so that any constants will cancel. 

T4.6. In a certain 3-phase induction motor, the stator and referred-rotor 
irrLpedances are identical, the leakage reactance being four dmes the 
resistance. Determine the effect on the starting torque, the speed at which 
m tximum torque occurs and the maximum torque itself of doubling: 

(a) the rotor resistance; 
(b) the stator resistance. 
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Hence sketch the shape of the three speed/ torque curves corresponding 
to normal operation, condition (a) and condition (b). Note: let Rl = R~ = 
R and xl = x~ = 4R, then use ratios of the appropriate expressions, taking 
normal Tma,, as 1 per-unit torque. 

T4.7. On locked-rotor test, an induction motor takes three times full-load 
current (3 per-unit), at half rated-voltage. The motor has a full-load slip of 4% 
and is to be started against a load requiring 1/3 of full-load torque. An auto- 
transformer is used to reduce the motor terminal voltage at starting so that it 
is just sufficient to meet this requirement. What percentage tapping will be 
necessary and what will then be the supply current expressed in per unit?. 

Note: if the ratio of starting torque to rated torque at full voltage is 
expressed in terms of the appropriate I~2R2/s ratios, the value of the per- 
unit starting torque will be given in terms of per-unit current and full-load 
slip. Hence the required starting current in per-unit for the reduced 
starting torque and the transformer tapping will follow. 

T4.8. The speed/electromagnetic-torque curve for a 50-Hz, 4-pole 
induction motor at rated voltage is given by the following points: 

Speed 1470 1440 1410 1300 1100 900 750 350 0rev/min  
Torque 6 12 18 26 30 26 22 14 10 Nm 

The mechanical load it drives requires a torque of 14Nm and the 
mechanical loss torque can be taken as 1 Nm. What is the speed at normal 
voltage? 

It is required to reduce the speed to 1200rev/min. Assuming that the 
load and loss torques do not change with speed: 

(a) What voltage reduction would be required? 
(b) What percentage increase in rotor resistance would be required if the 

voltage was left unchanged? 

Comment on these two methods of achieving this speed reduction. 

T4.9. A 3-phase, 440-V, 50-Hz, 6-pole, delta-connected induction motor 
drives a fan at 920 rev/min when supplied at rated voltage. The motor has 
a high-resistance speed/torque characteristic and the following equivalent- 
circuit parameters: 

R~ = 8f l ,  R~ = 16fl, Xl -X~--  12f~. 

Assuming the total mechanical torque varies in proportion to the square of 
the speed, what supply voltage would be required to run the fan at 460 rev/ 
min and what will then be the rotor current and copper loss? 
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3.s an alternative, calculate the required extra rotor-resistance to get half 
speed with full voltage; the unknown in eqn (4.5) is now R~. Calculate the 
rotor current and copper loss to compare with the previous method. Refer 
also to T4.22. 

T4.10. A certain 3-phase induction motor on locked-rotor test takes full- 
load current at a power-factor of 0.4 lagging, from a normal-frequency 
supply. If the motor is operated with a 30% reduction in both voltage and 
frequency, estimate the new starting torque and maximum torque in terms 
of ;aormal values. Sketch the two speed/ torque curves for comparison. 
Assume the impedance is divided equally between stator and (referred) 
rotor. 

Note: take Rl + R~ = 0.4 and xi = x~ as sin(cos -l 0.4) and use ratios from 
appropriate expressions. 

T4.11. A 3-phase, 440-V, 50-Hz, 6-pole, star-connected induction motor has 
the following equivalent-circuit parameters at normal supply frequency: 

R1 = 0.2f~, R~ = 0.18f~, xl = x6 = 0.58f~ per phase. 

The machine is run up and controlled from a variable-frequency supply, 
the voltage of which is directly proportional to the frequency up to 440V 
at gi0 Hz. Find the supply frequency which gives maximum-starting torque 
and compare the value of this torque with the starting torque at rated 
vokage and frequency. 

Note: set voltage, synchronous speed and reactances at k V, ktas and kx 
respectively in the approximate-circuit expressions, then differentiate with 
resoect to k. 

. .  

T4.12. For a certain 3-phase induction motor, Rl +jxl = R~ +jx~ and xl/R1 
= .'4 at normal frequency. Calculate speed/ torque coordinates at zero 
torque, maximum motoring torque and at zero speed for the following 
cortditions: 

(a) rated voltage V and rated frequency f, 
(b) voltage V/3 and frequency f/3;  
(c) voltage V/3 and frequency f, 
(d) voltage V and frequency 1.5f 

Express speeds as fractions of rated synchronous speed and torques as 
fractions of the maximum torque at rated voltage and frequency. 

Note: use equations (4.5), (4.12) and (4.13) with R1 = R~ = R and xl = x~ 
= 3R at normal frequency. Using torque ratios will permit common terms 
to cancel..r values will be with respect to the actual supply frequency. 
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T4.13. Sketch the speed/ torque characteristics for an induction-motor 
drive supplied from a variable-frequency source, explaining why it is 
desirable to maintain a particular relationship between supply voltage and 
frequency. 

A 3-phase, 400-V, 50-Hz, 6-pole, star-connected induction motor has 
leakage impedances zl = z~ = 0.15 + j0.75 fl per phase at rated frequency. 
Calculate the torque at rated voltage and frequency for the rated slip of 
3%. 

If the same torque is required at starting and also at 750 rev/min, to what 
values must the supply frequency and voltage be adjusted if the machine 
flux-per-pole is to be the same as at the rated condition? 

T4.14. A 3-phase, 50-Hz, 4-pole induction motor at rated voltage and 
frequency has the speed/ torque characteristic given in Example 4.10. The 
motor is controlled to maintain the flux-per-pole-constant at any particular 
torque. Estimate the frequency required to produce" 

(a) maximum torque at starring; 
(b) a speed of 750rev/min with a torque of 9 Nm. 

T4.15. Show that if rotor leakage reactance is neglected, maximum torque 
for a constant-current induction-motor drive occurs when the rotor 
current and magnedsing current  are equal in value at I1/,/2. Show also that 
for maximum torque during a constant-current acceleration, the rotor 
frequency must be constant. 

Using the data from T4.1, but neglecting the magnetising resistance, 
calculate the maximum torque: 

(a) with rated voltage and frequency applied - use the approximate 
circuit; 

(b) with a constant-current drive at the same rotor current as in (a). 
Include x2' and calculate the required II as well as the maximum 
torques: 
(i) neglecting saturation of Xm and; 

(ii) assuming saturation reduces Xm to 62.8/3 ohms per phase. 

Check whether condition (b) (ii) is feasible by calculating the value of the 
required line voltage to supply the primary current at starting and at 
300 rev/min. The 'exact' circuit will have to be used for this purpose. 

T4.16. A 3-phase, 660-V, 50-Hz, 4-pole, delta-connected induction motor 
has Zl = z~ = 0.15 + j0.7512 per phase at standstill. The full-load slip is 3%. 
Compare the torque developed at full load with that developed imme- 
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diately after making the following alternative changes from the full-load 
condition: 

(a) reversal of two primary-supply leads; 
(b) disconnection of a.c. supply from primary and replacement by a d.c. 

voltage across two lines, previously adjusted so that the same air-gap 
flux will exist as before the changeover. 

Wl'at is the initial per-unit current in each case, based on full-load 
cmrent? 

T4.17. A 3-phase, 1100-V, 50-Hz, 6-pole, star-connected induction machine 
when operating at full load as a motor running at 980 rev/min takes a total 
current of 113.5 -j76.3 A per phase, the current through the magnetising 
branch b e i n g - 3 . 8 -  j59.3 A per phase, with the terminal voltage as the 
reference phasor. The primary and (referred) secondary impedances are 
of equal value at standstill at 0.1 + j0.4fl per phase. Calculate Xm from 
EI/'I m (neglecting Rm) where E1 = IV1 - llZll and obtain the equivalent 
circuit for a d.c. dynamic braking condition, with an extra rotor (referred) 
resistance of 3.5 ~1 per phase. What is then the electromagnetic torque 
when switched over from motoring, assuming the air-gap flux is 
unchanged? 

To maintain this air-gap flux what is the required stator current: (a) in 
a.c terms and (b) in d.c. terms; two of the phases being connected in series 
for d.c. excitation purposes? What excitation voltage would be required? 

Calculate also the speed at which maximum torque occurs when 
dyliamic braking and the ratio of this torque to that which occurs 
immediately after changing over the connections from rated motoring 
load. 

T4.18. A 3-phase, 400-V, 50-Hz, 4-pole, star-connected, double-cage 
inc, ucdon motor has the following equivalent circuit parameters per phase 
at :)tandstill: 

Primary 
Outer cage 
Inner cage 

0.0625 +j0.25 per unit, (0.5 +j2fl);  
0.25 + j0.075 per unit, (2 + jO.6 fl); 

0.0375 +.j0.3125 per unit, (0.3 + j2.51]). 

The per-unit impedances are based on rated voltage and any convenient 
ou:put, say 20kW, for which the ohmic impedances are shown (base 
im'aedance - 8 fl). Calculate the per-unit starting torque and also the 
mechanical power when the speed is 1410rev/min. Use per-unit values in 
the calculation but check the answers using real values. 

T4.19. For the motor of Example 4.19, p. 117 calculate the three input line- 
currents and electromagnetic torque for a positive-sequence slip of 3%, if 
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the line voltages are only slightly unbalanced at 440V, 430V and 430V. 
There will be no zero-sequence currents and calculation of the other 
currents, though somewhat tedious, is facilitated if polar coordinates are 
used to get V§ and V_/Z_ for each phase. These must be added using 
Cartesian coordinates of course. The positive- and negative-sequence phase 
voltages must be obtained for each phase, noting that the former lag 30 ~ 
behind the line voltages, Figure 1.6c, whereas the latter lead the line 
voltages by 30 ~ . 

T4.20. Solve the single-phase induction-motor problem of Example 4.21, 
p. 122, for a slip of 0.03, using the exact equivalent circuit though 
neglecting the very small effect of Rm; i.e. 

x , , / 2  = 2 0 ~  R I / 2  = R ~ / 2  = 0.1a, X l / 2  = x~./2 = o.sf~.  

Note: combine the primary, forward-circuit and backwards-circuit impe- 
dances in series to determine the total current. Hence follow the e.m.f.s Ef 
and Eb and the currents, If, Ib, Imf and Imb- Compare answers with those 
from the approximate circuit in Example 4.21. The calculation of the 
torque pulsation will be deferred to Tutorial Example T7.7, which could be 
referred to with advantage. 

3"4.21. Using the answers of Tutorial Problem T4.20 and assuming that the 
iron loss and mechanical loss are unchanged from the operating condition 
of Example 4.2(b) (p. 85) determine the output, power factor and 
efficiency as a single-phase motor running at 3% slip. What would these 
values be if the motor was 2-phase, having two windings in quadrature, 
each phase having an identical equivalent circuit to that of Example 
4.2(b)? Make a table comparing the answers. 

T4.22. Consideration is to be given to controlling the fan-motor drive of 
Tutorial Example T4.9 by means of a slip-power recovery scheme to 
compare the performance. The rotor power-factor at 460rev/min is to 
remain the same as at 920 rev/min but the impedance drop of the equivalent 
circuit, which previously was supplied entirely by the stator voltage (121.8 V), 
will now be provided by rated voltage V1 (440 +j0) - V~/s; eqn (4.19). V~ will 
have to be in phase with Vl if there is to be no change of power factor. The 
value of the current will be less however because the torque expression is 
different, eqn (4.20). Determine V~ and this new current, the VA, the 
corresponding rotor copper loss and the slip power recovered, 3(VaI~ cos 
~0s). Check that the total rotor circuit power is the same as for T4.9. Also 
determine the maximum VA rating of the injected-power source to give 
speed control over the whole range to zero speed. Compare, on a phasor 
diagram, the three methods of speed reduction. 
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T4.23. Show that the linear speed of a rotating field at frequencyf number 
of pole pairs p, pole pitch r = gd/2p metres, is v = 2rfmetres/s.  Hence 
determine the pole pitch of a linear induction motor required to have a 
speed of 200 miles per hour with a slip of 0.5, from a 50-Hz supply. 

Chapter 5. Synchronous machines 

Unless specifically stated otherwise, the following problems will assume that 
the air gap is uniform, and that resistance and mechanical losses are 
neglected. 

TS.L. A 3-phase, 3.3-kV, 50-Hz, 6-pole, star-connected synchronous motor 
gaw; the following test points when run at synchronous speed as a generator, 
on open circuit and then on short circuit: 

Open-circuit test  Line voltage 2080 3100 3730 4060 4310 V 
Field current 25 40 55 70 90 A 

Shm't-circu~t test  Armature current 100 A with field current = 40 A. 

The armature leakage impedance and all power losses may be neglected. 
Calculate the excitation current required at rated voltage and frequency 

when operating with a mechanical output of 500 kW and an input power 
factor of 0.8 leading. Allow for the saturation of the magnetising reactance 
X~. (=X~u since Xal = 0). 

What Overload torque, gradually applied, would pull the machine out of 
synchronism with this calculated field-current maintained? Note that 
saturation affects both Ef and X~ to the same degree. What then is the 
permissible overload in per unit based on full-load torque? (Overload = 
Max./Rated.) 

T5.2. Recalculate the answers for Examples 5.5 and 5.6 where appropriate, 
but neglecting the resistance, to check the errors in the approximation. 

T5.3. A 3-phase, 500-kVA, 6600-V, 50-Hz, 6-pole, star-connected synchronous 
motor has a synchronous impedance per phase which can be taken as j70 f~. 
At i':s norrnal rating, the motor is excited to give unity power-factor at the 
input terminals. Find: 

(a) the rated current; 
(b)  the e.m.f, behind synchronous impedance (Ef); 
(c) the rated electromagnetic torque; 
(d) the pull-out torque with excitation as in (b); 
(e) the required increase in excitation (Ef) which will just permit an 

overload margin of 100% before pulling out of synchronism; 
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(f) the load angle, armature current and power factor if this excitation is 
maintained at rated load. 

T5.4. A 3-phase, 6600-V, star-connected synchronous motor has a synchro- 
nous impedance of (0 +j30) fl per phase. When driving its normal load, the 
input current is 100 A at a power factor of 0.9 lagging. 

The excitation is now increased by 50% above the value required to 
sustain the above condition, the mechanical load being unaltered. What 
changes in machine behaviour will take place? 

With the new excitation, to what value and power factor will the armature 
current setde down if the mechanical load is removed altogether? 

T5.5. A 3-phase, 11-kV, 50-Hz, 6-pole, star-connected synchronous motor is 
rated at 1 MVA and power factor 0.9 leading. It has a synchronous 
impedance which may be taken as entirely inductive of value j120t2 per 
phase. Calculate the rated current, the e.m.f, behind synchronous 
impedance, the electromagnetic torque and the output power. 

Calculate the new values of armature current and excitation required to 
give operation at rated power but at 0.8 p.f. lagging. Express these values as 
fractions of rated values. 

With the same excitation and armature current, at what power and power 
factor would the machine operate if running as a generator? 

Note: use the cosine rule on the voltage triangle. 

T5.6. Make a concise comparison of synchronous- and induction-machine 
performance features. 

A 3-phase, 1000-kVA, 6.6-kV synchronous motor operates at unity power- 
factor when at its rated load condition. Its synchronous impedance can be 
taken as .j40t2 per phase. Determine the e.m.f, behind synchronous 
impedance. 

For a 50% change of this excitation voltage (both increaed and decreased 
values), what changes would take place in the motor performance.~ 

T5.7. A 3-phase, 440-V, 50-Hz, 6-pole, star-connected synchronous motor has 
a synchronous impedance of (0 +jl0) fl per phase. At its normal rating, the 
armature current is 20 A and the power factor is 0.9 leading. The load torque 
is slowly increased from this condition to 300 Nm. By what percentage must 
the excitation be increased.to avoid pulling out of step with this load 
torque? 

T5.8. A round rotor machine has 3-phase windings on stator and rotor, the 
stator being connected to the S-phase mains. Explain briefly why the 
machine will work in the induction mode at all speeds other than one 
particular value, with the rotor short circuited, whereas, in the synchronous 
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mt~de, this speed is the only value at which it will operate when the rotor is 
d.c. supplied. 

.k 3-phase, 6.6-kV, star-connected synchronous motor has a synchronous 
impedance of (0 + j48) f~ per phase, and is running at its rated output of 
650 kW. What will be the input current and power factor when the excitation 
is so adjusted that the e.m.f, behind synchronous impedance is 1.5 times the 
applied voltage? 

ff the supply voltage was to suffer a fall of 50%, would you expect the 
machine to continue supplying the load at synchronous speed? Would the 
re~tction to this voltage fall have been generally similar if the machine had 
instead been motoring in the induction mode? Give reasons for your 
answers. 

T5.9. Solve the numerical examples ofT5.2 to T5.8 using the phasor loci and 
operating charts as in the solution of Example 5.16. Note that the Examples 
5.5 to 5.7, for which the resistance was included, can also be solved by this 
method but with V/(P~ +jX~) defining the circle centre, the excitation term 
drawn from this being F~/(P~ +jX~). 

TS.10. A 3-phase, 3.3-kV industrial plant has the following induction-motor 
drives: 

IM 1 IM 2 IM3 
Rated output 50 100 150 kW 
Full-load efficiency 93 % 94 % 94.5% 
Full-load power factor 0.89 0.91 0.93 

A star-connected synchronous motor rated at 150 kVA is to be installed and is 
to be overexcited to improve the overall plant power-factor to unity, when all 
machines are operating at their full ratings. 

What is the required excitation in terms of the e.m.f. (E0 if Zs = 0 + j50 f~ 
per phase? What power output will the synchronous motor be delivering if its 
efficiency is 95% when it is operating at rated kVA? 

T5.11. A 3.3-kV, 3-phase industrial installation has an overall power factor of 
0.88 lagging. A 200-kVA synchronous motor is added to the system and is run 
at zero power factor and slightly reduced rating to provide power-factor 
correction only. The total load is then 350 kVA at unity power factor. 

If it was decided to run the synchronous machine at its rated kVA and use 
it as a source of mechanical power, what gross mechanical power would it 
prc~duce with the overall power factor of the installation at: 

(a) unity; 
(b) reduced to 0.96 lagging? 
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Note: in part (b) Ips and IQs are both unknowns but are the quadrature 
components of the rated synchronous machine current Is, 

I s= 4., -IQs ' 

T5.12. Convert eqn (5.12) to an expression giving the total torque in perunit 
for any frequency k times the base frequency at which Ef and X~ are specified. 
It will be the same form as eqn (5.20) except for a factor-s in(6  - a )  
multiplying the first term, see also Tutorial Example T7.6. 

Refer to the above equation and the preamble before Example 5.15, using 
the same values of P~ and X~ as in this example, to determine the required 
excitation (El) in per unit when operating at rated frequency, rated voltage 
and current and a power factor of 0.8 leading. If the load is increased slowly, 
what maximum value of electromagnetic torque with the corresponding 
current will be reached before pulling out of synchronism? 

What value of terminal voltage would be required, with the excitation 
maintained, to sustain this maximum torque when (a) k = 0.3, and (b) k = 
0.1? 

T5.13. Solve Tutorial Examples T5.3 to T5.8 using the current-source 
equivalent circuit of Figure 5.3c and the sine or cosine rules, where 
appropriate. 

T5.14. A salient-pole synchronous motor has V= I per unit, Xa = 0.9 per unit 
and Xq = 0.6 per unit. Neglect Ph. The current is 1 per unit at power factor 0.8 
leading. Calculate the required excitation, power and torque in per unit and 
also the components Id and Iq. What is the maximum torque? 

Note: Refer to the phasor diagram of Figure 5.4a, the relationships Iq = Ia 
cos (6-cp); Id = Ia sin(6-,p) and eqn (5.22) to solve for t ;  eqn (5.23) to solve 
forF~. 

T5.15. The same synchronous motor as in the previous question has its e.m.f. 
Ef reduced to 1 per unit, the power remaining the same. What will now be the 
load angle, power factor, Ia, Ia and Iq? What will be the maximum torque and 
its reduction from the previous maximum value with the higher excitation? 

Note: with the data given, for a specified power of 0.8, an explicit solution 
is not possible but using eqn (5.24) a simple iteration will quickly produce 
the value of t .  Eqns (5.22) and (5.23) then solve for the currents. 

T5.16. Use eqns (5.15), (5.16) or (5.17) as appropriate to check any, or all, of 
the various torque calculations for uniform air-gap induction and 
synchronous machines. 

T5.17. A permanent-magnet synchronous machine has an open-circuit 
e.m.f, equal, at rated speed, to the terminal voltage. The value of Xa is 0.8 per 
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unit and Xq = I per unit. Note that the direct-axis flux has to negotiate the low- 
permeability permanent-magnet  material whereas for the quadrature axis, 
the flux has a soft-iron path in the rotor structure, hence Xq > Xd. Refer to 
Example 5.22 and show that maximum torque occurs at an angle greater 
than 90 ~ and calculate its value in per unit. What is the load angle, power 
factor and current at 1 per-unit torque. A short iteration procedure with eqn 
(5.24) will be necessary to obtain 6 and eqns (5.22) and (5.23) will yield the 
current  components etc. 

Chapter 6. Transient behaviour; closed loop control 

T6.1. Consider an idealised thermal system and a small change of 
temperature rise A0 taking place in time At. It has a heat source of Pwatts, a 
heat storage capacity of M .  S joules per ~ where M = mass in kg and S = 
specific heat in joules per kg per ~ where M = mass in kg and S = specific 
heat  in joules per kg per ~ change, and radiates heat at the rate o f / (0  watts 
pt7 second, where K has the units of watts/~ and 0 is the temperature rise 
above the surroundings. Balance the heat generated in time At against the 
heat stored and radiated and hence show that the temperature rises 
exponentially in accordance with eqn (6.2b). 

Assuming that an electrical machine can be so represented, calculate the 
aximum and minimum temperature rises occurring eventually when it has 

been subjected repeatedly to the following duty cycle for an appropriate 
period: 

(a) full-load ON for a time equal to the thermal time constant, r; 
(b) load reduced to zero for a time equal to one-half of the thermal time 

constant. 

Express the temperature rises in terms of the final temperature rise 0m which 
would occur if the full load were to be left on indefinitely. 

Starting from cold, what would be the temperature rises at times r, 1.5r 
and 2.5r? What is the r.m.s, value of the duty cycle in terms of the full-load 
l~awer P? 

T6.2. A 230-V, 50-hp, 935-rev/min, separately excited d.c. motor has a rated 
armature current of 176 A. The armature-circuit resistance is 0.065 fl. If a 
starting resistance of 0.75 fl is connected in series, what will be the initial 
starting current and torque exerted with rated field current maintained? 

With a Coulomb-friction load of 271.3 Nm and a total coupled inertia of 
3 58 kgm2, �9 what will be the final balancing speed and the time taken to 
reach 98% of this speed? 

If the motor were to be supplied from a constant-current source instead, 
set at a value corresponding to the initial starting current above, what 
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would then be the time to full speed from rest? Explain fully the difference 
between the two time periods calculated. 

T6.3. The machine having the same data as in Examples 3.2 and 3.3 is to 
be started from a 220-V d.c. supply which is first connected directly across 
the field winding. The series winding is not in circuit. An external 
armature resistor is used to limit the maximum current to 80 A and is left 
in circuit while the motor runs against a constant torque Tm corresponding 
to this field flux and rated armature current, 40 A. 

Calculate the expression for electromagnetic torque T~ as the speed 
changes. Develop the differential equation for speed when the total 
coupled inertia is 13.5 kgm u. 

What are the electromechanical time-constant and the final steady-state 
speed in rev/min? Consider the next step of the starting period when it 
can be assumed that on current falling to 60A, the circuit resistance is 
reduced so that the current again increases to 80A. What will be the 
e.m.f, at this instant and the value of the total circuit resistance required 
to produce this result? 

Set up the new transient speed equation and find: 

(a) the new electromechanical time-constant; 
(b) the next balancing speed if the resistance is left in circuit; 
(c) the time for the speed to rise to 400rev/min if, on reaching the speed 

in (b), the mechanical torque is suddenly reduced to zero. 

Neglect the circuit inductance. 

T6.4. The machine of the last Tutorial Example has an armature rating of 
220V, 40A at 500rev/min. The armature-circuit resistance is 0 .25~ and 
the rotational inertia is 13.5 kgm 2. Calculate the rated flux in Nm/A and 
the stored-energy constant, [stored energy ~O~m(ba,e)/rated power, see eqn 
(8.9) ]. t0m(base ) is 1 per-unit machine speed in radians/sec at full voltage 
and full flux. 

An estimate of the armature-circuit inductance for a d.c. machine in per 
unit, eqn (8.10), is given by: 

K 
L per unit = 

2~r • f a t  base speed 

where K -- 0.6 for a non-compensated machine and K = 0.25 for a fully 
compensated machine.fat  base speed is the conductor frequency (pnba,~) at 
base speed. Make an estimate of the inductance for this 4-pole compensated 
machine and hence calculate the electrical and electromechanical time- 
constants to see whether the speed response is likely to be oscillatory. Check 
the time-constants using actual and per-unit expressions. 
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T6.5. A 250-V, 500-rev/min d.c. separately excited motor has an armature 
r,:sistance of 0.131"1 and takes an armature current of 60A when delivering 
fitll-load power at rated flux, which is maintained constant throughout. 
Calculate the speed at which a braking torque equal to the full-load torque 
will be developed when: 

(a) regeneratively braking at normal terminal voltage; 
(b) plugging braking but with an extra resistor to limit the initial torque 

on changeover to 3 per unit; 
(,') dynamically braking with an extra resistor to limit the peak current to 

2 per unit. 

For cases (b) and (c), write down the torque balance-equation and hence 
find the maximum total inertia in each case which could be reduced to 
zero speed in 2 sec, the full-load friction torque being coupled 
throughout. 

For case (b), what is the total time to reverse to 95% of the final 
balancing speed with the extra resistance in circuit? Note the reversal of 
fi'iction torque with rotation reversal. 

T6.6. For a 3-phase induction motor, express the rotor copper loss as a 
fimction of electromagnetic torque and slip. Nothing that Tr =JdCom/dt = 
-[cos ds /d t  (see Example 6.16), integrate the expression for copper loss over 
a range of slip and show that the energy dissipated in rotor heat = ~o ,  2 (sl 2 - 
s:~). Hence show that for acceleration from zero to synchronous speed with 
zero load and for deceleration from synchronous speed to zero under 
dynamic braking conditions, the energy loss in rotor heating is equal to the 
s:ored mechanical energy in the rotating mass at synchronous speed. Show 
also that when plugging from synchronous speed to zero speed, the rotor 
heat energy is equal to three times this kinetic energy at synchronous 
speed. 

Now consider the d.c. separately excited machine under similar 
conditions, tos is replaced by the no-load speed COo = W/~, and ~ m  = (1)0(1 

- s) where s = IaR/(/~r Noting also that Ia = armature copper loss/I ,R 
where I~R = sk~r use the d.c. machine equations where appropriate to 
show that the rotor energy loss is the same in terms of the kinetic energy, 
as for the induction machine for the same transient conditions. 

T6.7. A 300-V, d.c. series motor driven at 500rev/min as a separately 
excited generator, with the armature loaded to give the same current as in 
the field winding, gave the following characteristic: 

Terminal voltage 142 224 273 305 318V 
Field current 15 25 35 45 55 A 

The field and armature resistances are each 0.15 II. 
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The motor is to be braked from normal motoring speed where it is 
developing an electromagnetic torque of 300 Nm when supplied from 
300 V. An external resistor is to be inserted to limit the initial current to 
55 A. It can be assumed that on changeover, the response of flux following 
the increase of current is completed before the speed changes significantly 
so that the e.m.f, rises also: 

(a) Determine the speed when motoring at 300 Nm, from 300 V, and the 
corresponding values of current and flux (hr 

(b) Calculate the required resistor values for plugging and for dynamic 
braking. 

(c) Estimate the times in (b) for the speed to fall to such a level that the 
braking torque is equal in magnitude to the full-load torque, the load 
torque being still coupled and the inertia is 10 kgm 2. 

Note: the motor curves must be calculated in order to solve part (a) but on 
braking only two specific points are required and the average braking 
torque can be used. Nevertheless, it may be a good idea to sketch the 
braking curves to clarify the method. 

T6.8. Using the data of Example 4.10 and the associated figure, calculate 
the time to accelerate from zero speed to 1400 rev/min at full voltage and 
with the natural rotor resistance. Take the total drive inertia as 0.05 kgm 2 
as in Example 6.7, p. 207 and take points on the curves at speed intervals 
of 200 rev/min. 

T6.9. A 10-pole, 50-Hz induction motor drives a d.c. pulse generator 
through a flywheel coupled between the two machines. The pulse requires 
a generator input torque of 2713 Nm for 4 sec and the combined inertia of 
machines and flywheel is 1686 kgm 2. The no-load speed of the motor is 
597rev/min and the speed at rated torque of 977Nm is 576rev/min.  
Assuming the fall of speed with torque is linear, what is the peak motor- 
torque at the end of the load pulse? 

T6.10. A mine winder requires the following duty cycle for its d.c. 
motor: 

Time period Condition Torque required 
0-20 sec Constant acceleration up to 45 rev/min 2.712 x 10 s Nm 

20-50 sec Constant speed of 45 rev/min 1.356 • 10 s Nm 
50-70 sec Regenerative braking at constant torque -0.678 • 10 s Nm 
70-90 sec Speed now zero; rest period 

Plot the torque and power duty-cycles, find the average power throughout 
the cycle and draw a line at the appropriate height representing this 
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average power. The area above (and below) this line represents the 
magnitude of the energy pulsation in watt-seconds. If this is provided by 
the stored energy of the flywheel and inertia of the motor-generator set 
su?plying the winder motor, then the m.g. set motor  will be shielded from 
the peak. The m.g. set speed will have to fall, under  control, from to 1 tO (.02 
tO release this energy of magnitude .~12  - ~]to22 watt-seconds. By equating, 
the value of J follows. Determine this inertia if the m.g. set motor  speed 
falls from 740 to 650 rev/rnin. 

What is the pi~ak power when motoring and when regenerating? Neglect 
machine losses. 

T6.11. Referring to Figure 6.8, p. 224 showing the duty cycle for a mine 
hoist, the numerical values are as follows: 

To 7que 
(Nm • 10 6) 

Titae 
(seconds) 

T~ = 0.6, T2 = 0.55, T 3, = 0.3, 7"4 = --0.1, T~ --- -0.35, 7"6 = - 0.4 

t l=10, t2=80, t3=10, t4 = 20. 

The motor speed reaches a maximum of 40rev/min.  Determine the 
aw.'rage and the r.m.s, t o r q u e -  refer to eqn (6.16). Calculate the various 
power ordinates and from the power/ t ime curve obtain the average and 
the r.m.s, power: 

(a) using the actual motor  speed, 
(b', assuming the motor  speed is constant at the maximum value. 

T6.12. A speed control system for an electrical drive which drives a roll for 
paper uptake in a paper-manufacturing plant has an analogue input 
voltage vi and a feedback voltage yr. The error voltage vr = (q - vf) is the 
input to a current  source amplifier of gain K The amplifier's current  
ou:put i is the input to a motor  which has a transfer function 

To(p) 1 
m 

i(p) (1 + 0.1p) 

where Te is the motor torque. The load has a transfer function 

tOm(p) 1 

T,(p) 10+jp 

where (/)m is the shaft speed. The speed sensor output  is vr = 20r 

https://engineersreferencebookspdf.com



356 Electrical Machines and Drive Systems 

For an empty roll, inertia J = 50 kgm 2. Show that the open-loop transfer 
funcdon in this case is: 

vf(p) 4K 

~,(p) (p + 10)(p + 0.2) 

(a) Find the value of Krequired to give the system a damping factor of 1.0 
and estimate the settling time to within 2% of the final speed when a 
step change is applied to q. 

(b) When the roll is full, J = 500 kgm ~. Find the damping factor and the 
settling time to 2% in this case. 

Chapter 7. Power-electronic/electrical machine drives 

T7.1. A d.c. permanent-magnet motor is supplied from a 50-V source 
through a fixed-frequency chopper circuit. At normal motor rating the 
armature current is 30 A and the speed is 1000rev/min. The armature 
resistance is 0.21]. If the current pulsations can be taken as relatively small 
so that the mean current can be used in calculations, what is the required 
duty-cycle ratio of the chopper if the motor is to operate at a mean torque 
corresponding to the full rating and at a speed of 400 rev/min? 

T7.2. A battery-driven vehicle is powered by a d.c. series motor. The time- 
constant of armature and field together is 0.2 sec, the resistance being 
0.111. At a speed of 1000 rev/min, the mean generated volts/field A over 
the operating range of current is 0.9. A fixed frequency, 200-Hz chopper is 
used to control the speed and when this is 1000 rev/min, the mark: space 
ratio is 3:2. The battery voltage is 200 V. Find the maximum and minimum 
values of the current pulsation and hence determine the mean torque and 
power output if the mechanical losses are 1000 W. 

1"7.3. Referring to the derivation of eqn (B.3) in Appendix B, show that the 
voltage loss due to overlap is also equal to Eao sin ~ g / 2  when the alternative 
method is used for averaging 

~ (e~-  e.) 

2 
d(cot) 

over the pulse period 2~r/m. The instantaneous expressions for the e.m.f.s 
are: e~ = E o cos(c0t-~r/m) and eb = E o cos(c0t+Ir/m). 

A 3-phase diode bridge is to provide an output of 220 V, 50 A d.c. from 
a 3-phase, 440-V supply and a suitable transformer. Allow for a 30 ~ overlap 
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angle, a l oV drop for each diode and 4V for the transformer resistance 
losses, referred to the d.c. terminals. If the transformer flux can be 
expressed as 3 r.m.s, volts / turn find a suitable number  of primary and 
secondary turns for a delta/star transformer and its kVA rating. Note that 
all voltag e drops must be added to the required terminal voltage to obtain 
the necessary value of Edo. 

T7.4. On a th.yristor converter/d.c,  machine system; the converter mean 
voltage falls from 500 V on no load to 460 V when delivering 100 A, there 
being no gate firing delay. The d.c. motor  has an armature resistance of 
0.3ft. Determine the required firing-delay angle a under  the following 
conditions: 

(a) As a motor  taking 50 A and excited to produce an e.m.f. Em = 400 V. 
(b) As a motor  at the normal rating, 460 V, 100 A, 1000 rev/min.  Calculate 

k~R. 
(c) Regenerating at rated terminal-voltage and current. 
(c.) Motoring at half-speed, the total torque being proportional to 

(speed) 2 and the flux being set at rated value. 

If speed increase is required by field weakening, what permissible torque 
can the motor  deliver at 1250rev/min without exceeding rated current 
and what would then be the flux in per unit? The firing-delay angle is 0 ~ 

T7.5. Referring to Figures 8.4 and 8.5, the induction machine equivalent 
circuit parameters at 50 H z a r e  as follows: 

R1 = 6.71"1, R~ = 7.71"1, Llx = L~2 = 0.436 H, 

xl = x ~  - t 0 ( L l l  - M ' )  = 8.1681"1. 

M' = 0.41 H, 

Values are per phase, with all phases excited. The motor  is 4-pole, 50-Hz 
and star connected, the rated line voltage being 220V. 

For reference purposes and to relate the normal values to Figures 8.4 
and 8.5, first use the exact equivalent c i rcui t to  work out the rated input 
current, power factor, rotor current  and electromagnetic torque at a slip of 
0.~)6. Also estimate the maximum torque from the approximate circuit and 
express this in per-unit based on the rated torque. This will help to explain 
the behaviour on Figure 8.5 when the motor pulls out  of synchronism. 

The motor  is now to be supplied from a quasi-square-wave, voltage- 
so arce inverter as shown on Figure 7.13, with a d.c. link voltage so 
adjusted that the r.m.s, value of the fundamental  of phase-voltage 
waveform is the same as its rated sinusoidal voltage. Determine the d.c. 
link voltage required. 
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Using the method described in Section 7.4 culminating in eqn (7.8), 
estimate the value of the 6th-harmonic torque pulsation as a function of 
time. Compare this with the value measured from Figure 8.4 which is based 
on 1 per-unit t o r q u e -  1.9Nm and 1 per-unit current = 1.3A. (The 
computed peak value of pulsation is • 

']['7.6. The cylindrical-rotor synchronous machine of Example 5.15 (and 
Tutorial Example T5.12) is provided with load-angle (6) control through a 
position detector. By differentiating the torque expression of eqn (5.13) 
determine the angle at which 6 must be set to produce maximum 
torque: 

(a) at rated voltage and frequency; 
(b) at 0.3 • rated frequency; 
(c) at 0.1 • rated frequency. 

Use eqn (5.13) modified to per-unit terms and expressed for any frequency 
k • the base frequency at which F~ and X~ are specified. 

]l:l 

v, 0.2 

l 

~f 
0.110.03 

io.~ 

206J---~~ jO 5 j ~, -,.hi I ' . J  ][ID =103.2 A 

o , . 

I 
" : ~  '~'~'" .... 1 v, .,,,,o 

E ~ = 343.3 / -1879 

~ , ~  "- 105.8 [ -  36 ~ 

Figure T.7.7 

https://engineersreferencebookspdf.com



Tutorial examples with answers 359 

Check the value of a = tan -1 Ra/kX~ at each frequency and show that 
6 - a  i s -90  ~ at maximum torque for parts (a), (b) and (c). 

Check also, using the answers to T5.12 for V and Ef, that the maximum 
torque for (b) and (c) is the same as for (a) if the excitation is maintained 
at the part (a) setting. 

I'7.7. For this problem, reference back will be necessary to Example 4.21, 
Tutorial Example T4.20, eqn (7.7) in Section 7.4 and the general approach 
of Tutorial Example T7.5. Use the answers obtained in Tutorial Example 
3'4.20 shown on Figure T.7.7 on p. 358, to calculate the average torque and 
the pulsating torque for the single-phase induction-motor operation. The 
average torque is due to the reaction of If with Imf , minus the reaction of 
I ,  and Imb. The pulsating torque is due to the reaction of If with Imb plus 
the reaction of Ib with Imf. Compare the average-torque answer with that 
obtained in T4.20 and express the pulsating torque as a fraction of the 
average torque. 

3"7.8. A permanent-magnet d.c. motor has an armature resistance of 0.51"1. 
It operates from a 200-V d.c. supply via a bipolar transistor chopper and is 
required to drive a fan which has a load torque proportional to (speed) 2. 
] 'he fan requires a torque of 9 Nm at 1000rev/min. 

Find the range of modulation factor '6' necessary for speed control over 
the range from 1000 to 2000 rev/min, kr - 0.6 Nm/A. 

Chapter 8. Mathematical and computer simulation of 
machine drives 

This .chapter, concerned with machine modelling and simulation really 
rteeds a computer to give tutorial practice. Equations are given in some cases 
for fairly substantial programs so that to check Figures 8.4 and 8.5 for 

xample would require much time for program development. The data are 
available for the purpose however and once the program is working 
successfully relatively small changes are needed to explore a variety of 
problems. Note that for Figures 8.4 and 8.5, Tutorial Example T7.5 gives the 
machine data, the inertia being artificially lowered to J -  0.009 kgm 2 so that 
~ cceleradon could be speeded up and the various transients observed on the 
gTaph plot over a few cycles. A d - q  simulation of these two figures should 
give almost identical results Using rather longer time increments. For the 
inverter waveform this couldmean an increase from h = 10#s to 100 #s say, 
and for a sinusoidal waveform, from h = 100 kts to 0.5 ms. Apart from such 
major computational exercises, the following suggested problems give an 
(,pportunity to think around the ideas presented in this chapter. 
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1"8.1. The  steps in the development of eqn (8.6) have been given in broad 
outline but it would be a useful exercise to make the substitutions 
suggested and work through the matrix multiplications in detail to obtain 
Z' = Ct .  Z .  C. 

T8.2. A single-phase a.c. load is connected through a bilateral thyristor-type 
semiconductor switch. It conducts if the voltage across it is 1V or more, in 
either direction, and the time angle (0 = rot) of the sine-wave supply voltage 
e = E sin rot is greater than the firing-delay angle a measured from voltage 
zero for the positive half wave, and greater than ('rr + a)  for the negative 
half wave. Draw up a logic-check diagram, similar to that of Example 8.3, 
which will check the conduction condition. 

Consider how this could be applied to a star-connected 3-phase source 
supplying a 3-phase star-connected induction motor  which is voltage 
controlled for speed variation. 

T8.3. From the expressions for direct- and quadrature  axis-flux linkages, 
prove that the final equations for voltage and torque given in Appendix C 
in terms of flux linkages are the same as those derived from the impedance 
matrix for the rotor reference frame. 

T8.4. Calculate vclss and vqss at time t = 0 for a 3-phase stator voltage when 
VA = 100 sin rot. 

T8.5. For the same voltage as in T8.4 and at the same instant, calculate vdsr 
and vqsr assuming that at t = 0, (a) 0 = 0 and (b) 0 = ~r/6. 
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T2.1. 
T2.2. 

T2.3. 
"['2.4. 

T2.5. 

Primary 400 turns; Secondary 14 turns per section. 
(a) N1 = 1800, N2 = 312, N3 = 12. (b) /1 - 9A, cos ~o = .0.845, 
1030 kVA, 870 kW. 
cos 90 -- 0.986 lead; 0.1 O1 per unit at 80~ lag. 
(a) 96V, 25 .1V, -52 .5V.  (b) 98.2% and 98.559% at u.p.f. (c) 
98.56%. (d) I0 --- 0 . 1 0 6 -  j0.28A. (e) 14.78A at 0.79 p.f., /2 = 
145.2A. 
Answers are on attached figure. 

16 14/-  38" 15 75 A 
_ 

I  35,v 0,3 
1  vll 

Figure T.2.5 

634V 

T2.6. 
T2.7. 

T2.8. 

T2.9. 

T3.1. 

T3.2. 

95.71%; 96.53%. 
(a) I A = I a • 0 .827/112~ transformer A is working with reverse 
power flow. (b) I n = I B • 0 . 7 / 0  ~ 
Itotal = 1640 / -38~ circulating cu.rrent = 178 / - 7 9  ~ A terminal 
voltage increased from 375 line V to 392.5 line V. Note: ZAsc = 
0.0032 + j0.0181, ZBSC - 0.0016 + j0.00716 ohms per  phase. 
95.3%. 

k~R " 9.068 Nm/A,  Tloss = 24.7Nm. (a) I f -  0.9, 55.6~.  (b) 525 rev/  
rain. (c) 553rev /min .  (d) ~ 1601"L (e) 9.6411, 5 .2kW (7 hp).  
296 rev/min;  flux and torque reduced to 29.6% of rated value. 
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T3.3. 
T3.4. 

T3.5. 
T3.6. 

T3.7. 
T3.8. 
T3.9. 

(a) 87.64A. (b) 802.4Nm. (c) 38.5 Nm. ~ 9901~. 37.1 kW. 
5.946Nm/A, 1308Nm, 102.7kW; or 0.588, 0.646, and 0.973 per 
unit. 
5.84Nm; 32.7%; 51.4A. 
(a) 151.2Nm, 23kW, 87.5%. (b) 139.9Nm. (c) 32.35A, 0.687 per 
unit. 
(a) - 67012. (b) 2.5212. (c) 6.8512, 46.5 A. 
(a) 1.77Nm. (b) 0.53 Nm. The mode is plugging. 
(9  m (rad/s)/T~ (Nm) points -88.5/-36.6, -32.3/309. Remaining 
answers on attached figure. Mode gives limited speed on zero load 
and has some regenerative capability; see Figure E.3.18(b). 

OA 2=I1 

20A 20A 

2012 ~12 ~12 

420 Y + 20 V - 2 0  V 

Figure T.3.9 

O 

T3.10. 1.0412; extra 0.3512; 865rev/.min. Note: 1017Nm requires 214A; 
271 Nm needs 97 A. 

T3.11. (a) 6~,  750rev/min. (b) 231"1,-207rev/min. 
T3.12. (a) ( .0  m = 55 .12-  T~/164.6, 553rev/min. (b) a~m = - 5 5 . 1 2 - T o /  

7.838, 26 rev/min. (c) Wm= -Tr 290rev/min. 
1"3.13. 732Nm, k = 244. Flux reduced by 17.5%, armature current 

increased by 42.5%. Excessive armature current required beyond 
base speed and excessive flux required if lower speeds are 
attempted by strengthening the flux (see also T3.15). 

T3.14. 0.95 per unit; Tm= 0.3 + 0.737r (a) 0.928, 0.885, 0.72. (b) 0.769, 
0.666, 1.54. (c) 1.034, 1.058, 0.575. 

T3.15. (a) 0.965, 0.628. (b) (i) 1.725, 0.65. (b) (ii) 0.33, 1.694. 

T4.]. 

T4.2. 

T4.3. 

(a) 14A at 0.85 p.f. lag. (b) 51.5Nm. (c) 7.54kW. (d) 82.6%. 
1265 rev/rain. 
R~ = R~ = 0.53 gl; x~ = x~ = 1.2812; Rm = 21512; Xm = 32.1 12. (a) 22A 
at 0.86 p.f. lag, 18.1A, 84.5Nm, 12.1 kW, 84%. (b) 85.1Nm, 
4.5/1. 
(a) 21.5A at 0.837 p.f. lead ( 'exact '= 19.9A at 0.821 p.f. lead). (b) 
19.6A (18.7A). (c) 96.9Nm (88.9Nm). (d) 16.4kW (15.1 kW). (e) 
83.5% (82.4%). L11 = L~  = 106mH, M' = 102mH. See flow 
diagram on Figure T.4.3. Actual directions shown, values in kW. 
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T4.4. 

T4.5. 
T4.6. 

12.4 6 ~ ~ ~ . . , . .  13.95 /'*~'~~ 
1. ~ ' 1 l ' '  

0 . 6 3 + 0 . 8 7  0 .6  

0.517 

: _ 1 , . . . . . . . . .  i 

FIo. T4.3. 
F i g u r e  T.4.3 

15.11 

Pmech 

(a) 33A. (b) 11.1A. (c) 33.4A. (d) 1.79kW; plugging mode. (e) 
0.9713. 
Tst~rt = 0.298 Tn; Tm~,, = 1.405 Tn. 
Answers on Figure T.4.6. Torques are expressed in terms of normal 
peak torque. 

T4.7. 

3[4.8. 

T4.9. 

I.O 

Speed 
per- unit 

~/-0.121 
- " - ~ ' . , . " ~ - , ;  �9 o.~z4 

.... . - / "  l / 

/7", I 
,1 ,' i 

/ /  i 1_ 

o. 267 0.5 0.884 
F i g u r e  T.4.6 

T~ =/~ • sn X To (all in per unit). Tapping at 0.481. Motor current 
-- 2.89 p.u. and transformer input current --- 1.39 p.u. 
1425 rev/min. (a) Reduction to 71.7% voltage (can be estimated by 
drawing curves). (b) Extra 3R 2. (See also T4.9 and T4.22.) 
6.32Nm at 460rev/min requires 121.8V and 2.73A giving 357W 
rotor copper loss; or, extra 4651~ (referred) and 0.51A giving same 
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Speed 
per - unit 

1.0 

0.7 
~ 2 ~  

I 

Te 

0.455 0.$$7 0.91 

Figure T.4.10 

rotor loss (same torque),  but much  reduced stator copper  loss at 
the lower current.  See also T4.22. 

3['4.10. Answers on Figure T.4.10. Torques are expressed in terms of 
normal  peak torque. 

T4.11. k = 0.328 giving V = 144V and f - 16.4 Hz. Torque = 377 Nm 
compared with 223 Nm. 

T4.12. Answers on Figure T.4.12. 

Figure T.4.12 

1 5' 

Speed t 1335 
per - unit 

1.0 

0.11 

, f  

0354 

I/, I .Sf  

0.469 

_V,f 

0 836 

059 

I 
I 
I 
I 

v t j 
3 ' 3  j 

I I 
0.73 Te 

tO 
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174.13. 266Nm; 1.5 Hz, 22.6 line V; 39Hz, 314 line V. 
174.14. (a) 13.3 Hz. (b) 28 Hz (j~ = 3 Hz). 
174.15. (a) I,~ = 26.24A, Tmax = 83.7Nm. (b) (i) f =  0.7579Hz, I 1 = 39.08A, 

Tm~, 867.4Nm. (b) (ii) f=  2.076Hz, I1 = 42.67A, Tmax = 316.6Nm. 
I11 = 111.7 line V at starting. At 300 rev/min, f =  12.076 Hz and V 1 
= 357 line V, so less than available supply V. 

T4.16. Rated torque = 1446Nm; rated current  = 123A. (a) T~ = 0.19p.u. I~ 
= 3.54p.u. (b) T~ = 1.35 p.u. I~ = 6.6p.u.  Note E 1 at synchronous 
speed = 621.9V. 

T4.17. Xm = 10gl, T~ = 2722Nm, 1~ = 161A. (a)/1 = 177A. (b) Idc- 217A, 
Vdc = 43.5 V. Max. torque = 4340 Nm (1.59 • at 346 rev/min. 

T4.18. T~ = 0.802 p.u. or 102 Nm. Power = 0.842 p.u. or 16.9 kW for T~ = 
0.896 p. u. 

T4.19. VA+ = (1/x/3)433.3073/-30 ~ VA_ = (1/v'3) 6.6927/_+30 ~ 
Z+ = 3.576/16~ 
Z_ = 1.011/81 ~ IA = 73.8 A, IB = 67.8 A, Ic = 68.4 A. 
T~ = 622.4 Nm, negative-sequence torque negligible. 

T4.20. Zf = 3.091 + j0.9903, Zb = 0.048 + j0.488, Z i n p u  t = 3.339 + j2.478 = 
4.16/360.6. 
T~ - 434.1Nm. Remaining answers shown on Figure T.7.7 for 
Tutorial Example T7.7. 

T4.21. 

Output  kW 

Power factor 

Efficiency % 

Stator current  A 

Single phase 
, .  

32.1 

0.8 

81.6 

105.8 

Two phase 

:$1.6 

0.908 

87.9 

77.9 

Three phase 

47.9 

0.908 

88.8 

77.9 

Iron loss 1.94 kW. Mechanical loss 1 kW. Note that if the stator 
had been fully wound for 2-phase operation, the output  would have 
been nearer to that for 3-phase operation. 

T4.22 .  Va = 171.8 V, I~ = 0.758 A, 390 VA, Rotor loss = 27.6. W. Slip-power 
recovered = 329.4 W. VA rating from rated I~ (2.1 A) and max. Va = 
440V is 2770VA. Phasor diagrams for comparison on Figure 
T.4.22. 

T4.23. r = 1.789 m. 
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Reduced ~:_ V:~/, g 

o . . . .  - - 

~ . 5  A (Resistance control) "- 

( Slip - power r e c o v e r y t ~  

~ A (Voltage reduction) 

Figure T.4.22 

TS.I .  Xs, = 19.1 fl. kf, = 76.6 line V/A, If= 77.4A. Max. T~ = 1 0 6 2 0 N m  = 
2.22 p. u. 

T5.2. (5.5) - 18~ 31830 Nm, 229 A at 0.95 lead, 6910 line V, 2010 kW. 
(5.6) 3750 line V, 95.7 A at 0.98 lead, 550 kW. 

T5.3. (a) lag = 43.74A. (b) Ef= 4888/-380.9 (phase V). (c) 4775 Nm. (d) 
7620Nm. (e) For 9550Nm,  Ef = 10.61 kV (line). (f) 6 = - 3 0  ~ I= = 

48.65 A at 0.898 lead. 
T5.4. -~ reduced  to 29~ from 47~ Ia reduced  to 96 A and power-factor 

to 0.937 lead. On  no load the cur ren t  becomes 57 A at zero leading- 
power-factor (sync. capacitor).  

T5.5.  52.49A, 10.72kV/phase,  8594Nm,  900kW. Ia becomes 59.1A and 
Ef = 6.05 kV. (1.125 p.u. and 0.56 • F_if(rated ) .) 900  kW at 0.8 p.f. 
lead. 

T5.6. Er = 5 1 7 3 ~ ,  I a g =  87.48A. 1.SEf gives c$ = - 2 6 ~  and I~ = 
117.1A at 0.747 p.f. lead. 0.5 Er requires - s in  c5 > 1 to sustain load, 
so pulls out  of step. 

T 5 . 7 .  Ef = 385.8,/-27~ Normal  pull-out torque = 280.8 Nm so Ef must  be 
increased by 6.8%. 

T5.8. 61.5 A at 0.91 p.f. l e ad - s in  c$ = 0.4775 so would still be <1 if V (or F_f) 
was halved. For induct ion motor  Ta V z so much  more  sensitive to V 
reduction.  

TS.10. IQs = 24.3A, Ips = 9.88A, Power = 53.65kW, Ef = 1.66p.u. 
(3160 V/phase) .  

TS.I  1. At zero load, kVAr = 188.6. (a) 66.7 kW. (b) IQs = 5.05A, Ips = 
34.63 A. Power = 198 kW. 

T 5 . 1 2 .  Ef  = 1.766/-28~ and at Tma x = 1.61, c$ = -87~ and la = 
1.985/-24~ (a) 0.363. (b) 0.18. See also T7.6. 

T5.14. Ef = 1.692, Power = Torque in per unit = 0.8. I d = -0.832, Iq = 0.554, 
Tm~ = 1.955p.u. = 2.44 • Tn at 6 =-75~ 

T5.15. 6 =-30~ I~ = 0.851A at 0.94 p.f. lag, Ia = -0.1506, Iq = 0.8379, 
qJ = -10~ Tm~ = 1.223 p.u., reduct ion of  37.5%; at 6 = -68~ 

T5.17. ~ =-100~ Tm~, = 1.274.6 = -62  ~ Id - -0 .663 ,  Iq =0.883, I~= 1.104 
at 0.906 lagging power factor, g '  = -36~ 
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T6.1. P A t =  MS~O + I ~ A t ,  r = M S / K ,  0 m = P/K. 0.8130m, 0.4930m. 0.6320m, 
0.3830m, 0.7730m. ,~i2/3 �9 P. 

T6.2. 282A, 630Nm, 561rev/min,  2.35sec. 0.98sec to full s p e e d -  
constant torque maintained till maximum speed reached, so 
acceleration constant at maximum. 

T6.3. Required (total) armature-circuit resistance to limit current  to 80 A 

= 2.751~. k~ from mag. curve = 4.43 Nm/A; Te = 177.2 Nm; rm = 
1.89 s; 236.8 rev/min; E = 55 V; 2.063 ft. (a) 1.418 s. (b) 296 rev/ 
min. (c) 1.24sec. final speed = 474.2rev/min.  

T6.4. 4 .011Nm/A, 2.31 seconds. 0.0125H (0.00228 per unit), re = 
0.05sec, rm = 0.21sec. t in/re = 4.18, greater than 4 so just not 
oscillatory, but would be if uncompensated.  

T6.5. (a) 531.7 rev/min.  (b) 2.61~ extra, -177.3 rev/min,  J = 34 kgm 2, 
15 sec total. (c) 1.8913, extra, 249.7 rev/min,  J = 19.3 kgm 2. 

T6.7. (a) 445rev/min,  Ia = 49.5A, k~ = 6 .1Nm/A.  (b) 10.45fl and 5 ~  
extra. (c) 0.27sec and 0.11sec, to speeds of 363rev/min and 
411 rev/min.  

T6.8. 2.58 sec. 
T 6 . 9 .  1 6 8 0  Nm. 
T6.10. Average power = 319.6kW. Energy area = 16770kW sec, J = 

24 450 kgm 2. 1278 kW, -318.5 kW. 
T6.11. 0.083 • 106Nm, 0.234 X 106Nm. (a) 314.1kW, 692.9kW, (b) 

349 kW, 981.1 kW. 
T6.12. (a) K= 6; t = 0.78s; (b) g = 3.1; t = 15s. 

T7.1. 
T7.2. 

T7.3. 

T7.4. 

T7.5. 

T7.6. 

T7.7. 

- 0.472. (E reduced to 17.6V from 44 V at rated speed) 
125.9 A to 113.9 A. Mean torque = 123.9 Nm and power output  - 

1 1 . 9 7  kW. 
Eao = 242.3 V, Ep = 253.7V, E = 103.6 V. N2 = 35 turns per phase, N1 
= 149 turns per phase. R.M.S. secondary current  = 40.8 A, kVA = 
12.68. 
(a) 29~ (b) 0 ~ k~R = 4.106. (c) 147 ~ (d) 62~ 328Nm at k~ = 
0.8p.u. 
I1 = 1.286A, at 47~ lag; I~ = 0.882A; Te = 1.907Nm. Max. T~ = 
6.09 Nm = 3.2p.u.D.C. link voltage = 282.2V. I~ = 0.3095 A, I,~ = 
0.158A, ~05 = 84~ ~07 = 86 ~ Torque pulsation =-0 .368 sin(6wt + 
7.~ Note" Approximate circuit overestimates Iml, mostly explain- 
ing discrepancy from computed pulsation of 0.327 Nm. 
(a) 6 =-87.~ ( b ) 6  =-80~ (c )6  =--63~ Eqn (5.13)in per 
unit = (-El/Z~ 2) (kkXs sin 6 - V/~ cos ~ + kF~R~). 
M' = 0.06366H, p = 4. Forwards torque = 4M'Iflmf s in [ -27~  
(-108~ Backwards torque = 4M'IbImb s i n [ 3 6 ~  42~ 
Pulsating torque = 4M'[  Iflmb sin (~pg- ~0mb ) + I b ]'mf sin (~0b - 90mf) ] 
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I"7.8. 

T8.2. 

where ~0f- tPmb = [-69~ + 2t0t] and ~Ob- t~mf = [145~ 2t0t]. 
Average torque = 440.96 - 6.88 = 434.1. Pulsation = 439.9 sin (2t0 t + 
26~ Ratio = 1.013, so pulsation slightly bigger than average value. 
6 varies from 0.35 to 0.78. 

Answer on Figure T.8.2. For 3-phase motor, each phase would have 
to be checked in this way, making appropriate corrections for time- 

T 

+lee 
conduction 

i.. ' 'i 
No conduction No conduction 

Figure T.8.2 

T8.3. 
T8.4. 
T8.5. 

phase shift of waveforms. At least two thyristor-units must be free to 
conduct for current  to flow at all. Voltage equations must then be 
set up in accordance with the overall conducting pattern. 
Necessary answers given with problem. 
vA = 0, va = -86.6V, vc = 86.6V. vttss = O, vqss =-122.47V. 
(a) vdsr= 0V, vqsr= 122.47V. (b) vdsr=-106.7V, vqsr= 61.24V. 
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